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RESUMO

MODELOS SUBSTITUTOS BASEADOS EM FUNCAO DE BASE RADIAL PARA
QUANTIFICACAO DE INCERTEZA EM PROBLEMAS NAO LINEARES E
DEPENDENTES DO TEMPO.

Autor: lago Freitas de Almeida

Orientador: Francisco Evangelista Junior

Programa de Pos-graduacdo em Estruturas e Construcgéo Civil
Brasilia, janeiro de 2023

Esta tese propde uma estratégia utilizando funcéo de base radial (RBF) como modelos substitutos
para quantificagdo de incerteza de problemas ndo lineares e dependentes do tempo. Os modelos
substitutos com RBF sdo treinados para substituir as demoradas avaliagfes da integral que
determina a taxa de liberacdo de energia dependente do tempo para um problema da mecénica da
fratura dependente da idade e do tempo. Esses modelos substitutos também sdo utilizados para
substituir as respostas de fungfes desempenho que consistem em problemas néo-lineares
selecionados da literatura. O desempenho dos modelos substitutos com RBF foi validado por meio
de validacdo cruzada e por simulacGes de Monte Carlo que avaliam de forma exaustiva as integrais
dos problemas dependentes do tempo e as fungdes ndo-lineares. Os resultados dos erros quadraticos
médios e dos testes de ajuste Kolmogorov-Smirnov para as fun¢Ges de densidade de probabilidade
e funcdes de distribuicdo cumulativa preditas demostraram que os modelos substitutos com RBF
alcangaram uma boa preciséo para pequenos conjuntos de treinamento. Além disso, uma nova RBF
de suporte compacto foi apresentada para processos de modelagem substituta. Os resultados
preditos pelos modelos substitutos com a nova RBF demostraram uma boa eficiéncia para os
problemas apresentados de quantificacdo de incerteza de fungdes ndo-lineares com conjuntos de
treinamento pequenos. Os modelos substitutos com RBF apresentaram capacidades de
generalizag&o para prever milhares de dados desconhecidos obtidos de simulacéo de Monte Carlo e

avaliar com sucesso os problemas de mecénica da fratura e das fun¢Ges ndo-lineares.

Palavras-chave: modelos substitutos, funcdo de base radial, quantificacdo de incerteza, problemas

dependentes do tempo, néo linearidade.
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ABSTRACT

SURROGATE MODELS BASED ON RADIAL BASIS FUNCTION FOR
UNCERTAINTY QUANTIFICATION IN NONLINEAR AND TIME-DEPENDENT
PROBLEMS.

Author: lago Freitas de Almeida

Supervisor: Francisco Evangelista Junior

Programa de Pés-graduacdo em Estruturas e Construcéao Civil
Brasilia, January 2023

This thesis proposes a strategy using radial basis function (RBF) as surrogate models for
uncertainty quantification in nonlinear and time-dependent problems. Surrogate models with RBF
are trained to replace the time-consuming evaluation of the integral that determines the time-
dependent energy release rate for an age and time-dependent fracture mechanics problem. These
surrogate models are also used to replace the output of performance functions that consist of
nonlinear benchmark problems selected from the literature. The performance of the surrogate
models with RBF was validated through cross-validation and by the Monte Carlo simulations that
exhaustively evaluated the integrals of time-dependent problems and the nonlinear functions. The
results of mean square errors and Kolmogorov-Smirnov goodness of fit tests for the predicted
probability density functions and cumulative distribution functions showed that the RBF-based
surrogate models had good accuracy for small training sets. Moreover, a new compact support RBF
was presented for surrogate modeling processes. The results predicted by the surrogate models with
the new RBF showed a good efficiency for the presented problems of uncertainty quantification of
nonlinear functions with small training sets. Surrogate models with RBF showed generalization
capabilities to predicted thousands of unknown data obtained from Monte Carlo simulation and

successfully evaluated fracture mechanics and nonlinear functions problems.

Keywords: surrogate models, radial basis function, uncertainty quantification, time-dependent

problems, non-linearity.
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1. INTRODUCTION

The advancement of technology in recent decades has enabled engineers to design, increasingly
complex structures, such as oil platforms, airports, and bridges made of reinforced concrete or
long-span steel bridges. These structures, as well as conventional structures, present uncertainties
capable of triggering problems in the execution or even the collapse of the structure. These
uncertainties are verified through the uncertainty quantification (UQ) process and with the use of
stochastic methods widely published in the literature. The UQ process allows to obtain the entire
variation spectrum of the random output variable instead of just obtaining the statistical moments.
The UQ also allows obtaining the probability distribution of the variable values. In this way,
through the UQ we can determine the probability density functions, the cumulative distribution
functions and also the statistical moments. The uncertainties that may occur in structures may be
related to the material, such as concrete, which, even though it is already a known material in
structural engineering, may present uncertainties regarding the creep and relaxation phenomena.
The UQ process also has a subdivision widely explored in the literature which consists of the
quantitative structural reliability analysis. Structural reliability analysis is often used to obtain the
probability of failure of the studied problems, being most of these techniques based on statistical

moments.

The use of numerical simulation methods such as Monte Carlo simulation is a highly efficient tool
to quantify uncertainty, or even structural reliability [1, 2, 3]. However, this classic simulation
technique, which consists of generating a large number of random samples in numerical
simulations, presents a prohibitive computational cost for situations in which the number of
variables or dimensions of the problem is quite high [4, 1, 5]. The Monte Carlo simulation
technique also consists of a technique that allows obtaining the probability distributions and failure
probabilities of structural components. Other classic stochastic techniques from the literature that
can be used in structural reliability analysis are: First Order Second Moment (FOSM) method; First
Order Reliability Method (FORM) and the Second Order Reliability Method (SORM). These last
three methods as well as the traditional Monte Carlo obtain the failure probability of a structural
component based on limit state equations [2]. Thus, a performance function of the structural
problem is necessary, which is unfeasible for many structural engineering problems in which it is
not possible to define an equation explicitly that defines the problem in the molds adopted in
structural reliability, and for these cases, experimental tests or exhaustive computer simulations by

finite elements are used to determine the behavior of the phenomenon.

A viable solution considered in problems with uncertainty quantification (UQ) and also in
structural reliability consists in the use of approximation techniques that emulate the behavior of a

physical and/or mathematical system with the use of computationally cheaper functions to evaluate

1



the output in which the characteristics and input variables of the structural component are given.
These techniques, which are the surrogate models [6, 7, 8, 5] and the response surface models [9,
10, 11] are used to solve the physical system and thus deal with the computational cost of
numerical simulations that often require thousands of evaluations. The response surface model has
some restrictions, such as a larger number of coefficients for a larger training set. To cite some
types of surrogate models, we have: Polynomial Chaos Expansion (PCE), Kriging (KRIG),
Artificial Neural Networks (ANN) and Radial Basis Function (RBF). The last one will be
addressed in this thesis.

Radial basis functions (RBFs) are a special class of functions initially developed by Hardy [12] to
fit topographic contours [13]. These RBF functions are considered in interpolation processes [12,
14], and are also used in solving partial differential equations [15, 16, 17] and in approximating
functions by regression [18, 19]. In the regression processes that are the focus of this thesis, several
adaptive techniques have been used to improve the efficiency of the RBFs [20, 21, 19]. In addition,
to cite some of the RBFs we have: Gaussian [22], Multiquadric [14], Wendland-C2 and Wendland-
C4 [23]. When used in surrogate modeling, RBFs have a variety of advantages, such as a smaller
number of samples to build the training set, even in situations where there is a high number of input
variables, when compared to the response surface models. Thus, it is noted that the RBFs consist of
a set of functions already known in the literature and that have several potentialities for their use.

More details about RBFs and uncertainty quantification will be presented throughout this thesis.

The process of uncertainty quantification and stochastic analysis of structural elements is a field of
research of the analysis group on Numerical, Experimental, and Uncertainty Mechanics (NEXUM).
The most relevant publications of the group are: Evangelista Jr. and Afanador-Garcia [24], Narvaez
and coauthors [25] and Evangelista Jr. and Almeida [5]. In the first publication mentioned [24], the
authors applied surrogate modeling in viscoelastic media and in the last publication [5], the authors
used surrogate models based on RBF to quantify the uncertainty in fracture mechanics. This last
paper consists of one of the chapters of this thesis. The RBFs are considered in this thesis in

regression models and are not related to neural networks.

1.1. MOTIVATION

The uncertainties are characteristics of any engineering area, and are also present in structural
engineering, especially in the design, construction, and operation stages of the structures [2]. These
uncertainties, which may be related to the material, the geometry of the structure, or the applied
loading, are often not considered in the design of civil structures, such as buildings, bridges,
concrete dams or wind turbines. However, the study of uncertainties is a broad topic that has

several publications mainly in structures [26, 27, 5, 28].



In the process of uncertainty quantification of structural systems, classical simulation methods,
such as Monte Carlo simulation, demand prohibitive computational time, and a viable alternative is
the use of approximation methods that emulate the behavior of the structural system. These
techniques are surrogate models and are used to approximate the structural problem with a lower
number of numerical simulations than the classical Monte Carlo simulation. Consequently, the
computational cost is drastically reduced, making it possible to obtain a solution to the problem
quickly and efficiently. The surrogate model is first trained with the use of an initial training set.
Then, a Monte Carlo dataset is predicted by the surrogate model in the UQ process. In order to
quantify the uncertainty, several techniques with surrogate models have been highlighted, but in
this thesis, we will consider the radial basis functions (RBFs) which, as mentioned above, present
as an advantage, the possibility of using a smaller training set. Surrogate models based on RBFs are
generally used in structural reliability processes, but in the quantification of uncertainty processes,
it is still recent, especially processes that involve analysis of probability density functions. Thus,
one of the objectives of this thesis is to analyze the uncertainty present in the cumulative
distribution functions. The choose of cumulative distribution functions is because is possible to
observe better tail errors and also a better visualization into structural reliability problems. The
CDFs allow us to perform a qualitative analysis of the output response. The quantitative analysis of
the results is generally given by methods based on distances from the CDFs (e.g., Kolmogorov-
Smirnov test). The cumulative distribution functions also have a scarcity of publications focused on

uncertainty quantification.

The construction of the training sets is another important point in the surrogate modeling process.
The training sets are known inputs of the phenomenon or are built using random sampling and the
determination of the number of samples considered for these sets is crucial for good training
efficiency and good performance of the surrogate models. A training set with many samples may
generate a good surrogate, but it demands a higher computational cost, as it requires a greater
number of numerical evaluations of the physical model and can lead to overfitting. On the other
hand, a training set with a few samples can cause a decrease in the quality of the predictions and
consequently a bad generalization of the surrogate model. Thus, it is important to build a training
set in which an adequate number of samples must be used to train the surrogate model. This
becomes more important for the case in which the number of input variables in the physical and/or
mathematical model is high, as one of the examples studied in this thesis presents ten random
variables. The definition of sample size for training is given through a convergence test. The initial
sample size that starts the convergence test is defined in two ways. The first way considers the
initial sample size for the convergence test to be equal to the sample set size adopted in the
examples in the literature. Then, the convergence test is performed to obtain the minimum sample

size to be used by the surrogate model. In case of the examples do not present a minimum size



based on the literature, we adopted the initial sample size for the convergence test according to the

response surface methodology (second way).

Among the many problems that are studied in structural engineering, nonlinearity and time-
dependent phenomena consist of situations that present variability in the output response [29, 30,
31]. This variability is related to several factors, such as the material properties, the characteristics
of the applied loads, the geometry of the structural element, the possible conditions of execution
and service of the structures, and even related to the aging of the material. Thus, in this thesis, it
was decided to address the problems related to aging in viscoelastic media in fracture mechanics,
since there are not many works with surrogate models and time-dependent uncertainty
quantification. To determine the uncertainty of nonlinear phenomena, we chose to select
performance functions from the literature. These functions, although consisting of simple
examples, are reported in the literature in structural reliability analysis and are examples capable of
being reproduced. The functions will be presented later. Another important point is that these
functions are rarely studied in UQ processes, mainly regarding the behavior of probability density

functions and cumulative distribution functions.

1.2. OBJECTIVES
1.2.1. General Objective

The thesis aims to develop efficient surrogate models based on radial basis functions (RBFs) to
accurately quantify the uncertainty of nonlinear problems and age and time-dependent fracture
mechanics. The surrogate models are trained to replace the physical and/or mathematical model

that predicts the output response of the studied problems.

1.2.2. Specific Objectives

The specific objectives are:

e Develop surrogate models with very few samples for the training set. The training sets are
built with Latin hypercube sampling.

e Build surrogate models with the minimization of normalized errors. The normalized errors
are: the normalized mean square error, the square root of the normalized mean square error,
and the root mean square error.

e Training and optimizing the parameters of the RBF. The training, parameter optimization
and validation process is performed using the minimization of the predicted residual error

sum of squares and also with the minimization of the generalized cross-validation.



1.3.

Develop a strategy with surrogate models based on RBF to quantify uncertainty in time-
dependent problems. The uncertainty quantification process is performed for a problem of
fracture mechanics in viscoelastic media.

Develop a strategy with surrogate models to quantify uncertainty in nonlinear problems. In
this step, a new radial basis compact support function is used in structural reliability
processes derived from the uncertainty quantification process.

Determining the parameters of the RBFs using a genetic algorithm and building regularized
regression models. The shape parameters of the RBFs and the regularization parameter are
determined with a genetic algorithm.

Quantify the statistical moments of time-dependent problems using surrogate models based
on RBF.

CONTRIBUTIONS

Determination and quantification of the uncertainty of complex problems with multiple
variables in problems in fracture mechanics in viscoelastic media with very few samples to
build the training set. The analysis of fracture mechanics in viscoelastic media has limited
publications for uncertainty quantification.

Uncertainty quantification of nonlinear problems with strategies for building surrogate
models based on RBF. Publications are limited mainly to uncertainty quantification of
cumulative distribution functions.

Development of a new compact support RBF function for uncertainty quantification
processes. This contribution consists of an unprecedented RBF function that is one of the
main contributions of the thesis.

Determination of a strategy for surrogate models with regularized regression and
optimization of the parameters of the RBFs with a genetic algorithm. Generally, RBFs are
a little used with regularized regression in surrogate models and uncertainty quantification
process.

The state of art has limited models and techniques that use few samples to determine
uncertainty.

The use of RBFs in the construction of surrogate models for uncertainty quantification is
limited in the literature. The thesis will contribute to the formulation and implementation of
a methodology using RBF that provides flexibility in the response surface with a reduced

number of samples.



1.4.

SCIENTIFIC PRODUCTION

The thesis consists of four papers that are organized to be published opportunely. The first paper of

this thesis has been published in the following journal article:

1th journal paper: Evangelista Jr., F. and Almeida, I. F. “Machine learning RBF-based

surrogate models for uncertainty quantification of age and time-dependent fracture
mechanics”. Engineering Fracture Mechanics, vol. 258, pp.: 108037, 2021. Doi:
https://doi.org/10.1016/j.engfracmech.2021.108037.

The following paper is being prepared to be submitted:

2th journal paper: Evangelista Jr., F. and Almeida, I. F. “A novel compactly support

radial basis function as surrogate model in structural reliability analysis using very few

training samples”. (Under review by the supervisor)

This thesis also presents other papers that are going to be published in the future:

1.5.

3th journal paper: Evangelista Jr., F. and Almeida, |. F. “Surrogate modeling in

uncertainty quantification of age and time-dependent statistical moments of a 3D structural

component”. (Under review by the supervisor)

4th _journal paper: “Surrogate models based on RBF with regularization and genetic

algorithm in uncertainty quantification process”. (Under review by the supervisor)

THESIS LAYOUT

This thesis is a series of four papers that are going to be published opportunely. The chapter one

presents a brief introduction regarding what is covered in the papers and contains the respective

objectives, motivation, contributions of this thesis and the scientific production.

The second chapter is the first article and addresses the uncertainty quantification process of a

concrete structural component for age and time dependent fracture mechanics problem. The

problem studied consists of determining the uncertainty of the energy release rate from a plate with

an initial crack. This problem is analyzed using surrogate models and the response surface method

through the construction of cumulative distribution functions. The use of the response surface

method is associated only with the Chapter 02, and in the rest of the chapters the response surface

methodology is not considered.


https://doi.org/10.1016/j.engfracmech.2021.108037

The third chapter deals with a process of uncertainty quantification of the statistical moments of the
structural component presented in the second chapter for only the surrogate model based on RBF of
the Wendland-C2 type. Thus, this chapter aims to continue the second chapter, adding new
situations dependent on time and age. The moments studied are: mean, kurtosis and skewness. In
the case of the second statistical moment, we chose to study the standard deviation instead of the

variance.

The fourth chapter contains adaptive surrogate models to analyze the reliability index and the
failure probability of pre-selected problems from the literature. The surrogate models are based on
RBFs, and a new compact support RBF is also introduced. In this chapter, it is important to be
mentioned that the structural reliability parameters are obtained from the uncertainty quantification
process, through the probability density functions.

The fifth chapter consists of an uncertainty quantification with surrogate models of the RBF type
with regularization and genetic algorithm. The ridge regression process is considered to improve
the fit of the surrogate model, with both the regularization parameter and the RBF parameters being
determined using a genetic algorithm. This chapter is the only one focused on the study of

regularization and genetic algorithm to determine the parameters of the RBFs.

The sixth chapter summarizes all the important conclusions obtained in this thesis and makes some
recommendations for future work about this thesis. In addition, an appendix is presented at the end
of this thesis with additional information that are going to be considered opportunely in the future

publications.



2. MACHINE LEARNING RBF-BASED SURROGATE MODELS FOR
UNCERTAINTY QUANTIFICATION OF AGE AND TIME-
DEPENDENT FRACTURE MECHANICS

2.1. INTRODUCTION

In many structural problems, creep and aging play important roles in the life cycle and failure
behavior, especially in concrete structural components [32, 33, 34, 35, 36, 37, 38, 39, 40]. The
creep phenomena are commonly studied through the classical theory of viscoelasticity, and aging
models incorporate an aging dependence on the creep compliance derived from empirical [32, 41,
42, 43, 44] to more physics-based models such as the solidification theory [45, 46, 47]. Although
the creep phenomena are well studied in the literature, few works report or quantify the inherent
uncertainty due to random inputs, materials properties associated with the experimental results
(creep compliance and aging function) or prediction models [48]. One of the main reasons is that
traditional methods for uncertainty quantification (UQ) are based on the Monte Carlo (MC)
simulations which become prohibitive due to the high computational cost in evaluating the
convolution integral of the time-dependent problem for a large number of random variables which
demands thousands or millions of realizations. Despite those difficulties, several works have
employed UQ in various engineering problems [49, 50, 51, 52, 53, 25]. Specifically, on creep
applications, Keitel and co-authors [49, 50] adapted variance-based global sensitivity analysis to
quantify the influence of different sources of randomness to conclude that the uncertainty of creep
prediction of concrete under varying stresses originates from the selection of creep models and
parameter uncertainty rather than the choice of time-integration methods. More recent works also
studied the creep uncertainties based on several methods such as Taylor’s expansion [29], pooling
methods [54], Bayesian update [55], and polynomial chaos expansions [56, 24]. These last two
works employed surrogated techniques to replace the direct methods based on time integration to
cope with the computational costs of uncertainty quantification that demands thousand to million
evaluations of the output response. Surrogate models (also called metamodels) and response
surface models are approximation models that emulate the behavior of the physical and/or
mathematical system with computationally cheaper functions to evaluate the output response given
the input variables/features. In uncertainty quantification problems, those techniques have been
demonstrated to be more efficient than direct probabilistic methods [56, 24]. However, surrogate
models, especially the ones based on multivariate polynomial regression, have some restrictions for
a high number of variables, in which a higher number of coefficients is required, and, therefore, a

prohibitive training set size.



The literature on creep and aging of concrete structures also lacks the consideration of realistic
failure situations where age and time-dependent behavior has been related to fracture mechanics
crack front quantities, which are directly affected by the creep and aging models [57, 58, 59]. One
of those quantities is the time-dependent energy release rate that is crucial to understand the service
life and potential failures on structural components [60]. None of the existing papers quantifies the
uncertainty of the energy release rate considered as an age and time-dependent quantity. As
previously stated, surrogate models were used for the uncertainty quantification of the solely creep
phenomenon [56, 24]. However, the aging phenomenon and the presence of initial cracks, and
therefore the random variables related to them were not addressed. Furthermore, those surrogates
used polynomial basis functions that generally require a high number of training samples to
adequately fit the coefficients of the basis functions.

The aim of this paper is two-fold. Firstly, it originally develops an efficient machine learning
surrogate model based on radial basis functions (RBFs) to accurately quantify the uncertainty of
age and time-dependent fracture mechanics problems. The surrogate models are trained to replace a
time integral that predicts the output response of the age and time-dependent energy release rate for
different times and loading ages. The case study addressed is a concrete plate section with a semi-
elliptic surface crack. The main contribution is to develop an innovative computational strategy to
replace the time integral of the energy release rate using relatively small training sets and less
intensive training methods. Secondly, it quantifies the output response uncertainty based on ten
random input variables of geometry, loading, and material parameters. Another contribution here is
that these parameters and their uncertainty were estimated from the fitting of an aging creep
compliance function and the experimental data for concrete material. The uncertainty quantification
is therefore based on the determination of probability density functions and cumulative distribution
functions for the output response. The performance of the RBF surrogates is compared with
traditional polynomial models, commonly used on response surface methods, and also reference
solutions using the direct Monte Carlo method that exhaustively simulates the analytical integral to
obtain the output response. The results show that the RBF-based surrogate models reached good
accuracy with a small training set rather than the polynomial models which need a higher number
of training samples. Moreover, hypothesis tests show that only the RBF surrogates were able to
provide cumulative distribution functions statistically similar to the reference ones even with a 79-

sample training set for the multivariate problem with ten random variables.

The paper is organized as follows: Section 2.2 presents the formulation of the surrogate models. In
Section 2.3, the fracture mechanics problem is defined. Section 2.4 presents the methodology used
for the analysis whereas Section 2.5 shows the results and discussion. Finally, Section 2.6 presents

the conclusions and final considerations.



2.2. SURROGATE MODELS

Surrogate models can be constructed fitting (training) a generalized linear model with a training set
of samples. This strategy is ideal to significantly decrease the computational time necessary to
obtain the system response of complex and/or numerous time-consuming evaluations of the
mathematical model. Figure 2.1 presents the flowchart using a machine learning data-driven
approach for the training and application of surrogate models, either using a polynomial basis or
radial basis functions (RBF). The blue boxes indicate the path of the training phase where the
surrogate (orange boxes) learns from the training set. The green boxes present the path of the
application of an already trained surrogate to predict new output responses for problems of UQ
using random sampling in a Monte Carlo (MC) Simulation method used here as a computational
algorithm that uses repeated random sampling to obtain numerical results. Random sampling can
be accomplished with several techniques [61, 62]. Note that the MC simulations are performed

using the surrogate and not the physical/mathematical model once that one is trained.

INPUT PHYSICAL OR
Random L TRANNG | psvamicar | s OUTPUT
- Deterministic MODEL
| |
o _ . I
v v
MONTE CARLO | _ SURROGATE | Lol
"l SAMPLING g MODEL
........ { RBF ‘
\ 4
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OUTPUT | UNCERTAINTY
| UQSIMULATION | PREDICTION " QUANTIFICATION

Figure 2.1 — Surrogate model training and simulation strategy flowchart.

Surrogate models can construct a prediction y(.) of a given function y(.) through a general linear

model:
9©) =3 0@ 21)

in which the m regressors h;(§) are functions of the inputs & € R*, with & = (§1,&,, ..., &) and k is
the number of input variables, therefore the dimension of the problem. The m unknowns are the
coefficients w; determined through a fitting process based on a training set 3 = {(§;, y;)|i =
1, ...p} of data samples in which the outputs y; € R in a global domain (€). The quality of the
fitting/training process can be accessed through a set of unseen data by the model or a cross-

validation procedure that splits the data set into training and validation (unseen data during
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training) subsets. Different surrogate models can be constructed using different regressor functions

h;(&) as detailed in the following subsections.

2.2.1. Response surface method

Although the literature presents several regression models able to handle the complexities of a data
set, a basic approach, the so-called response surface method, is commonly developed using
polynomials as the regressor functions of the general model of equation (2.1). The second-order
polynomial is one of the most used in literature and is applied as a surrogate model to solve several
response surface problems [61, 62]. The generalized form of a k-variate second-order polynomial

is:
k k Ko
§@E) =by+ 2 b&+ 2 05+ > b&s, (22)
j=1 j=1 i<j=2

in which the set of regressors, h(§) in equation (2.1), has linear (¢;), quadratic (flz) and bilinear

terms (&;&;) with their respective coefficients b;, b;; e b;;, and the independent term b,. The total

ijo
number of linear and quadratic coefficients is given, each, by the actual value of k which is the
number of input variables. The number of bilinear coefficients (crossed-terms) is given by k;; =
k'/2! (k — 2)!. A traditional least-squares procedure can be used to obtain the coefficients based on

a training set .

2.2.2. Proposed radial basis function surrogate models

Another type of surrogate model can be constructed using the following rewriting of Equation
(2.2):

)=, p) 29

in which W; (&, p) are the radial basis functions (RBFs) with a given width (or support) p, and w;
their respective coefficients or weights. RBF networks are known to be universal approximators for
regression problems [63], and they require less intensive training and relatively smaller training set
size when not used within the framework of neural networks. The RBFs considered in this work are
not related to a neural network and therefore is no architecture or correction/weighting scheme
(such as backpropagation). Thus, the RBF is used here as a regression model in which the weights

are determined by least squares.
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Equation (2.3) can be also expressed as:
y=%Yo+e 2.4)

in which y and e are the p-dimensional vectors of the training set outputs and the errors,
respectively. The vector w is the m-dimensional vector of unknown coefficients. The p X m design
matrix W contains the response of the m regressors to the knowns p training inputs. This linear

system can be expressed as:

b1 | Blegl) wele-gl) - wale-sl) oy (e
Vel _ V(e -gl) o(le-gl) - wa(le-gl)| e, : 25)
o (e -gl) wa(le-gl) o el (e -gl) |

in which the regressor W; is distinguished by its center &,C which is an input variable combination

from the training set J. Here, we establish the centers among the training data points to guarantee
efficiency and to avoid a two-step training method commonly used when RBFs are employed

within the ANN framework. In the equation, ¥; processes the Euclidean norm (Euclidean distance)

from each training input & to its center &,C through the general form:

Yy = ,),,[Hé_‘t’] (2.6)

' P

in which ¥ is a non-linear function that monotonically decreases upon increasing values of &.

This type of function is the so-called RBF, and the literature presents several types such as
Gaussian, multiquadrics, inverse quadratic, thin-plate spline to cite a few [64, 65, 66]. However,
this paper focuses attention on the two RBF used herein: Gaussian and Wendland-C2. The reason
for these choices is that each one is representative of globally and locally (or compactly) supported
RBF types.

The Gaussian function is the classical global RBF whose support can span all over the domain [22,

65]. There are some variations in its general equation, with the one used here given by:

-\
e{ ; 2.7)
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The Wendland-C2 RBF presented in [23] is classified as a compactly support RBF due to its null
values outside the support region (|| — &¢|| > p). Its equation is:

4

1_”&—_& 1+4H§_—§, il Y

yo p p p 2.8)

0 Hé_—§>1
0

In order to find the coefficients w, one can minimize the cost function E = eTe which is the sum
of the squared errors of the training set . It leads to the solution provided by a least-square

procedure:
o=¥"¥) ¥y (2.9)

The described strategies for the RBF surrogate models of this Section 2.2.2, as well as the
polynomial response surface method of Section 2.2.1, were implemented in MATLAB™ as an in-
house code called RBFuQ. The code has pre-processing, processing, and post-processing routines
to perform the machine learning data-driven approach for the random sampling, training, and
uncertainty quantification application of surrogate models, either using a polynomial basis or radial

basis functions (RBF), as shown in Figure 2.1.

2.3. FRACTURE MECHANICS PROBLEM DEFINITION

Consider the structural component of Figure 2.2 that consists of a section of an initially cracked
plate with width W; and thickness e;. The plate section is under a tensile stress o and a bending
moment My. Regarding the initial crack, it is a semi-elliptical crack surface with depth a and length

2c. The angle ¢a gives the position at the crack front edge.
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Figure 2.2 — Geometry and loading of a concrete plate section with a semi-elliptical surface crack.

The mode I stress intensity factor (K,) for the plate section in Figure 2.2 was developed in [67]. The

authors used finite element numerical solutions to construct the general solution:

za a a C
K, :[O-t+Hpo-b]{ W}F(Q’E’VY’ a] (2.10)

in which the tensile stress due to the bending moment is g, = 6M,/(W,e&) and the remain

geometric functions Q(), F(), and H, are defined in the Appendix A.

In the linear elastic regime, the energy release rate for a stationary crack is G, = K?/E,,, with E,,, =
E for plane stress and E,, = E/(1 — v?) for plane strain conditions; E is the modulus of elasticity,
and v is the Poisson ratio. Following the viscoelasticity theory and the elastic—viscoelastic
correspondence principle, the age and time-dependent energy release rate can be expressed as the

integral:

G, (t) = D3 [ I (t,t,)5% (¢, ), (211)

in which t is the current time, t. is the loading time or age at loading, and J(t, t) is the aging creep
compliance defined as the unit strain at time t caused by unit stress applied at age t.. The term 62 is
the time derivative of the squared loading function. The loading function for the concrete plate
section is given by:

0,(t) =0, (t) + H 0, (1) (2.12)

and the time-independent global geometric factor D (.):
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D,(a,c,e,,W,,4,) = anc)p£§,%,v%,¢aj (2.13)

The solution of the time-dependent energy release rate integral may sometimes be performed
analytically (e.g. by Laplace transforms) for the simplest cases of J(t, t;) and 62, but for the
majority of cases, numerical time integration strategies have to be employed [68]. Several models
are currently used to describe the aging creep compliance J(t, t;), from empirical [32, 41, 42, 43,
44] to more physics-based models such as the solidification theory [45, 46, 47]. A basic and useful
equation for the aging creep compliance is given by the double power-law (DPL) which has been

used in the literature over the years [32, 69]. In this paper, the DPL is formulated as:
J(t.t,) =3, (t,) [ 1+t 0™ | (2.14)

in which Jo(tc) is the initial compliance at loading age tc, ¢o, d, and p, are fitting parameters. The
elapsed time @ is defined as:

0=t-t (2.15)

C

and the initial compliance is:
Jo(t)=Ae™™ + Ag™ (2.16)

in which, A1, Az, n1, and n,, are fitting parameters.

The compliance parameters ¢o, d, po, A1, A2, 141, and n, can be determined by fitting the curves
£(0)/a, from a series of creep tests performed in different loading ages (t.). Each of those creep
tests is performed under a time constant loading stress o, applied over a period of time and the
time-dependent strain € (8) is monitored. Note that the age and time-dependent j(t,t.) is an
increasing function of time t. Therefore, the energy release rate in Equation (2.11) also increases
with t once the time derivative of the squared loading function is positive, or constant on loading
age. Furthermore, G,;(t) is dependent on several independent variables of geometry, loading, and
material parameters whose uncertainty and randomness are propagated through the equations for
different times and loading ages. Therefore, to quantify the uncertainty of the time-dependent
energy release rate, sampling plans of several thousand or several million points, have to be
performed, each one solving the integral Equation (2.11). Therefore, this task can be extremely
costly or even prohibitive. In this way, the proposed mathematical surrogate models, described in
Sections 2.2.1 and 2.2.2, can replace the physics-mathematical Equation (2.11) based solely on its

data results from smaller sampling plans.
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24. METHODOLOGY

The methodology presented here aims to train the surrogate models to predict the output response
under a UQ framework considering the statistical uncertainty of the input variables of geometry,
loading, and material characterization. Surrogate models using polynomial (P2) and RBF (GA and
WE-C2) functions were trained to predict three different cases of loading age (t.) and time (t): (i)
t. =1dayand t = 11 days; (ii) t. = 7 days and t = 17 days; and (iii) t. = 7 days and t = 3650 days
(10 years). The following subsections present the details of the employed methods.

2.4.1. Material characterization for the age and time-dependent creep compliance

The data for the material characterization used in this paper were obtained from the experimental
results performed in [69]. The author conducted detailed experiments on several concrete mixtures.
Different series of creep tests were performed on samples loaded at the different loading ages of 1,
3, and 8 days. Two samples for each loading age were tested with very low current time. At a
loading time of 1 day, Atrushi [69] considered the current time (t) to be around 7 days; for ¢, = 3
days the literature adopted t approximately equal to 10 days and for ¢, = 8 days a t = 13 days was

used. More details about the materials and tests can be found directly on [69].

The parameters py, d, ¢o, A1, A5, 11, and n, were obtained through a fitting process that
minimized a cost function of the differences between Equation (2.14) and the experimental
measurements obtained at the creep tests for each loading age. Figure 2.3 shows the fitted J(t, t.),
represented by the continuous surface, for the tested loading age’s data represented by the dots.
Therefore, the age-dependent creep function can be used to predict creep behavior at different
loading ages.

Figure 2.3 — Test data and surface fitting of creep function J(t, tc) for different loading ages t..

The regressed curve for the creep function presented a high fit quality indicated by the very low

values of the sum of squares error (SSE = 1.31 E-08) and the root mean square error (RMSE = 5.87
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E-06). The coefficient of determination (r2) also indicated a good accuracy in which r2 = 0.82.
The formulation that describes these errors are shown in appendix A.

2.4.2. Deterministic and random variables

Considering the geometric, loading, and material input variables to determine the value of G;(t), it
was reasonably to consider the geometric dimensions of the plate W; and e, as deterministic
variables. The two fitted power parameters 1, and n, for the instantaneous compliance J,(t.) were
also considered deterministic with their values determined directly from the fitting process. For
simplicity and parsimony of graphs and plots, the energy release rate was only evaluated at the
position of its maximum value over the crack front (see Figure 2.2) which is reached at the angle
¢, = 90°0". These variables were defined according to literature recommendations, being based
mainly on suggestions from Joint Committee on Structural Safety (JCSS) [70]. Table 2.1 lists the
units and values for the deterministic variables.

Table 2.1 — Deterministic variables

Var. Unit Value
W, mm 500.00
€0 mm 100.00
b, degree 90°00
M1 - 0.4166
7, - 0.0136

All the other variables were considered random variables as shown in Table 2.2 with their
respective mean, standard deviation, and probability density function f(x). Regarding the
geometric and loading variables, their mean values were chosen to render a physically sound
structural problem, while their standard deviations and f(x) followed the recommendations of the
JCSS for loading and geometric variables [70]. The loading o; and g, were both considered a

Heaviside function (step function) over time.

Table 2.2 — Random variables

Parameter var. unit mean std. dev. T (X)
alc - 0.40 0.08 GEV I (max)
Geometry aleo - 0.20 0.04 GEV I (max)
c/W; - 0.10 0.02 Lognormal
Loading Ot MPa 5.00 1.00 GEV I (max)
Op MPa 1.20 0.24 Lognormal
Ay MPa! 28.53E-6 36.85E-6 Lognormal
A, MPa!  40.52E-6 17.81E-6 Lognormal
Material bo - 2448E-2 197E-2 Lognormal
d - 13.06 E-2 6.25 E-2 Lognormal
Po - 42 93 E-2 5.23 E-2 Lognormal
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The mean, standard deviation, and probability density functions, f(x), for the material parameters
were estimated through a bootstrap method applied to those parameters [71, 72] when fitting the
experimental data. This classical statistical technique allows the quantification of bias, variance,
confidence intervals, and probability density functions of the estimates through resampling, with
replacement, of the original samples [71]. The estimates in our case were the fitted values 4, 4,
¢, d, and p, which were refitted 200 times through the bootstrap resamples. The mean, standard
deviation, and probability density function were estimated based on the results of those 200 refits.
The lognormal distribution was tested and identified as the best distribution that fitted each

parameter distribution.
2.4.3. Training sampling

Based on the values in Table 2.1 and Table 2.2, a sampling strategy was employed to gather a
training set 3 = {(¢;,¥;,)| i = 1, ...p} to be used to train the surrogate models as depicted by the
blue boxes of Figure 2.1. Latin hypercube sampling (LHS) was used to generate p training samples
where each interval was equally divided into n, intervals creating (ng)* possible combinations of
the k input variables. Then, a random algorithm selects p combinations among the (nz)* with no
replacement to compose the training vectors &;. This LHS method used here was implemented in
MATLAB inside the RBFuQ. Following the training phase, each combination §; was used to
evaluate the energy release rate in Equation (2.11) to determine the y; values to complete the
training set 3. The LHS method was chosen due to its simplicity and efficiency, and more details
on the method can be found in [73, 74]. Nevertheless, any other sampling method can be used to

generate the training sampling.

The determination of the number of training samples is crucial to the training efficiency and quality
of the results. A bigger sample size generally provides better training and generalization of
predictions but demands higher computational cost since it demands p evaluations of the expensive
physical model. However, a smaller p-size training sample generally decreases the quality of the
predictions due to insufficient generalization of the trained surrogate. This is especially true for a
high number of variables as in the case of this paper which considers ten random variables (see
Table 2.2). This paper performed a series of experiments with different p-size training sets to reach
a minimal p-size of 79 samples that the RBF surrogates presented good performance, and also
providing a sufficient sample number to fit a second-order polynomial. Another training set size of

180 was also employed to compare the performances among the surrogates and training sets.
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2.4.4. Training, parameter optimization, and cross-validation

The surrogate models with second-order polynomial basis (P2), RBF Gaussian (GA), and RBF
Wendland C-2 (WE-C2) were then trained with the provided training set. During training and
cross-validation, the width parameter p of each RBF was determined to optimize the prediction
residual error sum of squares (PRESS) of the leave-one-out cross-validation (LOOCV). This
procedure was used to measure the predictive performance of the surrogates and to assure the
models were not overfitted to the data during the training process. The LOOCYV is a type of S-fold
cross-validation with the number of folds equals to the number of available data (S = p). The
method hold-out one data point (unseen to the training) to be predicted by the model trained with
the other p — 1 data points. This procedure is then employed for the p data points and the
performance quantity, known as PRESS, is calculated for each model:

PRESS = i(yhi -y) (2.17)

i=1

in which 37i1_i is the predicted response of the hold-out data point and y; is the respective known

output response. Although the LOOCYV is the most time-consuming S-fold cross-validation, it can
be the most rigorous one and recommended for small training samples [62, 63, 75].

2.4.5. Performance evaluation of uncertainty quantification prediction of PDFs and CDFs

Once the surrogate was trained and validated, the UQ was performed through the MC simulations
also using the LHS sampling method. MC simulations were chosen due to easy implementation,
popularity, and convenience that serves the purpose of this paper which is not centered on the
efficiency of random simulation techniques. However, any other random number generator and/or
sampling strategy can be used to generate the uncertainty quantification samples. This further
proves that the surrogate models are so computationally inexpensive that any random simulators
can be used. A set of 5SE+04 samples was generated for the surrogate models to predict and provide
sufficient response outputs to determine the probability density function (PDF) and cumulative
distribution function (CDF) as illustrated by the green boxes in Figure 2.1. This was an extra
performance procedure specifically to evaluate the quality of the models for the UQ prediction.
Further performance of each surrogate model was evaluated through the comparison of their
predicted values with a reference solution using the same 5E+04 samples but analytically evaluated
using the integral in Equation (2.11). These results are referred to herein as the Monte Carlo

reference solution (MCREF),

The problem defined in Equation (2.11) consists of a convolution integral with a high

computational cost, especially in high accumulated times, in which the number of steps to evaluate
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this integral becomes prohibitive, therefore, it is necessary to use surrogate models because they
have a lower computational demand. The performance is then compared using the normalized
mean square error of the PDFs, ¢, to analyze the goodness of fit for the reference and surrogate-
predicted PDFs as:

2

o ” fuc (¥) = T (9)

_ (2.18)
H fuc ( y) — Hie

2

in which fyc(y) is the PDF values generated by MCREF, f () is the PDF values generated by the

surrogate, i, is the mean value of MCR¥", and ||. || is the Euclidian norm.

The CDFs predicted by the surrogates were also statistically tested with the ones of the reference
solution using the two-sample Kolmogorov-Smirnov (KS) statistical test. The KS test variable is
the maximum vertical difference between the compared CDFs:

KS =max[F (¥) - Fyc (Y)] (2.19)

in which F(9) is the CDF generated by the surrogate model predictions and Fy-(y) is the CDF
generated with the MCREF values. The Ho-hypothesis consists of F(9) = Fy-(y) and is rejected in
case the two CDFs are not drawn for the same population, and therefore not statistically similar for

a given significance level.

2.5. RESULTS AND DISCUSSION

This section presents the cross-validation results for the LOOCV procedures and respective PRESS
measurements. It also presents the results and discussion of the uncertainty quantification of the
age and time-dependent energy release rate G;(t, t.) in three cases: case 1 with t, = 1 day and t =
11 days; case 2 with t. = 7 days and t = 17 days; and case 3 with t. = 7 days and t = 3650 days (10

years).

2.5.1. Cross-validation results

The LOOCYV results are shown in Figure 2.4 for the normalized values (between 0 and 1) of the
energy release rate G,. Note that each prediction of the unseen data is performed using the
surrogate trained with the remaining p — 1 data points. In general, the plots show the better
performance and higher generalization capabilities of the RBFs models GA and WE-C2 rather than
the spreader predictions of the polynomial models P2 for all cases and data set sizes. Furthermore,

the plots indicated slightly higher errors in the predictions for the earlier loading age of t, = 1 day
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(case 1) compared to t. = 7 days (case 2). Case 01 has a lower fit when compared to case 02 due to
the very premature loading time, which makes difficult to predict the model. However, the largest
errors are found for case 3 (t. = 7 days and t = 3650 days). The largest magnitude of error occurs

for case three because it has a longer interval of elapsed time, being this behavior expected.
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Figure 2.4 — Leave-one-out cross-validation (LOOCV) results for the three cases and two data set sizes.

The calculated PRESS values for the cross-validation are presented in Table 2.3 for the three cases
and both data set sizes. The calculated PRESS for each case quantitatively confirms the
observations in the previous figure. The RBF surrogates always presented better predictive
performance than the polynomial surrogate for all cases and p-values. Specifically, the compact

support surrogate model WE-C2 had the highest generalization capability among the surrogates,
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with the only exception for case 2 and p = 79 in which GA presented slightly less PRESS than WE-
C2. As qualitatively observed in Figure 2.4, the polynomial surrogate presented high predictive
errors, especially for the smaller training set. Specifically, the highest PRESS is observed for case 3
where the integral is evaluated up to the time of 3650 days. The PRESS values also show the
improvement in the model generalization when larger training set sizes are used (p = 180). The

performance of the models for the UQ parameters is further assessed in the next section.

Table 2.3 — LOOCYV results for PRESS

p Surrogate Casel Case?2 Case 3
p2 0.63 0.55 2.24
79 RBF (GA) 0.24 0.11 0.91
RBF (WE-C2) 0.12 0.12 0.70
p2 0.17 0.14 0.92
180 RBF (GA) 0.05 0.07 0.36
RBF (WE-C2) 0.04 0.04 0.28

2.5.2. Prediction of probability density functions (PDFs) and normalized mean square
errors

The reference solutions MCREF for the PDFs, f(G,), using Equation (2.11), are presented in Figure
2.5 for the three cases considered here. These curves are used as a reference for the validation of
the surrogate models because they are based on the analytical evaluation of the physics-based
model for the time-dependent energy release rate of Equation (2.11). The curves indicated a
slightly higher dispersion of the G; distribution for the earlier loading age of t. = 1 day (case 1)
compared to t. = 7 days (case 2). The largest dispersion is found for case 3 (t, = 7 days and t =
3650 days) as indicated by its long-tail distribution. Indeed, the coefficient of variation for this G,
distribution was 121%. Long-tail PDFs like the one for case 3 pose a real difficulty to surrogate

models since the G; values are very dispersed over a long range of values.
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Figure 2.5 — Probability density functions (PDFs) from the solutions of MCREF for the three cases.

The quantitative comparison between the PDFs curves generated from the surrogate predictions
and the ones from the reference solutions is assessed by the normalized mean square error e-values
in Figure 2.6. The smaller e-values for the RBFs surrogates (black and dark-gray colors) show that
the PDFs from the RBF predictions are closer to the MCREF for both training sets (79 and 180)
rather than the polynomial surrogate P2 (light-gray color). This is confirmed by the smaller values
of the normalized errors for both RBFs GA and WE-C2. The expansion of the training set from 79
to 180 samples significantly decreased the e-values between the surrogates and reference solution,
but still with smaller e-values for the RBF models. The surrogate based on the RBF WE-C2
provided a better approximation in all cases and training sets. Furthermore, the WE-C2 always
presented e-values that were approximately half of the P2 values. Figure 2.6 also shows that the use
of the bigger training set with 180 samples decreases the normalized mean square error by
approximately five times for all surrogates. Also, note that case 3 presented the highest e-values
due to the long-tail distribution for this case as shown in Figure 2.5. Those long-tail distributions
are very difficult to reproduce by a predictive model, but it was accurately predicted by the RBF

surrogates.
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Figure 2.6 — Normalized mean square error (g) between predicted and reference PDFs.

2.5.3. Prediction of cumulative distribution functions (CDFs) and statistical tests

The CDFs F(G;) were constructed based on predictions of each surrogate model and from the MC
reference solution for the three cases. Figure 2.7 through Figure 2.9 graphically shows, for both
training sets of 79 and 180 samples, the goodness-of-fit between the generated CDFs from the
surrogate predictions and reference solution. Qualitatively, Figure 2.7a, Figure 2.8a, and Figure
2.9a show that the CDFs predicted by the polynomial surrogate (P2), with the 79-training set, could
not provide satisfactory results for the three considered cases. However, the CDFs generated from
the predictions of the RBF surrogates GA and WE-C2 presented a qualitatively satisfactory
goodness-of-fit with the reference solutions considering the 79-training set for all three cases.
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Figure 2.7 — Cumulative distribution function (CDF) comparison for case 1.

Surrogate model predictions trained with the 180-training set significantly improved the F(G;)

towards the reference solution curves as shown in Figure 2.7¢,d, Figure 2.8c,d, and Figure 2.9¢,d.

Although the approximation for the P2 models also improved with the 180- training set, the RBFs

still presented better proximity with their respective reference CDFs. The plots show no visual
difference between the RBFs GA and the WE-C2 for all three cases.
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Figure 2.8 — Cumulative distribution function (CDF) comparison for case 2.

Regarding the shape of the CDFs, note that the ones for case 1 and case 3 exhibit a longer tail

approaching the unit of the cumulative value. This further emphasizes extreme values for G; in

those cases, especially for case 3 in which the random nature of geometry, loading, and material

properties leads to the prediction of very large uncertainty for farther prediction times from the

initial loading time.
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Figure 2.9 — Cumulative distribution function (CDF) comparison for case 3.

Table 2.4 shows the parameters for the hypothesis test in terms of the KS statistical test (two
samples) for each surrogate and the reference solution. The table presents the KS-values and the
correspondent resultant hypothesis (H, or H;) for a significance level of a = 5% which is the
probability of rejecting the null hypothesis when it is true. The null hypothesis (Hy) is that
surrogate predictions and MC reference solutions are drawn from the same population. Therefore,
the H, result means that the CDF determined from the surrogate predicted values is statistically
similar to the CDF determined from the MC reference solution. On the other hand, the alternative
hypothesis H, indicates the predicted CDF is not statistically similar to the reference solution. As
explained earlier, the KS-value is the maximum difference between the F(G;) values of reference
and surrogate solutions as described in Equation (2.19). The table shows that the RBF surrogates
presented much smaller KS-values than the P2 model for the 79-training set. The polynomial
predictions only presented satisfactory results for the 180-training set as shown in Table 2.4.
Furthermore, the higher KS-values for the 79-training set, presented by the P2 polynomials, are
reflected in the rejection of H,. The CDFs based on the predictions of RBF GA and WE-C2 had the

acceptance of H, for all three cases even for the smaller training set with 79 samples.
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Table 2.4 — KS statistical hypothesis test results for a significance level of 5%

0 Surrogate Case 1 Case 2 Case 3
KS result KS result KS result

p2 0.17 Hi 0.12 Hi 0.19 Hi

79 RBF (GA) 0.09 Ho 0.05 Ho 0.07 Ho
RBF (WE-C2) 0.08 Ho 0.06 Ho 0.09 Ho

P2 0.06 Ho 0.03 Ho 0.07 Ho

180 RBF (GA) 0.04 Ho 0.03 Ho 0.07 Ho
RBF (WE-C2) 0.01 Ho 0.02 Ho 0.04 Ho

Ho: surrogate predictions and MC reference solution are drawn from the same population
Ha: surrogate predictions and MC reference solution are drawn from different populations

2.6. CONCLUSIONS

This paper developed a surrogate modeling strategy for the uncertainty quantification of age and
time-dependent fracture mechanics problems. Specifically, it was considered a case study of the
energy release rate for concrete structures under the presence of initial cracks. Three different types
of surrogate models have been employed: the traditional second-order polynomial (P2) and two
proposed RBF models (Gaussian and Wendland-C2). The surrogates were trained to replace the
time integral to predict the output values of the energy release rate for three different cases of
loading ages and elapsed times. The trained surrogate models were used to predict thousands of
values from unseen data of Monte Carlo samples to the post-processing of the uncertainty
quantification parameters. The uncertainty quantification was then performed by determining the
probability density function (PDF) and the cumulative distribution function (CDF) of the output

response considering ten random input variables of geometry, loading, and material parameters.

The cross-validation procedures indicated the better performance of both RBF surrogates for
predicting unseen data values. The uncertainty quantification was able to demonstrate the effect of
the uncertainty of geometry, loading, and material parameters on the probabilistic energy release
rate at different loading ages and times. The uncertainty of the input variables produced spreader
probability density distributions of the energy release rate for earlier loading times. Also, even
longer-tail distribution was observed for farther prediction times showing the high uncertainty of
the energy release rate farther in time. The normalized mean square error between the PDFs
constructed from the surrogate predictions and the ones from the reference solutions showed that
both RBF surrogates performed better than the P2 model for both training set sizes and all three
cases of loading ages and times. Specifically, the Wendland-C2 surrogate presented approximately
1/3 of the normalized mean square error presented by the P2 surrogate when both used the smaller
training set size with 79 samples. The RBF surrogates always presented better goodness-of-fit
between the predicted CDFs and the reference solution, rather than the CDFs determined from the
polynomial predictions. The KS statistical test confirmed that only the RBF surrogates predicted

statistically similar CDFs to the reference solutions for both training set sizes and all three cases of
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loading ages and times considered. The P2 model could only present statistically acceptable results
when trained with the bigger 180-sample training set. All these performance trends for the
uncertainty quantification results were foreseen by the leave-one-out cross-validation assessment,
which demonstrates this technique successfully showed the generalization capabilities of each

surrogate model for the problem considered in this paper.

The results demonstrated that the proposed RBF surrogates are efficient and accurate
computational strategies for large-scale engineering problems involving uncertainty quantification
of time-dependent fracture problems that demand thousand to million evaluations of viscoelastic
equations involving time-consuming integrals of the energy release rate. The RBF models were
able to generalize well the thousands of unseen data from the Monte Carlo sampling to accurately
predict the results for those integrals for a multivariate problem with ten random variables with
only 79-training samples. Furthermore, the RBF surrogates were able to accurately predict long-tail
probability density functions with that relatively small training set size. Although the example
considered a concrete plate with a semi-elliptical surface crack, the methodology presented in this
paper, as well as the RBF surrogate models, can be directly applied to different materials on other

fracture problems which present the energy release rate formulated as a mapping integral.
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3. SURROGATE MODELING IN UNCERTAINTY
QUANTIFICATION OF AGE AND TIME-DEPENDENT
STATISTICAL MOMENTS OF A 3D STRUCTURAL
COMPONENT

3.1. INTRODUCTION

Most materials used in structural engineering have complex characteristics that are extremely
difficult to measure, e.g. creep and aging in cementitious materials [45, 37, 39]. Several studies
address the subject, focused on the construction of mathematical models that aim to represent the
behavior of these materials [76, 41, 42, 43, 44, 46, 47, 36, 77]. However, the aging creep analysis in
cementitious materials still requires special attention, especially in relation to uncertainty
quantification [49, 50].

The uncertainty quantification (UQ) is considered by the literature to obtain the entire spectrum of
variation of the output random variable. In this way, it is possible to collect the probability
distribution of the values of a variable and consequently determine the probability density function
or the cumulative distribution function. The UQ process generally adopted by the literature
considers classical simulation models, such as the Monte Carlo method (MC), which is
computationally demanding, as it requires millions of evaluations of the physical/mathematical
model [78, 48, 29, 79, 52, 53, 80, 81]. The work of Motra [48], for example, verified the cyclical
creep in different models and different uncertainty quantification processes. The authors consider
the Monte Carlo simulation with Latin Hypercube Sampling (LHS) to determine the uncertainty
parameters. The results obtained by the authors in the stochastic sensitivity analysis showed that
the variability of cyclic creep strain is influenced more by the modulus of elasticity than other
parameters, such as mean stress and cyclic stress amplitude [48]. Another publication that deserves
attention is Criel and coauthors [29] who carried out a process of uncertainty quantification of the
creep prediction models by using Taylor series. However, in the UQ process, the Taylor series
strategy is limited only to estimating the statistical moments and cannot incorporate the probability
distribution of the input parameters [29]. In most of the works cited, the use of classical methods
such as MC becomes prohibitive, especially for problems that involve a high number of input

variables.

A solution to predict the creep and aging behavior is to adopt approximation functions that emulate
the physical or mathematical behavior with a lower computational cost to predict the output
response [56, 82, 5]. Especially, the work of Evangelista Jr. and Almeida [5] who is a pioneer in

the field of uncertainty quantification in age and time-dependent fracture mechanics using Radial
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Basis Function (RBF). In this work, the authors verify the energy release rate of a concrete plate
with an initial elliptical crack. The uncertainty quantification process focused on the analysis of the
cumulative distribution and probability density functions for different ages of loading and time.
The results predicted by the models with RBFs showed high efficiency for early and later times.
This approach with RBF consists of a type of approximation function that is used in a strategy for
training and validating data sets, called surrogate model. However, none of the cited works
performed a process of uncertainty quantification focused on the statistical moments from the
results predicted by the surrogate models already trained.

The purpose of this article is two-fold. First, it develops an efficient machine learning model with a
radial basis function (RBF) to quantify the statistical moments of age and time-dependent fracture
mechanics problems. The choice for the quantification of statistical moments is because they are
computationally cheaper to apply when compared to the determination of the probability density
functions (PDFs) or the cumulative distribution functions (CDFs). The model considers the
machine learning approach developed by Evangelista Jr. and Almeida [5] in which RBF surrogate
models are trained to substitute a time convolution integral that predicts the energy release rate
output response for a concrete plate with an elliptical crack. This integral presents a high
computational cost in high values of accumulated times in which the number of steps to evaluate
the integral becomes prohibitive, being therefore necessary to use a surrogate model. The novelty
and main contribution, therefore, is a process of uncertainty quantification for the statistical
moments (mean, standard deviation, skewness, and kurtosis) that are obtained for the results of
Evangelista Jr. and Almeida [5] and different initial loading age and elapsed time. Second, perform
a reliability analysis for all cases of elapsed times by constructing a performance function and later
determining the failure probability and structural reliability index. The performance of the models
with RBF is obtained by comparing them with reference solutions using the direct Monte Carlo
method. The reference solution was built by exhaustive simulations of the analytical integral of the
output response. The results of the surrogate models showed good precision for most of the cases

studied, with the exception of the moment of skewness, which requires a larger training set.

The paper is organized as follows: Section 3.2 presents the surrogate model of radial basis function.
In Section 3.3, there is the definition of the 3D structural component. Section 3.4 presents the
methodology, while Section 3.5 presents the assessment of quality of results. The Section 3.6
presents the analysis of time-dependent energy release rate (ERR) and Section 3.7 shows the

conclusions and final considerations.
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3.2. SURROGATE MODEL APPROACH

The behavior of the surrogate models based on radial basis function (blue box) is shown in Figure
3.1. This surrogate model based on RBF is composed of two steps: training and uncertainty
quantification (UQ) process. The training (purple boxes) consists of the initial step in which a set of
input data is used in the surrogate model. The input data are deterministic and random and will be
presented in Section 3.4. The training sets are built with Latin hypercube sampling (LHS) and are
used to obtain the output response of the mathematical model (purple boxes). The training set
obtained in the training phase is then considered by the surrogate model (blue box) which learns
from the data obtained from the training phase.

|
|
( | | MONTE CARLO \
INPUTS | |  SAMPLING
|
l I -

N |
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TRAINING | SURROGATE T S
o SAMPLING  ———-—— ¥ MODEL N TE T =
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\ RESPONSE ! QUANTIFICATION )
|

Figure 3.1 — Flowchart with strategy for training and simulating surrogate models

The uncertainty quantification process is shown in the orange boxes. In this process, the surrogate
model is used to predict a Monte Carlo simulation dataset. The surrogate model already trained is
then able to predict new responses and in this way is done the uncertainty quantification or the
structural reliability analysis. The quantitative of the reliability analysis is a subdivision of
uncertainty quantification that is also considered in this paper. The structural reliability analysis has
the same procedure considered in the UQ process. Just replace the orange box in the figure with the
phrase uncertainty quantification by reliability analysis. In subsequent sections, the methodology
for both analyzes will be presented. The surrogate radial basis function model builds the prediction

y(.) of a function y(.) through the following model:

)= & p) @)

in which W; (&, p) are the radial basis functions (RBFs) with a given support (length) p, and w; their

respective weights or coefficients. The RBFs considered in this work are not related to a neural
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network and therefore is no architecture or correction/weighting scheme (such as backpropagation).
Thus, the RBF is used here as a regression model in which the weights are determined by least

squares. The above equation is also expressed in matrix format as:

vy=%Ym+e 3.2)

in which y is the p-dimensional vector of the known outputs of the training set, w =

{w1, w3, ..., wp} is the unknown coefficient vector and e = {ey, ey, ..., ey} is the error vector. The

design matrix W of size p x m contains the response of the m regressors to the known training

inputs p:
v, le.-¢& v, = " le.-¢;
P p p
[ le. & le. &,
W ¥, p v, —p T —p (3.3)
\Pl{uap:J T{Ham;] \Pm[\\apé;J
I p P P )

in which the regressor ys; process the Euclidean norm (Euclidean distance) of each training input &
to its center & which is a combination of input variables from the training set 3. The centers are
adopted as their own training sets to ensure good efficiency (m = p). The training inputs were
normalized following a standard normal distribution (mean zero and standard deviation equal to 1).
In this paper, the focus is on RBFs classified as locally supported RBF with the RBF of type
Wendland-C2 being adopted as a representative of this class. The choice of Wendland-C2 is due to
its good performance in the uncertainty quantification process shown in the paper of Evangelista Jr.
and Almeida [5]. The Wendland-C2 RBF presented in [23] is classified as a compact support RBF

because its null values are outside the support region (||§ — &°|| > p). The equation is:

1—”5_—gc 1+4H§-_§° . 0< Ll P

P P P (3.4)
0 le-#1.,
D

The range of values for the support parameter (p) is 0.0001 < p < 50. This parameter was

determined through several numerical experiments. The vector of unknown coefficients w is then
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obtained by the least squares process by minimizing the function E = eTe. The function E is the

sum of squares of the errors of the training set 3 and the vector w is defined as:
o=(P¥) ¥y (3.5)

The procedures used in the surrogate models with RBF in this section were implemented in
MATLAB™ as in-house code denominated RBFuQ described in Evangelista Jr. and Almeida [5].
The code presents pre-processing, processing and post-processing routines to perform random
sampling, training and application of uncertainty quantification and reliability analysis of surrogate
models as shown in Figure 3.1. Furthermore, once the model is trained, it can simulate MC to

evaluate the statistical moments that are detailed in Section 3.4.5.

3.3. DEFINITION OF THE 3D STRUCTURAL COMPONENT

A section of a concrete plate with an initial crack has length W;and thickness e according to Figure
3.2. The section of the structural component is subjected to a tensile stress o: and a bending
moment My. The initial crack in the plate consists of a semi-elliptical surface with depth a and
length 2c. In Figure 3.2 it is possible to observe that the angle ¢. provides the position in front of
the crack.

b)

Figure 3.2 — Geometry of a concrete plate section with a semi-elliptic crack and cross-section detail (Adapted

from Biglari and coauthors [83]).

The structural component of Figure 3.2 was initially studied by Evangelista Jr. and Almeida [5]
with the use of numerical solutions of finite elements obtained by Newman and Raju [67] for

fracture mode I, with the fracture intensity factor, or stress intensity factor (K;) defined as:

(o o _ra aac 3.6
K, =[o,+H, b]{ Q(a,c)}F(eo'c’Wt'%j (3.6)



in the tensile stress due the bending moment is o, = 6M,, /(W,e?). The other geometric functions

Q() and F() are:

1.65
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a

C
F(i,
eO

2 4
C a a
@, | = M +M —_— +M —_— f fo
W, ¢j { 1 z[eoj {eoj] o

M, :1.13-0.09(%

ol

C
M, =-0.54+ __089
0.2+(alc) (3.7a-i)
24
M, =o.5—L+14(1.0—3j
0.65+(a/c) c

1/4

f, {(%j cos® ¢, +sin’ 44

f, =1+[o.1+o.35(3J ](1sin 4)

€

1/2
zc) |a
f,=|sec| — | [—

The geometric function is from Newman and Raju [67] and were obtained by a finite element

approximation.

The energy release rate for a stationary crack in a linear elastic regime is defined as G; = K?/E,,,.
The term E,,, = E for the plane stress with E as the modulus of elasticity. In the plane strain, E,,, =
E/(1 —v?) with the term v as the Poisson ratio. The theory of viscoelasticity and the elastic-
viscoelastic correspondence principle define the age and time-dependent energy release rate as an

integral:
G,()=Dz[ J(t.t)62(t.)dt, (38)

in which t is the actual time, t. is the loading age or age loading, and J(t, tc) is the aging creep

compliance defined as the unit strain at time t caused by the unit stress applied at age t.. The
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integral of the energy release rate given in Equation (3.8) is a convolution integral that demands a
high processing time. For each elapsed time to be verified by the integral, j integration time steps
are required. Consequently, the longer the elapsed time, the more processing time is required to
solve the integral. This presents a greater complexity when the number of Monte Carlo simulation
samples is one million, as the computational time becomes very high, and it may take hours to
solve this integral. In this case, the integral will have 1E+06 j? integration steps. Therefore, it is
important to use the surrogate model to approximate the response of this integral. The term 62 is
the time derivative of the squared loading function. The loading function for the concrete plate

section is given by:
o, (t) =0 (t)+H oy, (1) (3.9)

The time-independent global geometric factor Dy (.):

Do(a,C,EO,W[,¢a)= 74 F(i’g,
e C

4. (3.10)
Q(a,c) 7 j

=lo

The auxiliary functions also obtained by Newman and Raju [67] which are given in Equation (3.9)

are:

H,=H,+(H,-H,)sin" ¢,

p= 0.20+(3j+0.60(ij
c €,
H, =1—o.34[ij—0.11(3j[ij
&, c\e

2
(3.11a-f)
H2:1+Gl(i] G, (ﬁ]
eO e0
G, = —1.22—0.12(%
C

a 3/4 a 3/2
G2=0.55—1.05(—] +o.47(—j

C C

The time-dependent energy release rate integral solution is defined according to Evangelista Jr. and
Almeida [5]. In the cited paper, the authors consider a basic equation widely used in aging creep

models [32, 69, 5], which consists of the double power-law (DPL), being defined as:
I(tt,) = Jo(t,)[ 1+t 0™ | (3.12)
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in which Jo(t;) is the initial compliance at the loading age tc, ¢o, d, and p, are fitting parameters.
The elapsed time @ is defined as:

f=t-t, (3.13)

and the initial compliance is:
‘]O(tc) — Aie_nltc + Aze_nztc (314)

in which, A, A2, 4, and n, are fitting parameters.

The creep parameters ¢o, d, po, A1, A2, 111, and 7, are obtained by fitting the time-dependent strain
curves ¢ (0) when a constant load o, is applied to the creep models. These parameters were
obtained from the literature and more details on the process of adjusting these parameters are found
in Evangelista Jr. and Almeida [5]. In the present paper, the fit of the parameters of the creep model

is not our focus.

34. METHODOLOGY

The methodology considered in this paper aims to train surrogate models to predict the output
response in uncertainty quantification and structural reliability processes in which is considered the
randomness of the input variables. The surrogate models are based on radial basis functions and
were trained to predict five different cases of loading age (t.) and time (t) which are: (i) t, = 1 day
and t = 11 days; (ii) t, = 1 day and t = 365 days (1 year); (iii) t, = 7 days and t = 17 days; (iv) t, =
7 days and t = 365 days (1 year) and (v) t. = 7 days and t = 3650 days (10 years). The following

subsections present the details of the used procedures.

3.4.1. Age and time-dependent creep function

The characterization of the material as well as the parameters fitted for the age and time-dependent
creep models come from Evangelista Jr. and Almeida [5]. The authors considered experimental
results of creep tests from Atrushi [69] for a concrete mixture in which several creep tests were
performed for different loading ages of 1, 3 and 8 days. For each loading age, two samples were
considered to be tested. The final creep function regressed by Evangelista Jr. and Almeida [5] is

illustrated in Figure 3.3.
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Figure 3.3 — Creep function J(t, tc) for different loading ages t.

In Figure 3.3, the regressed creep function is represented by a solid line and the experimental data
of Atrushi [69] are represented by points for different ages tc and times t. The respective graph was
constructed only for initial times t, however, the regressed function can be used for longer times,
for example, times of 1, 5 or 10 years. It is also noted that the loading age t. = 1 day presents a
significant variability in the results from literature (experimental data), and this behavior is
expected and characteristic of low ages of t.. The parameters of the J(¢t,t.) were obtained by a
process of adjustment between Equation (3.12) and the experimental results of the creep tests in the

literature for the indicated loading times.

3.4.2. Deterministic and random variables

The geometric variables (W; and e,) were defined as deterministic variables. Furthermore, the
power parameters (n, and n,) of the initial compliance were also considered as deterministic
variables. The energy release rate was analyzed only for the position of its maximum value in front
of the crack with angle ¢, = 90°0". These variables were defined by Evangelista Jr. and Almeida
[5] according to the recommendations of the Joint Committee on Structural Safety (JCSS) [70].

Table 3.1 shows the values considered for the deterministic variables.

Table 3.1 — Deterministic variables from Evangelista Jr. and Almeida [5]

Var. Unit. Value
Wi mm 500.00
€o mm 100.00
Pa degree  90°00°
M1 - 0.4166
M, - 0.0136

The random variables are shown in Table 3.2 with the respective means, standard deviations and

probability density function f (x). The definition of the deterministic variables as well as the
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random variables of geometry and loading was performed by Evangelista Jr. and Almeida [5] by

following the recommendations of the JCSS [70].

Table 3.2 — Random variables from Evangelista Jr. and Almeida [5]

Geometry Loading Material
Par. o oy Ay Ay
ek M (MPy)  (MP)  (MPal)  (MPal) %o d Po
u 0.40 0.20 0.10 5.00 120 | 28.53E-6 40.52E-6  24.48E-2 13.06E-2  42.93E-2
o 0.08 0.04 0.02 1.00 0.24 = 36.85E-6 17.81E-6  1.97E-2 6.25E-2 5.23E-2
f(x) GEVI  GEVI LN GEVI LN LN LN LN LN LN
(max) (max) (max)

The material parameters were determined using the bootstrap method, making it possible to
guantify the respective means, standard deviations and probability density functions. These
parameters were also determined by Evangelista Jr. and Almeida [5] with readjustments of 200
times through bootstrap resampling. More details on the bootstrap method can be found in [71, 72].
It is also noted in Table 3.2 that the distribution that best represented the behavior of most random

variables was the lognormal distribution (LN).

3.4.3.  Training sampling

The training set 3 = {(¢;,¥;)| i = 1, ... p} was generated to train surrogate models based on RBFs.
The construction of the training sets was established according to the procedure represented in the
blue boxes of Figure 3.1. The sampling method used to build the training sets is the Latin
hypercube sampling (LHS) which was chosen due to its simplicity in implementation and also due
to its high efficiency [73, 74]. The LHS method is considered to determine p training samples,
where each interval is divided equally into n, intervals creating (n,)* possible combinations of the
k input variables. Soon after, a random algorithm selects p combinations among the (n,4)* without
substitution to compose the training vectors &; [5]. After obtaining the training set in the training
phase, each combination of &; is used to analyze the energy release rate that is verified by the
Equation (3.8). Each training sample is then used to determine the value y; and thus complete the

training set 3.

The definition of training sets is based on the paper of Evangelista Jr. and Almeida [5] in which
several experiments with different training sets of size p were rigorously analyzed in order to
obtain a minimum size p of 79 samples for the surrogate models with RBFs so that the models
could achieve a good performance. In addition, the authors also considered another training set
with the size of 180 samples in order to compare it to the minimum set of 79 samples. The
definition of sample sizes was obtained through a convergence test. The initial size used for the
convergence test consisted of the minimum number required for response surface models. Thus,

from this minimum number, the convergence test began, in which the best results occurred for p =
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79 and p = 180. In this article, no emphasis will be given to the details regarding the training

process, since this paper continues the article of Evangelista Jr. and Almeida [5].

3.4.4. Parameter training and optimization

The surrogate models with RBFs Wendland-C2 (WE-C2) were trained with the training set
describe in the previous item. In the training and also in the cross-validation process, the length
parameter p of the RBFs was determined in order to optimize the prediction residual error sum of
squares (PRESS) of the leave-one-out cross-validation (LOOCV). This procedure was performed
using a genetic algorithm implemented in the internal code of RBFuQ in order to minimize PRESS.
The LOOCYV procedure is a cross-validation with S-folds in which the number of folds is equal to
the number of available data (S = p). Both PRESS and LOOCYV procedures are outside the scope of
this paper, but were considered for training samples. The PRESS and LOOCV procedures were

verified in the paper of Evangelista Jr. and Almeida [5] and for more details see [75, 62, 63].

3.4.5. Performance evaluation of the uncertainty quantification prediction of statistical
moments, PDFs and CDFs.

After training and validation, the UQ was then performed through MC simulations in which the
LHS sampling method was also considered. The MC simulations, as described above, were chosen
due to their ease of implementation and popularity, as this article does not focus on the efficiency
of random simulation techniques. In the UQ process, a set of 5 E+04 samples were considered,
which is similar to the one adopted by Evangelista Jr. and Almeida [5]. The definition of the
number of samples was determined after a convergence analysis that found that 5 E+04 samples is
enough to obtain the statistical moments and also carry out the process of uncertainty quantification
and structural reliability. This sample set from the MC simulation is then used to predict and
provide enough output responses to determine the probability density functions (PDFs) and
cumulative distribution functions (CDFs) of the surrogate models, as illustrated by the green boxes
(see Figure 3.1). The set of 5 E+04 samples is also used in a reference solution that consists of
analytically evaluating Equation (3.8), and the results obtained are called Monte Carlo reference
solutions (MCREF),

The performance of each surrogate model was compared using the normalized root mean squared
error (g,). This normalized error consists of the square root of the normalized mean square error of
the PDFs considered by Evangelista Jr. and Almeida [5]. The normalized error g, for the
verification of the goodness of fit of the reference PDFs and the predictions of the surrogate models

is defined as:
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£ = ” fMC(y)_ f(y)”
T e ) =g,

(3.15)

in which fy,¢(y) is the values of PDFs generated by MCREF, £($) are the values of PDFs generated

by the surrogate model, pif,,. is the mean value of MCR®F, and ||. || is the Euclidean norm.

The CDFs predicted by the surrogate models will be presented as a complementary analysis. The
results of the statistical test are shown in Appendix B. The statistical test compares the CDFs
constructed of the surrogate models with the CDF constructed of the reference solution. This CDF
fit process was performed for all the CDFs of all the cases, however, will not be presented in this
paper, as it is not part of the objective of this work. Thus, if there is interest in verifying the
statistical test (Kolmogorov-Smirnov test), just check [5], where the adjustment of the CDFs was

verified for almost all of the cases presented in this paper.

The statistical moments obtained from the predictions of the surrogate models are then compared to
those of the reference model. In this paper, the statistical moments to be verified are: mean,
variance (standard deviation), skewness and kurtosis. The first statistical moment consists of the

expected value or mean and for a vector of random variables € is given as:

=] et (3.16)

in which £() is the probability density function. The second statistical moment [4] is the variance

that measures the dispersion of the variable around the mean. The variance is defined as:

oy :J.j:(g_ﬂg)z f(&)dg (3.17)

In the expression of Equation (3.17), the term o corresponds to the standard deviation, which is

defined as the square root of the variance:

-

The standard deviation is a parameter that has been constantly used instead of the variance to

[(e-m) f(e)e (3.18)

measure the dispersion of the output response set of the surrogate models [61, 62]. Thus, in this
paper, only the standard deviation is used as a representative for the second statistical moment. The
study of statistical moments is generally considered by the literature only for the first two

presented. However, as in this paper we have the construction of a surrogate model, it is interesting
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to analyze the third and the fourth moments. The third statistical moment or skewness of a random

variable is:

Ve = I: w f(€)dg (3.19)

O

The moment of skewness describes the degree of asymmetry of a distribution around the mean that
can be symmetric (y; = 0), positive skew (y; > 0) and negative skew (y < 0). The knowledge
of the type of asymmetry of a variable can provide important information to be considered in the
uncertainty quantification process. In negative asymmetry, there is a high concentration of data
greater than the mean of the variable. This behavior is inverse for positive skew [4, 1]. The fourth
statistical moment to be verified is the kurtosis defined as:

X: = I: (g_—/f) f(€)dg (3.20)

O,

The kurtosis measures the flatness of a probability density distribution. This statistical moment is
also compared to a normal distribution when its magnitude is zero. Positive kurtosis values indicate
that the distribution has a sharp peak, and negative values indicate that the distribution is flat when

compared to a normal distribution [1].

3.4.6. Structural reliability analysis

The samples obtained in the MC simulation were also used in the structural reliability analysis. The
reliability analysis consists of an additional assessment considered in this paper for the results of
the reference models and for the values predicted by the surrogate model with p = 180 in all the
five cases through a performance function. Structural reliability is then obtained for a performance
function G(§) that fails when the values G(¢) < 0 [84, 85, 2]. The probability of failure is defined

as:

P{GE) <0} = [ [+[f(&& . ..&)EMS, . dE, (3.21)

G(£)<0

in which f (.) is the multivariate probability density function (PDF) constructed from the input
variables &. The failure probability constructed from the prediction results of the surrogate models
is then compared to the Ps value constructed for the reference model (MCREF). The coefficient of

variation [86] of the estimated probability of failure of the reference model is defined as:
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V,, = /(1;:)) (3.22)
PR

Another analysis consists of the reliability index g [10, 87] defined as:
p=-07(P,) (3.23)

in which ®* is the inverse of the standard normal cumulative distribution function. The reliability
index obtained from the surrogate models is compared with the reliability index of the reference
solution. In item 3.6.3, more details about the performance function will be defined and the results
obtained will also be presented.

3.5,  ASSESSMENT OF QUALITY OF RESULTS

This section presents the results of the statistical moments of the surrogate models and also of the
reference solutions for the uncertainty quantification process. The statistical moments to be
considered are: mean, standard deviation, skewness and kurtosis. It is important to emphasize that
the variance will not be verified, but the standard deviation, as described above. In the process of
quantifying the statistical moments of time-dependent energy release rate (ERR) output response,
five cases were considered: (i) t, = 1 day and t = 11 days; (ii) t, = 1 day and t = 365 days (1 year);
(iii) t, = 7 days and t = 17 days; (iv) t, = 7 days and t = 365 days (1 year) and (v) t, =7 days and t
= 3650 days (10 years). The following subsections present the results obtained.

3.5.1. Normalized root mean square error (g,)

The quantitative comparison between the curves of the PDFs generated from the predictions of the
surrogate models and the reference solutions is given by the values of the normalized root mean
square error (g,) according to Equation (3.15). The smallest values of e, are from the surrogate
models of RBF (WE-C2) built with a training set of 180 samples (black color). These results show
that the PDFs of the predictions are close to the MCRE instead of the models built with 79 training
samples (light gray color). This expansion of the training set from 79 to 180 considerably reduced
the values of normalized errors in all the cases. Moreover, the case of tc = 1 day / t = 11 days
presented the smallest error magnitude and the case of t. = 7 days / t = 3650 days the largest

magnitude of error normalized to p = 180.
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Figure 3.4 — Root mean square normalized errors, &,

3.5.2. Cumulative distribution functions (CDFs) predictions

The CDFs of F(G,;) were obtained from the prediction results of the surrogate models and the
MCREF reference solution for the five studied cases. These CDFs are graphically represented in

Figure 3.5 for the training sets p = 79 and p = 180.

In Figure 3.5 it is noted that the surrogate models with the training set of 180 samples present a
better approximation in relation to the curves of the reference solution. However, for the training
set with 79 samples, only the cases t. =7 days/t =17 days and t, = 7 days / t = 365 days show a
significant approximation of the CDFs in relation to the reference model. Although the statistical
test to verify the fit of the CDFs is not presented in this paper, the results of this statistical test are
shown in Appendix B. In addition, it is observed that for very early times (t = 11 days) and very
long times (t = 3650 days) there is a difficulty in predicting the behavior of the CDFs, and this

behavior is expected and initially observed in the paper of Evangelista Jr. and Almeida [5].
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Figure 3.5 — Comparison of the cumulative distribution function (CDF) for all cases
3.5.3. Table of moments

The results of the means, standard deviations, skewness and kurtosis of the MCREF reference
solutions and of the surrogate models with RBF (WE-C2) are presented in Table 3.3. The statistical
moments of the case of t, =1 day/t =11 days; t. =7 days/t =17 days and t. = 7 days / t = 3650
days (10 years) were extracted from PDFs and CDFs predicted by the RBF (WE-C2) models from
Evangelista Jr. and Almeida [5].
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Table 3.3 — Statistical moments of the five cases

er €r o) Ery) €r )

Case p Surrogate 0 (%) c (%) Y (%) X (%)

79 RBF(WE-C2) 55.75 2.60 43.12 5.03 111 3493 470 27.04

iczzlll %?;é 180 RBF(WE-C2) 54.65 0.57 40.89 041 159 6.15 644 0.12
- MCREF 54.34 - 41.06 - 1.70 - 6.45 -

£ =1day/ 79 RBF(WE-C2) 14129 329 11424 6.34 109 36.81 451 30.30

. < 365 dZ s 180 RBF(WE-C2) 13841 118 10854 103 158 871 6.22 3.76
- Y - MCREF 136.80 - 107.43 - 1.73 - 6.46 -

79 RBF(WE-C2) 3261 0.85 23.36 421 096 4212 410 3550

t;:-177d:;/;/ 180 RBF(WE-C2) 32.70 0.58 23.29 450 132 2052 511 1957
- MCREF 32.89 - 24.38 - 1.67 - 6.35 -

79 RBF(WE-C2) 73.74 1.33 53.59 6.75 0.88 4793 3.89 38.35

EC:_?,ZSE? ?;syé 180 RBF(WE-C2) 75.44 0.94 57.12 062 142 1580 549 12.96
- MCREF 74.73 - 57.47 - 1.68 - 6.31 -

~ 79 RBF(WE-C2) 166.71 153 12661 891 0.84 5169 3.79 40.28

tc__ 7 days/ 180 RBF(WE-C2) 17438 3.01 14521 447 155 1075 6.04 4389

t = 3650 days

- MCREF 169.29 - 139.00 - 1.73 - 6.35 -

Table 3.3 also shows that the adjustment of skewness and kurtosis moments show a better accuracy
for the training set with 180 samples. The results with 79 samples show predicted values of
skewness and kurtosis a little distant from the reference solution. This behavior demonstrates the

difficulty of predicting viscoelastic models and age and time-dependent fracture mechanics.

3.5.4. Figures of statistical moments

Another way of verifying the results of the statistical moments is shown in the plots of means,
standard deviations, skewness, and kurtosis. Figure 3.6 shows the expected values for the cases
with different t. and t, in which, for each case, the value of the MCREF reference solution and the
training sets (p = 79 and p = 180) and the respective relative error are presented.
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a) Mean value b) Relative error

Figure 3.6 — Expected values or mean of the predictions and the reference model

The results predicted from the mean by the surrogate models presented a good approximation in

relation to the mean obtained from the output response of the reference model. The case with t, =
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7 days and with t =17 days showed magnitudes practically similar to the solution obtained
analytically for the respective case for both training sets. In addition, an analysis was performed for
the relative error of the means in which for most of the mean predicted results, the relative error for
the initial training set of 79 samples has a high magnitude which indicates the need for a larger
training set. This relative error is clear mainly for the lowest loading age, which is t. = 1 day,
decreasing for the age of t. = 7 days. However, for the training set of 180 samples, it is noted that
the relative error is less than half of the error with the set of 79 training samples for the cases with
tc = 1 day. The case with t. = 7 days and with ¢t =3650 days is the only exception, as the best
approximation will occur for the smallest training set of 79 samples. This shows how difficult it is
to predict high times, such as 10 years or 50 years. The results of standard deviations are shown in
Figure 3.7.
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t.=1 days t.=17 days t.=1day t.=17 days
a) Standard deviation value b) Relative error

Figure 3.7 — Standard deviation values of the predictions and the reference model

The standard deviation predictions show a high accuracy for most cases with p = 180, with the
exception of the case with t = 3650 days which showed a significant difference in the values
obtained by the surrogate models in relation to the MCREF solution. In the case of t. = 7 days / t =
3650 days, high values of relative error are observed both in the results of the surrogate models
with p = 79 and in the results of p = 180. This behavior, as mentioned earlier, is due to difficulty in
predicting long elapsed times. The case with ¢, = 7 days / t = 17 days are also showed a peculiar
behavior, as it can be seen in the figure that the best approximation of the standard deviation occurs
for the smallest training set p = 79. For the training sets p = 79, it is also important to emphasize
that even the relative error magnitudes being greater than 4%, the standard deviation results do not
present a bad fit, as verified in Evangelista Jr. and Almeida [5], the uncertainty quantification
process indicated a good accuracy of the surrogate models with RBF (WE-C2). In addition, it is
also noted that the high magnitudes of standard deviation indicate a high dispersion of the predicted
results, which explains the difficulty of the prediction, mainly for times of 1 and 10 years. The

results of the third statistical moment or skewness are shown in Figure 3.8.
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Figure 3.8 — Skewness values of the predictions and the reference model

The skewness results show a positive value in which the output response vector presents a high
concentration of data smaller than the expected value of the respective distribution. This behavior
indicates that the longest tail of the distribution is to the right of the probability density function.
The results predicted by the surrogate models with the minimum number of 79 samples were not
able to adequately predict the third statistical moment. For the training set of 180 samples, it is
noted that the relative error is less than half of the relative error of the smallest training set. Thus, it
is observed that the skewness consists of the statistical moment that presents the greatest difficulty
of prediction for the surrogate models. One solution to get a better fit is to increase the size of the

training set. The last statistical moment or kurtosis is shown in Figure 3.9.

9.00 60.00
120f w . 48.00 1
Mc*™ 180 MC™ 180 M_CRH MEREF _REF 0 . 2
(! ~ 9 =
sor || 150 i 1 £ 3600t L ]
79 S 79
X 79 2 79 o 79
3.60 1 24.00 - 1
180
180
1.80 F E 12.00 - b
180 180
0.00 0.00 130
" =11 days 7=2365 days r=17 days ¢=365 days = 3650 days " t=11days =365 days ¢=17 days ¢=365 days ¢=3650 days
t.=1day t.=17 days t.=1day t.=7 days
a) Kurtosis value b) Relative error

Figure 3.9 — Kurtosis values of the predictions and the reference model

The kurtosis values show that, for all the cases, the results of the MCREF reference models and the
surrogate models show a tendency to taper at the peak of the PDFs. Furthermore, it is also noted
that the smallest training set (79 samples) is not able to predict the kurtosis of the cases studied.
The training set with 180 samples presents very similar magnitudes for the cases of t. = 1 day and

for the case with t. = 7 days / t = 3650 days. The relative errors for the set with 180 training
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samples show magnitudes much lower than those obtained for the sets with 79 training samples,

especially for the case t. = 1 day / t = 11 days in which the error is practically zero.

3.6.  ANALYSIS OF TIME-DEPENDENT ENERGY RELEASE RATE (ERR)

The section presents the PDFs built from the reference solutions of the five case studies and also
shows the statistical moments as a function of age and loading time. In addition, a reliability
analysis is shown for the results of the reference models through the construction of a performance

function shown in item 3.6.3.

3.6.1. Prediction of probability density functions (PDFs)

The PDFs built for the MCREF reference solutions are shown in Figure 3.10 for the five cases
considered here. These curves are used as a reference for the validation of the surrogate models.
The results of the reference models are obtained for the time-dependent energy release rate by

analytical evaluations of Equation (3.8).
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Figure 3.10 — Probability density functions (PDFs) of the MCREF solutions for the five cases
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The curves show a greater dispersion for the cases where t, = 1 day / t = 365 days and for t, = 7
days / t = 3650 days as indicated by their long tail distributions. These long tail PDFs show a real
difficulty for the surrogate models, as the energy release rate values are very dispersed over a long
range of values. In Figure 3.10a and Figure 3.10b it can be seen that as the elapsed time increases
there is a greater dispersion of the energy release rate (E.R.R.). In Figure 3.10c it is observed that
for the same elapsed time there is a greater concentration of the E.R.R around the mean as t.

increases.

3.6.2. Figures 3D

The values of the statistical moments (mean, standard deviation, skewness, kurtosis) constructed
with the samples of the MCREF reference solution for the five cases are shown in Figure 3.11 as a
function of loading times and ages.
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Figure 3.11 — Statistical moments of G, as a function of age and loading time for the five cases

The results of the means show that for premature ages there is a tendency for the mean value of the
energy release rate to increase as time also increases. For the cases with time ¢ = 365 days, it is
noted that the mean results tend to present higher magnitudes for smaller ages of loading, that is,
the mean for t. = 1 day / t = 365 days is greater than the mean of t, = 7 days / t = 365 days. The
standard deviations also show the same behavior of the mean values and for initial ages t. = 1 and
7 days, there is a significant increase in the values of standard deviations for longer times.
Furthermore, for times of t = 365 days (1 year), it is noted that the deviation tends to present higher
values for lower loading ages. The skewness results show a different behavior from the one showed
for the means and standard deviations. It is noted that the magnitude of the skewness practically
does not change for longer times. The behavior of the statistical moment of kurtosis is similar to the
skewness, that is, the kurtosis moment for premature loading ages does not change significantly in

its magnitude for longer elapsed times.
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3.6.3. Reliability analysis

In the failure analysis of the structural component, a performance function was constructed for the
output response of the reference solution. The performance function that verifies the energy release

rate is defined as:
G= GIR _G|S (3.24)

in which G, R is a G resistance function and G, ° is the demand function. The G, ° function is
defined as the answer to Equation (3.8) and modeled in this paper for PDFs of the Section 3.6.1.
The G, ° function is therefore the modeling of soliciting forces. The G;® function is estimated and
based on the mean of the PDF of Hgs with a safety factor as HeR = Yolgs and a coefficient of

variation of 20% and value y = 6. The G, ° function corresponds to the MCREF results. This
performance function configuration follows the recommendations prescribed by the JCSS [70]
which were also considered to determine the random variables of the concrete plate. The
configuration considered for this performance function was due to the fact we did not known the
behavior of the resistance function. In this way, an alternative solution to construct the resistance
function was to consider a value related to the mean of the demand function. Figure 3.12 shows the

respective failure probabilities, Py, and the reliability index, g, for the MCREF assessments.
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Figure 3.12 — Failure and reliability analysis for all the cases

The Ps values present a low probability of failure around 10 in which 5 E+04 evaluations of the
integral of Equation (3.8) were necessary to determine the time-dependent energy release rate for

the reference solution. The coefficient of variation of Py for t, = 1 day / t = 11 days is 0.31, for
t. =1 day /t =365 days it is 0.29. For the case t. = 7 days / t = 17 days, the coefficient of

variation is equal to 0.33 and for the case t, = 7 days / t = 365 days, the value of Ve, is equal to

0.30. The smallest coefficient of variation (fo) is for t, = 7 days / t = 3650 days with value
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equal to 0.24. The performance functions that were determined for all the cases also show that for
both the MCREF results, there is an increase in the influence of the energy release rate at initial ages
of loading as times increases. This behavior shows, therefore, that the probability of failure tends to
be higher and, consequently, the reliability index tends to be lower. However, as mentioned above,

the failure is small and consequently difficult to occur due to the high values of reliability index.

3.7.  CONCLUSIONS

The paper developed a procedure to quantify the uncertainty using surrogate models in age and
time-dependent fracture mechanics problems. The problem under study consisted of a concrete
plate with an initial crack to verify the energy release rate. Two different types of training sets were
used: with 79 samples and with 180 samples. These training sets were used to train surrogate
models based on radial basis functions of the Wendland-C2 in order to predict output values of the
energy release rate for five cases of loading ages and acting times. The surrogate models were able
to predict thousands of unknown Monte Carlo simulation values that were unseen by the already
trained surrogate model. Then, the post-processing was done through the uncertainty quantification
given by the moments of the output response obtained by the surrogate models. These results were
compared to the reference solutions constructed by solving the convolution integral of the energy

release rate.

The verification of the goodness of fit of the PDF was performed by the analysis of the root mean
square normalized error (g,). The normalized error constructed from the PDFs of the surrogate
model predictions and the reference model solutions showed that both training sets for all cases of
loading age and elapsed time performed well with error magnitudes less than 0.60. Another
verification consisted in the study of the behavior of the CDFs that presented a better fit only for
the training set of 180 samples, and it was also observed that at premature loading ages and very
long initial times or acting times there is a difficulty in predicting the behavior of the energy release
rate when the comparison was made between the CDFs constructed from the predictions of the

surrogate models and the CDFs from the reference solutions.

The statistical moments verified were: mean, standard deviation (variance), skewness and kurtosis.
The results obtained for the expected value or mean of the output response indicated a good fit of
the surrogate models in relation to the reference solution, mainly for the largest training sets (180
samples) that present relative error magnitudes smaller than the training set of 79 samples. The
second statistical moment or variance was replaced by the verification of standard deviations. The
standard deviations obtained by the results of the surrogate models also present a better accuracy
for the largest training set, with a significant decrease in the relative errors being observed with the

increase in the size of the training set. For the third statistical moment or skewness, it was observed
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that in all the cases both the reference solution and the values predicted by the surrogate models
showed a positive skewness behavior that indicates a greater concentration of data in the region to
the left of the expected value and consequently the presence of a long tail to the right of the
distribution. On the other hand, this statistical moment consisted of the uncertainty quantification
process that presented the greatest difficulty of prediction by the surrogate models with a better fit
only for the largest training sets. The fourth statistical moment or kurtosis indicated the presence of
a tapering at the peak of the PDFs constructed by both the surrogate models and the reference
solutions. The kurtosis results also show only a good fit for the largest training set.

In the analysis of the PDFs built from the analytical evaluations of the energy release rate of the
reference solution for the five studied cases it was also observed a tendency which consists of a
greater dispersion of the energy release rate as the elapsed time increases. Furthermore, the mean
and standard deviation of these PDFs also show an increase in their magnitude as time increases.
This increase in means and standard deviations is proportional and does not directly affect the
coefficient of variation. However, the statistical moments of kurtosis and skewness do not show
significant variation in their magnitudes for different elapsed times. Finally, in a structural
reliability analysis, it was found that at initial loading ages there is a tendency to increase the
probability of failure as the elapsed times are greater. This behavior was observed for the results of
the reference solution. However, the magnitude of the failure which is around 10 indicates a high
structural reliability index for all cases. Thus, it can be concluded that the computational procedure
with surrogate models based on RBFs is efficient and accurate for structural engineering problems

in uncertainty quantification processes involving time-dependent fracture mechanics.
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4. A NOVEL COMPACTLY SUPPORT RADIAL BASIS FUNCTION
AS SURROGATE MODEL IN STRUCTURAL RELIABILITY
ANALYSIS USING VERY FEW TRAINING SAMPLES

41. INTRODUCTION

Structural reliability is an important vehicle to ensure the safety of the structures and the
assessment of this reliability is usually given through the probability of failure of the output
response of the structural problem and also through the quantification of the inherent uncertainty of
the material properties, geometry, loading and age of the structural component. This structural
reliability generally presents techniques based on statistical moments, being therefore quantities
derived from the variation spectrum of the variable. The quantitative of structural reliability
analysis is treated here as a subdivision of uncertainty quantification. The uncertainty
guantification process allows us to obtain the entire spectrum of variation of the output random
variable. Consequently, it is possible to determine the probability density functions and cumulative
distribution functions. Moreover, structural reliability analysis is an area constantly studied over the
years [88, 11, 30, 53] in which the study is basically made in two ways considering classical
methods or approximation methods. However, only the second has gained more force to solve
stochastic models due to its lower computational cost and accuracy of these models [30, 5]. The
basic idea of these models is to approximate a limit state of a performance function with high

nonlinearity and a prohibitive computational cost.

The classical methods such as Monte Carlo simulation [89, 90, 53]; First-order Reliability Method,
FORM [91, 4, 25]; and the Second-order Reliability Method, SORM [92, 93, 2] have been
considered over the last 40 years in the analysis of the performance functions of structural
components. The Monte Carlo simulation method is a well-known and easy-to-use method.
However, the Monte Carlo method has several disadvantages, such as a prohibitive cost for a large
number of samples. Furthermore, several other methods derived from Monte Carlo simulation have
been used, such as directional simulation [94, 95] and importance sampling [96, 97]. On the other
hand, these presented methods still have some difficulty predicting the behavior of multivariate
cases. As a solution to solve the structural reliability there is the use of approximation methods

called surrogate models that are employed by several researchers [88, 11, 98, 99, 100, 101].

The surrogate modeling techniques are considered constantly to obtain an approximate solution to
many problems of structural components, such as truss bars, frame bars, and concrete beams [98,
102, 103, 104, 105, 106]. The first cited paper from Dai and Cao [98] considered the use of

Wavelet Neural Networks in Support Vector Machine (SVM) to approximate the response of
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structural components. The structural components studied by the authors are a dynamic element of
six degrees of freedom and a truss string structure with multiple random variables. The results
demonstrated the efficiency of the surrogate model in the failure analysis. Another important paper
is from Kroetz and co-authors [102] that analyzed the reliability and the uncertainty propagation of
complex problems using Artificial Neural Networks (ANN), Polynomial Chaos Expansion (PCE),
and Kriging. The results demonstrated that the three surrogate models are competitive to solve
stochastic problems. Guo and co-authors [104] studied the reliability of two structural engineering
cases using the maximum entropy method with PCE. The results demonstrated that PCE-based
multiplication decreased the number of evaluations of the limit state function and the method
proposed by the authors was similar to FORM and SORM when the number of evaluations was
close [104]. Finally, the last relevant paper to be mentioned is from Hong and co-authors [105] in
which Radial Basis Functions (RBFs) and an adaptive sequential sampling method were used in a
proposed surrogate model for reliability analysis with five numerical examples. The results
demonstrated high precision and applicability in structural reliability analysis [105]. The RBF
technique is also an important strategy to be considered as a surrogate model and has been

successfully used to solve stochastic engineering problems [107, 108, 99].

The radial basis function is a technique used initially in the approximation of functions and
derivatives [109, 110, 111]. This technique is also used in structural reliability and uncertainty
guantification analysis as surrogate models in which adaptive models are adopted in several papers
[107, 108, 99, 30, 5, 112]. Wang and co-authors [108] considered surrogate modeling with RBFs in
reliability analysis of tunnels in which was observed an effective surrogate model for predicting
tunnel engineering problems [108]. Li and co-authors [30] studied benchmark problems, such as a
circular tube beam and an oscillator through surrogate modeling techniques with Monte Carlo
simulation to obtain the probability of failure and the reliability index. The reliability results
demonstrated that the RBF-based method was able to approximate the examples. Another
important paper is from Evangelista Jr. and Almeida [5] on which the radial basis function
technique was used to quantify the uncertainty of the energy release rate of a concrete plate under
the presence of an initial crack. The results predicted from the RBFs were compared with the
traditional second-order polynomial and the RBFs were able to predict long-tail probability density
functions with a small training set size. In this way, RBF surrogate model technique is an
alternative to approximate complex surfaces, solve multivariate cases and avoid the Curse of

dimensionality.

The aim of this paper is two-fold. Firstly, it originally develops an efficient surrogate model based
on a new radial basis function (RBF) to accurately study the reliability of selected numerical

examples from the literature. The first and the second numerical example are mathematical
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problems from the literature and third and the fourth examples are structural engineering problems.
The main contribution is to propose the adaptation of the Flat-top equation as an RBF of three
parameters and also to develop a computationally innovative strategy for the new RBF with a small
training set. Secondly, quantify the reliability through a comparison of the obtained results of the
new RBF with the traditional RBFs and with other comprehensive methods from literature
(Kriging, Neural Networks, PCE) in some classes of problems: nonlinear functions and dynamic
oscillator. This comparison of RBFs results is in terms of relative errors of the reliability index and
probability of failure in the reliability analysis. The performance of the new RBF and also the
traditional RBFs showed a good approximation with a relatively small training point set. Another
study was done on the output response of the reference solution to quantify the uncertainty of the
input variables. The results showed that in all the numerical examples the high uncertainty of the
input parameters demands a prohibitive computational cost of the reference solution.

This paper is organized as follows: Section 4.2 presents the background on surrogate models with
the definitions of RBFs. Section 4.3 shows the methodology while Section 4.4 presents the
numerical examples with the results and discussion. Finally, Section 4.5 presents the conclusions

and final considerations.

4.2. BACKGROUND ON SURROGATE MODELS

A surrogate model or metamodel aims to approximate the answer quickly (low computational cost)
and with the required precision. This strategy can be constructed by fitting (training) a generalized
linear model with a set of training samples. It is important to emphasize that in this paper; the
application of the surrogate model occurs in structural reliability problems. Figure 4.1 shows the

flowchart of training and application of surrogate models with radial basis function (RBF).

The blue boxes indicate the training phase path in which the surrogate models learn from the
training set. The green boxes show the application path of the already trained surrogate models to
predict new output responses in reliability analysis (RA) using random sampling in the Monte
Carlo (MC) simulation method. It is important to emphasize that random sampling can be
performed with several techniques, but in this paper, the MC simulations are used only in the

surrogate model and not for the physical/mathematical model once it is trained.
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Figure 4.1 — Surrogate model training and simulation strategy flowchart.

The surrogate models can construct y(.) of a given function y(.) through a general linear model:
m

y(€) :ijhj(‘ts) (4.1)
j=1

in which the m regressors h; () are fixed functions of the inputs § € R¥, with § = (&,&,, ..., &)
and k is the number of input variables, therefore the dimension of the problem. The m unknowns
are the coefficients w; determined through a fitting process based on a training set 3 =
{(§¢;,y)]i =1,..p} of data samples in which the outputs y; € R in a global domain (). The
quality of the fitting/training procedure can be accessed through a set of unseen data by the model
or a cross-validation process that splits the data set into training and validation (unseen data during
training) subsets. Different surrogate models can be constructed using different regressor functions
h;($), but in this paper, the regressors is detailed in the following subsections.

4.2.1. Traditional radial basis function surrogate models

The RBF networks are known to be universal approximators for regression problems [63] and
follow the rewriting of Equation (4.1):

&)=Y o Ep) “2)

57



in which W; (&, p) is the radial basis function (RBF) with a given width (or support) p, and w; their
respective coefficients or weights. The RBFs considered in this work are not related to a neural
network. The RBF is used here as a regression model in which the weights are determined by least
squares. Equation (4.2) can be also expressed as:

y=Yo+e (4.3)

in which y is the p-dimensional vector of the known output sets, w = {w;, Wy, ..., W, } IS the
unknown coefficient vector, and e = {ey, e, ..., e, } is the vector error. The p X m design matrix ¥
contains the response of the m regressors obtained for the already known p input data:

&1 _&f §1 _‘:; gl _éfn

¥, ¥, ey
p p p

‘Pl §2—§1 "Pg gz_éz e P gz_ém
Y= P P P (4.4)

Wl[uap—af} TZ[H&,,—&;J Tm[\\ap—aa]
P P P

in which the regressor ¥; is differentiated by its center &’ which corresponds to a combination

from the training set J. The training inputs (&) were normalized following a standard normal
distribution (mean is zero and standard deviation equal to 1). The centers were established between

the training samples to ensure efficiency (m = p). The Equation (4.4) shows that W; process the
Euclidean norm (Euclidean distance) of each input data & to its respective center &’ . This type of

function is termed RBF and is classified into two different classes that are the globally supported
RBFs and the locally (or compactly) supported RBFs [64, 65, 66]. This paper focuses attention on
the two RBFs used herein: Gaussian and Wendland-C2. The reason for these choices is that each

one is representative of the globally and locally supported RBF types.

The Gaussian function is the classical global RBF whose support can span all over the domain [22,

65]. There are some variations in its general equation, with the one used here given by:

P

[“] (4.5)
w=e
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The Wendland-C2 RBF presented in Wendland [23] is classified as a compactly support RBF
(CSRBF) due to its null values outside the support region (|| — &¢|| > p). The equation is:

4
1_H€—_§ 1+4H§—_§ , Osua_—égl
p p p (4.6)

0 H&.’_—gc>1
P

The behavior of a global and local support RBF is shown in Figure 4.2 for different support values.
Note that both RBFs present the same behavior, being differentiated by the actuation of the
parameter p. For the RBF (GA), values of p > 0.125 tend to have a high influence of the RBFs in
the training set, however, may presents a poor conditioning in the fit to obtain the least square
coefficients because this type of RBF presents a full Y matrix. On the other hand, the RBF (WE-
C2) shown a small influence for the same parameters, but this type of RBF presents a better matrix
conditioning, and consequently, may show a better accuracy than the RBF (GA).
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Figure 4.2 — Behavior of RBFs: a) RBF (GA); b) RBF (WE-C2).

4.2.2. Proposed radial basis function surrogate model

The proposed RBF is based on the Flat-Top Unit Partition model [113, 114, 115] used in the
Generalized Finite Element Method (GFEM) to study super convergence points [116]. The method
is characterized by a compact support behavior, and can be defined as a new CSRBF by adapting
the formulation of Zhang and co-authors [114]. The new RBF is defined as Almeida Evangelista Jr.
of type Flat-top or RBF (AEJ-FT) according to:
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1, if [e-& <p,
o
sl e
w=11- f_zﬂ ,if B < . <(1-p,) (4.7)
0, if (1—ﬂ0)sug_—gcslor Hg_—§c>1
p p

in which, k is a shape parameter indicating the smoothness of the curve that interconnects the flat
regions of the approximation function and fo is the Flat top size parameter with the range 0 < fo <
0.50. The new RBF also presents a considerable difference from the traditional RBFs, as it has a
greater number of shape parameters to ensure a better approximation of the surrogate models. The
shape parameters p (Gaussian, Wendland, and AEJ-FT) and the additional x and o (only for AEJ-

FT) can be determined using optimization procedures and genetic algorithm.

The behavior of the RBF (AEJ-FT) is showed in Figure 4.3 for different magnitudes of « and p
with a fixed value for the parameter fo. In Figure 4.3a, different values of x are presented, with the
parameter fo = 0.20; and in Figure 4.3b, several magnitudes of p are shown with o = 0.01 (6o —
0) and « = 2.00.
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Figure 4.3 — Behavior of RBFs (AEJ): a) RBF (AEJ-FT), fo =0.20, p =1.00 ;b) RBF (AEJ-FT), fo = 0.01,
x=2.00

In Figure 4.3a, it is observed that values of x > 1.00 show a greater slope in the RBFs curve; and
for high values of x, the parameter x tends to have poor conditioning in the RBFs matrices. In

Figure 4.3b, the parameter p which is characteristic of a compact support RBF has a behavior
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similar to an RBF (WE-C2). It is also important to mentioned that the high values of p shows a

high influence of the RBFs in the training set.

43. METHODOLOGY

The methodology of this paper aims to train the surrogate models to predict the output response
under a reliability analysis framework considering the statistical uncertainty of the input variables.
The strategies for the RBF surrogate models described in this item were implemented in
MATLAB™ as an in-house code called RBFuUQ. The code has pre-processing, processing, and
post-processing routines to perform the data-driven approach for the random sampling, training,
and reliability analysis application of the surrogate models as shown in Figure 4.1. Surrogate
models using RBF (GA and WE-C2) and the new RBF (AEJ-FT) were trained to predict four
numerical examples. The first and the second numerical examples consist of two mathematical
problems described later. The third example consists of a structural performance function that
determines the maximum deflection of a cantilever beam and the last numerical example consists
of the dynamic response of an oscillator. All the numerical examples were selected because they
are examples reported by the literature and they are capable of being reproduced. These examples
are also solved by the literature with different techniques adopted as surrogate models. These
results from the different techniques were compared with the results of the RBF-based surrogate

models. The following subsections present the details of the employed methods.
4.3.1. Training sampling

A sampling procedure was employed to determine a set of training samples J =
{(¢;,y)]i =1,...p} to be considered for training the surrogate models as can be seen in the blue
boxes of Figure 4.1. Latin hypercube sampling (LHS) was considered to generate p training
samples in which each interval was equally divided into ng intervals creating (ng)* possible
combinations of the k input variables. Then, a random algorithm selects p combinations among the
(ng)* with no replacement to compose the training vectors ;. Finally, in the training phase, each
combination &; was used to evaluate the output response y; of the four numerical examples and then
complete the training set 3. The LHS method considered here was implemented in MATLAB™
and was chosen due to its simplicity and efficiency. However, any other sampling method can be
used to generate the training sampling and more details on the LHS method can be found in the

papers of Shields and co-authors [73, 74].

The determination of the number of training samples is an important stage to build the surrogate
models in which a bigger sample size generally provides a better generalization of predictions but
demands higher computational cost and a smaller p-size training sample generally decreases the

quality of the predictions due to insufficient generalization of the trained surrogate models [5]. In
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this way, this paper performed a series of experiments with different p-size training sets in the four
numerical examples to ensure the efficiency and quality of the results. The first and the fourth
numerical examples considered a minimal p-size of 19 samples to establish that the RBFs presented
good performance in the reliability analysis. The second numerical example used 12 samples to
build the surrogate models and the third numerical example considered a minimal p-size of 15
training samples. These minimum size of training samples were defined having as a starting point
the minimum number used by the examples in the literature, and later a convergence test was
carried out in search of a decrease in the sample size. This paper will not focus on these
convergence tests.

4.3.2. Training, parameter optimization, and cross-validation

The surrogate models built with RBF Gaussian (GA), RBF Wendland-C2 (WE-C2), and the new
RBF Almeida-Evangelista Jr. (AEJ-FT) were trained with a specific training set previously
described. To find the coefficients m, one can minimize the cost function E = eTe which is the
sum of the squared errors of the training set 3. It leads to the solution provided by a least-square

procedure:
o=(¥¥) ¥y (4.8)

in which, y is the vector of data samples with the observed outputs. In the training and cross-
validation process, the parameters (p, x, 8,) of each RBF were determined to optimize the PRESS
of the LOOCV. This procedure was used to measure the prediction performance of surrogate
models and to guarantee that the models were not over-fitted during the training process. The
LOOCV is a cross-validation of S-folds with the number of folds equal to the number of available
data (S = p). The method removes a sample from the set of initial samples to be predicted by the
trained model with the other p — 1 training data. This procedure is then used for the p data and the

quality of the performance, known as PRESS, is then calculated for each model as:

PRESS = 3"(§,, ~¥,) ®9)

i=1
in which, 9iy_i is the predicted response of the hold-out sample and y; is the respective known
output response. Although the LOOCYV is the most time-consuming S-fold cross-validation, it can
be a more rigorous one and is recommended for small training samples [75, 62, 63]. The PRESS
and the LOOCYV are considered here to obtain the shape parameters p, x, and fo with a genetic

algorithm. The range of values of the RBFs parameters used for scanning the genetic algorithm
were defined as being 0.0001 < p < 50,0 < x <6 and 0 < Sy < 0.499 according to the suggestions

62



in the literature. This genetic algorithm was implemented in MATLAB™ and found the optimal
shape parameters through the minimization of PRESS of the LOOCV. The LOOCV results and

PRESS values do not consist of the focus of this paper but are presented in the Appendix C.

4.3.3. Optimization of RBF parameters through genetic algorithm

The Genetic Algorithm consists of a probabilistic method of optimization whose principle is to
determine the best solution (optimal solution) within a space of results [117, 118]. The behavior of
the genetic algorithm is shown in Figure 4.4. In this figure, an initial population is evaluated into an
objective function. The optimization ends when the tolerable error of 1E-04 (stop criterion) with
respect to the previous solution is reached. The objective function considered in this paper consists
of the PRESS minimization process presented in the previous section. The present work considers
the use of genetic algorithm functions from MATLAB™ to minimize the objective function.

Figure 4.4 — Flowchart of the behavior of the genetic algorithm.
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Future generations are then obtained through the steps of selection, crossover, and mutation. The
selection consists of selecting certain chromosomes (usually binary numbers that encode the
variables) that will contribute to the reproduction of the population. This reproduction is achieved
by the crossover operator and the mutation consists of small changes in the chromosomes to ensure
a greater population variety [118]. More details on the behavior of the genetic algorithm are
presented in the literature [119, 117, 118, 120].

4.3.4. Performance evaluation of uncertainty quantification and reliability analysis

Once the surrogate models were trained and validated, the reliability analysis was performed
through the MC simulations also using the LHS sampling method. MC simulations are chosen due
to the easy implementation, popularity, and convenience that serve the purpose of this paper and
are not centered on the efficiency of random simulation techniques. It is also important to
emphasize that any other random number generator and/or sampling can be used in the reliability
analysis. The definition of the size of the sample sets used in the MC simulation were obtained
through a convergence analysis of the probability of failure. In this way, first, second and third
numerical examples considered 1 E+06 samples in the MC simulation. However, the only
exception here is for the last example which considered only 1 E+05 samples. This number of
samples is different because of the convergence of the results demonstrated in the reliability

analysis that there is no need for a larger sample set.

The samples obtained from the MC simulation were used first to predict analytically the solution of
each numerical example. These results are referred to here as the Monte Carlo reference solution
(MCFREF) and these results were then plotted to quantify the uncertainty of the limit state function of
each numerical example. The samples obtained from the MC simulation were also used to validate
the surrogate models as can be seen in the green boxes of Figure 4.1. These predicted results were
then used in the reliability analysis. In this paper, the reliability analysis consists of the main study
to be carried out with the surrogate models. The structural reliability analysis was done through the
probability of failure (Ps) of a performance function G(§) that occurs for values G(¢) < 0 [84, 85,
2]. The probability of failure is defined as:

P{GE) <0} = [ [-[f(& &, E)EAE, ... dg, (4.10)

G(8)<0

in which f (.) is the multivariate probability density function (PDF) built from the input’s variables
&. The probability of failure built from the results of the predicted surrogate models is then
compared to the Ps value built into the reference model (MCREF). The coefficient of variation [86]

of the estimated probability of failure is defined as:
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V,, = /(1 E:f)) (4.11)
PR

Another analysis consists of the reliability index g [10, 87]. The reliability index is defined as:
B=-07(P,) (4.12)

in which ®* is the inverse of the standard normal cumulative distribution function. The reliability
index obtained from the surrogate models is compared with the reliability index from the reference

solution. These verifications were done in all the numerical examples.

44. NUMERICAL EXAMPLES

This section presents the numerical examples selected from the literature to be predicted with RBF-
based surrogate models of type Gaussian (GA), Wendland-C2 (WE-C2), and the new Almeida-
Evangelista Jr (AEJ-FT). The Example 01 and Example 02 consist of two limit state analytical
functions and the Example 03 and Example 04 consist of physical models applied to structural
engineering. The third function (Example 03) consists of a performance function analysis for the
maximum deflection of a cantilever beam. Finally, the last example (Example 04) aims to analyze
the dynamic response of an oscillator. The shape parameters of the RBFs for all four numerical

examples are shown in Table 4.1.

Table 4.1 — Radial Basis Function parameter values

Example Surrogate Parameters
RBF (GA) p=0.10
RBF (WE-C2) p=11.0
01 p=17.00
RBF (AEJ-FT) x=1.00
po=10.01
RBF (GA) p=0.10
RBF (WE-C2) p=12.0
02 p=8.70
RBF (AEJ-FT) x=2.00
,Bo =0.01
RBF (GA) p=0.10
RBF (WE-C2) p=11.00
03 p=4.00
RBF (AEJ-FT) x=3.00
,Bo =0.01
RBF (GA) p=0.10

RBF (WE-C2)  p =11.00

04
RBF (AEJ-FT)
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4.4.1. Example 01: Nonlinear Polynomial Function

The example is a nonlinear performance function studied by the literature [121, 99] with two

random variables and is defined as:
G(X) = =18+ X + XX, + X5 (4.13)

The random variables are independent and normally distributed with mean () and standard
deviation (o) defined in Table 4.2. This example was selected because it is easy to reproduce and is
constantly explored by the literature.

Table 4.2 — Random variables of Example 01

Var U c f (X)
X1 10.00 5.00 Normal
X2 9.90 5.00 Normal

In Table 4.2 the respective u of variables x; and x, have practically similar magnitudes. The number
of samples in the MC simulation was obtained by a convergence of the surrogate models’
techniques and the analytical solution. This analytical solution consists of evaluating Equation
(4.13) using the MC samples, defined here as MCREF, Figure 4.5 depicts the analytical solution of
MCREF in which is defined G(x) < 0 as the failure region, G(x) > 0 as the confidence or safe region,
and G(x) = 0 as the limit state.

Note that the domain G(x) < 0 is relatively smaller than the domain G(x) > 0, thus requiring a large
number of simulations to construct an accurate solution for the reliability analysis. The variables x:
and x. have similar behavior, and for both, the failure zone is constructed for combinations between
(-u-0)and u + o. It is also important to emphasize that for any combination of random variables
greater than 2u, the non-randomness of samples will not cause the failure of the performance
function. The limit state in Figure 4.5 is constructed for a range of values of G (x) between -0.7
and 0.7 which consist of magnitudes of G (x) tending to zero (G(x) = 0). The failure region is

constructed with G(x) < - 0.7 and the safe region shows values of G(x) > 0.7.
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Figure 4.5 — MCREF simulation for Example 01: (a) x1 versus G(x), (b) x2 versus G(x), (C) X1 Versus Xz.

The probability of failure estimate of the analytical reference solution (MCREF) and the surrogate
model’s approximations are presented in Table 4.3. Column p represents the number of calls for the
analytical performance function. The p-value for the surrogate models consists of the sampling
number used in the training process of the surrogate models (see item 4.3.1). The definition of
sample sizes for training the surrogate model was performed considering the initial sample size as
being equal to the size adopted by the methods from the literature that evaluated the Example 01.
Then, a convergence test was carried out with the objective of get a smaller training sample size.
The method RBFN — RSM2 consists of an RBF neural network response surface method of Tan
and co-authors [121] using FORM and Monte Carlo simulation to obtain the reliability index. The
method A-RBF consists of an adaptive RBF technique of Wang and Fang [99] using FORM to
estimate the reliability index. In both methods, the authors only determined the reliability index .
Here, it is used Equation (4.12) to have a Pr value for comparison purposes. The coefficient of
variation of the probability of failure (V) for the MCREF solution is 0.01.
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Table 4.3 — Probability of failure estimative of Example 01

Method Ps er (%)  Vp, (%) P
RBF (GA) 5.190 E-03 10.517 1.384 19
RBF (WE-C2) 5.120 E-03 11.724 1.394 19
RBF (AEJ-FT) 5.830 E-03 0.517 1.306 19
RBFN-RSM2 @ 5.559 E-03 4.155 1.337 24
A-RBF ® 1.077 E-02 85.690 - 21
MCREF 5.800 E-03 - 1.309 1 E+06

@ Reference [121]; ® Reference [99].

Table 4.3 shows that the RBF (AEJ-FT) approximation is more accurate than the RBFN-RSM2 and
A-RBF methods. It is also noted that the model A-RBF which has a smaller number of training
samples to construct the surrogate model when compared to RBFN-RSM2, has a larger relative
approximation error. The RBF (GA) and RBF (WE-C2) show relative error inferior to the A-RBF

technique, but values of relative error are superior to 10%.

An additional observation to be mentioned here is the verification of the processing cost. The
referenced methods in the literature do not make a specific study of the computational time for
Example 01. A viable solution to verify the processing time will be given as a function of the
number of radial bases to be built by the RBF surrogate model during the training phase. Each base
function is built with one sample of the training set and therefore it is possible to determine a
relative cost for the surrogate models as a function of the number of training samples. The both
methods in the literature (A-RBF and RBFN-RSM2) are methods based on radial basis functions
and becomes interesting to analyze that the number of bases to build the model has a certain
computational cost. Consequently, there is a reduction in the computational demand for the RBF
(GA), RBF (WE-C2) and RBF (AEJ-FT), since they present a reduction of approximately 10% in
the number of evaluations of the training set when compared to the A-RBF method; and for the
RBFN-RSM2 method a reduction of around 21%. So, it appears that the RBFs have a lower
computational cost when compared to the A-RBF and RBFN-RSM2 methods. Another analysis of
Table 4.3 is presented in Figure 4.6.
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Figure 4.6 — Failure analysis of Example 01: a) Probability of Failure; b) Relative Error
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Figure 4.6a show that the predicted Ps values of the RBF (GA) and the RBF (WE-C2) are distant
from the MCREF, However, RBF (AEJ-FT) and RBFN-RSM?2 are the ones that best represent the
failure analysis. In Figure 4.6b, the relative error of RBF (AEJ-FT) is much lower than the rest of
the surrogate modeling techniques. The reliability index of surrogate models is presented in Table

4.4.

Table 4.4 — Reliability index estimative of Example 01

Method p er (%) p
RBF (GA) 2563 1.545 19
RBF (WE-C2) 2,568 1.743 19
RBF (AEJ-FT) 2,522 0.079 19
RBFN-RSM2 @ 2.539 0.594 24
A-RBF ® 2.298 8.954 21
MCREF 2.524 - 1 E+06

@ Reference [121]; ® Reference [99].

In Table 4.4, the reliability index of Wang and Fang [99] was obtained by the FORM method and
thus presents a greater approximation error to the reference solution from MCREF, It is also
observed that the RBF (AEJ-FT) is the surrogate model with the lowest relative error. The RBFN-
RSM2 of Tan and co-authors [121] considered MC simulation and the FORM method to obtain the
reliability index. The result of RBFN-RSM2 with the FORM method is 2.289, in other words,
shows a relative error superior to 9 %. Thus, it can be concluded that MC simulation shows a better
approximation of the exact solution of reliability analysis for RBFN-RSM2. The traditional RBF
(GA) and RBF (WE-C2) show a relative error inferior to 2%.

4.4.2. Example 02: Exponential Function

In this example, an exponential state limit function [122, 84, 102] is expressed as:
G(x) =exp(0.2x, +1.4)—x, (4.14)

in which x; and x, are random variables with mean and standard deviations showed in Table 4.5.
Although this example is simpler, it is easy to reproduce and serves as a primary analysis of the

new RBF. This same example is also widely used in the literature to test surrogate models.

Table 4.5 — Random variables of Example 02

Var u c f(x)
X1 0.00 1.00 Normal
X2 0.00 1.00 Normal

The probability of failure and reliability index were constructed for the surrogate models and the
MCREF reference solution with 1 E+06 samples. The analytical solution consists of evaluating

Equation (4.14) using the MC samples, defined here as MCREF. The behavior of the MCREF limit
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state is presented in Figure 4.7. The limit state in Figure 4.7 is constructed for a range of values of
G (x) between -0.03 and 0.03 which consist of magnitudes of G (x) tending to zero (G(x) = 0). The
failure region is constructed with G(x) < - 0.03 and the safe region shows values of G(x) > 0.03.
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Figure 4.7 — MCREF simulation for Example 02: (a) x1 versus G(x), (b) x2 versus G(x), (C) X1 Versus Xz.

Figure 4.7 show that the random variables x; and x, present a contrary linear behavior with a high
dispersion of the safe region, which is responsible for the high-reliability index of the function. The
failure region is expressed by the variable x; in the range of [-4, 1] and for the variable x» in the
range of [2, 6] approximately. However, for values of x; > 2 and x, < 0, the function will always be
in the safe region. The results of Ps values are presented in Table 4.6. The method ANN consists of
an artificial neural network technique used by Kroetz and co-authors [102] to obtain the reliability
index. The methods KRIG and PCE correspond to Kriging and the 4th degree Polynomial Chaos
Expansion, respectively. In both methods, the authors only determined the reliability index j. Here,
it is used Equation (4.12) to have a Ps value for comparison purposes. The coefficient of variation
of the probability of failure (V5,) for the MCREF solution is 0.05. The size of the training sets

considered for the RBFs was obtained through a convergence test. The convergence started with a
sample size similar to the literature and it was found at the end of the convergence that the

minimum sample size for RBFs was p = 12. In this paper, emphasis will not be given to the
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convergence process, as it is something that has already been extensively explored in benchmark

problems by the literature.

Table 4.6 — Probability of failure estimative of Example 02

Method Ps er (%)  Vp, (%) p
RBF (GA) 5.10 E-04 31.44 4.43 12
RBF (WE-C2) 100E-04 7423 10.00 12
RBF (AEJ-FT) 3.90 E-04 0.52 5.06 12
ANN @ 4.04 E-04 4.12 4.97 15
KRIG @ 3.90 E-04 0.52 5.06 15
PCE® 3.90 E-04 0.52 5.06 15
MCREF 3.88 E-04 - 5.08 1 E+06

@ Reference [102].

Table 4.6 presents RBF (AEJ-FT) as a competitive surrogate model to the ANN, KRIG, and PCE
surrogate models with a relative error inferior to 1%. However, the RBF (GA) presents a high
relative error and this error is superior to 30%. The RBF (WE-C2) also shows that the relative error
is more than twice the RBF (GA), and thus, does not show a good failure approximation when
compared to MCREF, As for the computational time required to build the KRIG, PCE and ANN; the
literature did not present a study for Example 02. Therefore, an analysis of the computational cost
similar to that adopted in Example 01 will be considered. In this case, it can be considered that
there is a lower computational cost for the RBFs, as there is a decrease of around 20% in the
number of samples to be evaluated (in the training step) by the RBFs when compared to the
surrogate models from the literature (KRIG, ANN and PCE). This analysis becomes even more
interesting when one observes that the KRIG method because it uses Euclidean distance quite
similar to that of the RBFs. In this way, there is an indirect comparison by the number of samples
to build the basis functions. The KRIG method requires a greater number of bases functions to be

build and consequently a greater computational effort.

During the validation phase in which the MC samples are used, the economy in the number of
bases to be built by the RBFs is greater. The reduction is of 2 E+05 bases to be constructed by the
RBFs when compared to the ANN, KRIG and PCE methods. Consequently, there is a relevant
computational economy, since the UQ process via MC requires a lot of computational demand.

Another analysis of failure is presented in Figure 4.8.
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Figure 4.8 — Failure analysis of Example 02: a) Probability of Failure, b) Relative Error

Figure 4.8a shows that RBF (GA) and RBF (WE-C2) surrogate models cannot adequately predict
failure, requiring a larger number of training samples (p > 12) to represent the MCREF behavior. The
approximation error of the RBF (AEJ-FT), presented in Figure 4.8b, is much lower than RBF (GA)
and RBF (WE-C2), presenting value similar to ANN, KRIG and PCE. The relative error of the
ANN showed superior to KRIG, and PCE. The reliability index analysis is presented in Table 4.7.

Table 4.7 — Reliability index estimative of Example 02

Method p er (%) p
RBF (GA) 3.28 2.38 12
RBF (WE-C2) 3.72 10.71 12
RBF (AEJ-FT) 3.36 0.00 12
ANN @ 3.35 0.30 15
KRIG @ 3.36 0.00 15
PCE @ 3.36 0.00 15
MCREF 3.36 - 1 E+06

@ Reference [102].

Table 4.7 shows that RBF (AEJ-FT) presents a better accuracy when compared to the proposed
surrogate models with practically zero approximation error. The number of decimals considered for
the reliability index of Example 02 is the same used by the literature in a direct comparison. The
RBF (GA) surrogate model showed a relative error of less than 3% with p = 12 and the RBF (WE-
C2) surrogate models presented a relative error superior to 10%. In this way, it is also observed that
in the reliability index, the RBF (WE-C2) does not show a good approximation in relation to the

MCREF analytical solution.

4.4.3. Example 03: Cantilever beam

A structural engineering problem consist of a cantilever beam with a rectangular cross section (bw

% hy) and uniformly distributed load (w). The cantilever beam is showed in Figure 4.9.
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Figure 4.9 — Cantilever beam with uniform distributed loading: a) Cantilever beam, b) Cross section

Example 03 is constantly studied in the literature, especially by researchers [10, 123, 30]. The built
and comparison of the surrogate models adopted the performance function from Li and co-authors
[30] and is given as:

4
G(x) =~ _ Whly (4.15)
325  8EI

in which, l,, is the span length, E is the elasticity modulus, and | = byh,*/12. The state limit function
is defined by deflections in the cantilever beam greater than l / 325 and the output response is
given in millimeters (mm) [30]. The variables |, and E are deterministic with values presented in
Table 4.8.

Table 4.8 — Deterministic variables of Example 03

Var Unit Value
lw mm 6.00 E+03
E Mpa  2.60 E+04

Table 4.9 shows the random variables that are w and hy and these variables are rewrite as x; and x.
respectively.
Table 4.9 — Random variables of Example 03

Var  Unit ] c f(x)
X1 N/m2  1000.0 200.0 Normal
X2 mm 250.0 375 Normal

Substituting the random and deterministic variables of Table 4.8 and Table 4.9, the real

performance function to be analyzed is:

G(x) =18.46154 —74769.23 1 (4.16)

X3

The probability of failure and the reliability index are obtained from 1 E+06 samples through MC
simulation. The analytical solution consists of evaluating Equation (4.16) using the MC samples,
defined here as MCREF, The MCREF limit state is presented in Figure 4.10. The limit state in Figure
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4.10 is constructed for a range of values of G (x) between -0.1 and 0.1 which consist of
magnitudes of G (x) tending to zero (G(x) = 0). The failure region is constructed with G(x) < - 0.1
and the safe region shows values of G(x) > 0.1.
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Figure 4.10 — MCREF simulation for Example 03: (a) x; versus G(x), (b) x2 versus G(X), (C) X1 Versus Xz.

The limit state of MCREF is defined by the variable xi, in other words, by the load that acts in
cantilever beam, which presents a greater variability and uncertainty of the combinations of this
variable in practically the entire domain of the variable. However, for the variable x,, beam height
(Figure 4.10b), the limit state is checked for magnitudes between 100 and 200 mm. It is important
to emphasize that for beam heights greater than x and any loading combinations, the performance
function will not be in the failure region. The failure of the performance function is presented in
Table 4.10. The SSRM consists of a sequential surrogate reliability method by Li and co-authors
[30] using MC simulation to obtain the probability of failure Ps. The methods FORM and SORM
are also used by the authors and they are not incorporated in the SSRM. These two methods were
used for comparison with the SSRM. The authors determined for FORM and SORM only the
probability of failure, being the reliability index determined by Equation (4.12) as shown in Table
4.11. The DS+NN corresponds to a method using directional sampling with neural networks with
more calls than the other methods presented here. The definition of sample sizes for training the

RBFs was performed considering the initial sample size as equal to the size adopted by the methods
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from the literature that evaluated the Example 03. Then, a convergence test was carried out with the
objective of get a smaller training sample size (p = 15). The coefficient of variation of the
probability of failure (V; ) for the MCREF solution is 0.01.

Table 4.10 — Probability of failure estimative of Example 03

Method Ps er (%)  Vp, (%) D
RBF (GA) 9.310E-03  2.960 1.032 15
RBF (WE-C2) 9.320E-03  2.856 1.031 15
RBF (AEJ-FT) 9.550 E-03  0.459 1.018 15
SSRM @ 9499 E-03  0.990 1.021 18
FORM @ 9.880E-03  2.981 - 27
SORM @ 9.880 E-03  2.981 - 32
DS+NN ® 8.000 E-03  16.615 - 40
MCREF 9.594 E-03 - 1.016  1E+06

@ Reference [30]; ® Reference [123].

The RBF (AEJ-FT) approximation presents a good accuracy for a smaller number of training
samples (p =15) than the surrogate models of Li and co-authors [30] and the relative error of the
RBF (AEJ-FT) is less than 0.50% in relation to MCREF as can be seen in Table 4.10. It is also
observed that the RBF (AEJ-FT) is competitive, presenting a better approximation in relation to
SORM and DS+NN. However, the traditional RBF (GA) and RBF (WE-C2) surrogate models
contain a similar approximation error when compared with the Li and co-authors [30] results, but
the number of training samples (p = 15) is smaller than the used by the surrogate models from the

literature.

The computational effort is verified in a similar way to the previous examples, since the literature
did not verify the CPU time for Example 03. Therefore, it is observed that RBFs have a lower
computational cost because they present a reduction of around 17% of the number of samples to be
evaluated (number of bases to be build) during the training phase when compared to the SSRM and
a reduction of around 63% when compared to the DS+NN method. Thus, there is a lower

computational effort for the RBFs when compared to the surrogate models from the literature.

In the uncertainty quantification process, the RBFs and the SSRM method use 1 E+06 samples to
determine the probability of failure. However, the RBFs have a reduction of 1.7 E+05 bases to be
built when compared to SSRM. This reduction causes a relevant computational economy for the
RBFs, since the UQ process via MC requires a lot of computational demand. For the DS+NN
method, it is not possible to compare the cost of processing time, as the method uses directional
sampling instead of Monte Carlo simulation. The results from Table 4.10 can also be seen in Figure
4.11.
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Figure 4.11 — Failure analysis of Example 03: a) Probability of Failure, b) Relative Error.

Figure 4.11a shows that the RBF (AEJ-FT) is competitive with SSRM. However, the traditional
FORM and SORM methods are far from the reference MCREF, In Figure 4.11b, the neural network
method shows a relative error much higher than the rest of the surrogate model techniques. In
Figure 4.11b, it can also be noted that the RBF (GA) and RBF (WE-C2) present relative errors
similar to FORM and SORM, and thus, competitive to the classical methods. The reliability index

is presented in Table 4.11.

Table 4.11 — Reliability index estimative of Example 03

Method p er (%) p
RBF (GA) 2.353 0.478 15
RBF (WE-C2) 2.353 0.461 15
RBF (AEJ-FT) 2.344 0.073 15
SSRM @ 2.346 0.159 18
FORM @ 2.331 0.469 27
SORM @ 2.331 0.469 32
DS+NN ®) 2.420 3.337 40
MCREF 2.342 - 1 E+06

@ Reference [30]; ® Reference [123].

In Table 4.11, the RBF (AEJ-FT) is competitive to the traditional methods and has a relative error
inferior a 0.10%. The RBF (GA) and RBF (WE-C2) show a relative error inferior to 0.50%. It can
also be noted that the RBF (WE-C2) shows a better approximation than the traditional methods
FORM and SORM. The method DS+NN has a high relative error value; however, it should not be

disregarded as it is competitive in relation to the other surrogate models.

4.4.4. Example 04: Dynamic response of an oscillator

Consider a non-damped oscillating system of a single degree of freedom [10, 123, 30]. The

performance function is defined for six normal random variables:
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G(x)=3r, - 2F12 sin [%J (4.17)
m,w; 2
with:
o il (4.18)
mO

in which, mo is the mass of the oscillator body, ro is the displacement at which one of the springs
yields, z(t) is the maximum displacement response of the system, F; is the amplitude force, ¢; and
C, are spring constants and t; is the acting time. Figure 4.12 shows the oscillator system to be

considered in the performance function.

A F(;)

_ =(f) k£
— >

F@)
moy >

Figure 4.12 — Oscillator definition and applied load [123]

Figure 4.12 shows that the system consists of two springs coupled to a mass body m, that depends
on the time and amplitude force. Table 4.12 presents the random variables and their respective
probability distributions.

Table 4.12 — Random variables of Example 04

Var U c f (X)
Mo 1.00 0.05 Normal
1 1.00 0.10  Normal
Cy 0.10 0.01  Normal
ro 0.50 0.05 Normal
F1 1.00 0.20 Normal
t1 1.00 0.20 Normal

The random variables in Table 4.12 follow normal distributions. This example has also shown in
the literature several works with different mean and standard deviation values for the random
variables, such as, for example, different mean values for the amplitude force shown in Table 4.12
[124, 125, 126]. The probability of failure and the reliability index construction required in this
paper is 1 E+05 samples. The analytical solution consists of evaluating Equation (4.17) using the
MC samples, defined here as MCREF. The results of the samples used to obtain analytically the
reference solution MCREF are presented in Figure 4.13. The limit state in Figure 4.13 is constructed

for a range of values of G(x) between -0.01 and 0.01 which consist of magnitudes of G (x) tending
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to zero (G(x) = 0). The failure region is constructed with G(x) < - 0.01 and the safe region shows

values of G(x) > 0.01.
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Figure 4.13 — MCREF simulation for Example 04: (a) mo versus G(x), (b) ¢1 versus G(x), (c) ¢, versus G(x),
(d) ro versus G(x), (e) F1 versus G(x), (f) t1 versus G(x)

Figure 4.13 shows the output response and the input random variables of the limit state function

G(x) for the MCREF reference solution. In Figure 4.13a-c, a high dispersion of the variables mo, ¢,

and ¢, is observed and this randomness is a characteristic of the high uncertainty in the failure
prediction of the function G(x). In Figure 4.13d, values of ro > 0.65 will always be in a safe region
for the performance function. In Figure 4.13e-f, the variables F; and t; show similar behavior, but
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contrary to the variable ro. It can also be noted that for variables Fi and t;, the values inferior to

0.50 are in the non-failure region.

Table 4.13 presents the results of the probability of failure for the surrogate models with RBF
(GA), RBF (WE-C2), and RBF (AEJ-FT). The method SSRM shown in Example 03 is used by Li
and co-authors [30] to obtain only the probability of failure Pr. The method FORM is also used by
the authors for comparison with the SSRM. The DS+NN as shown before is used by Schueremans
and Van Gemert [123] to obtain the probability of failure. The reliability index g is obtained using
Equation (4.12). The MCREF analytical solution is also shown in Table 4.13. It is also important to
emphasize that Li and co-authors [30] considered 7 E +04 samples in the MCREF to obtain the
analytical reference solution. The size of the training sets considered for the RBFs was obtained
through a convergence test. The convergence started with a sample size similar to that adopted by
the DS+NN method (p = 86) and it was found at the end of the convergence that the minimum
sample size for the RBFs was p = 19. This sample size is similar to that considered by SSRM
method. The convergence process is already been extensively explored by the literature and
consequently will not be studied in Example 04. The coefficient of variation of the probability of
failure (V) for the MCREF solution is 0.02.

Table 4.13 — Probability of failure estimative of Example 04

Method Ps er (%)  Vp, (%) p
RBF (GA) 2.892 E-02 2.011 1.832 19
RBF (WE-C2) 2.896 E-02 2.152 1.831 19
RBF (AEJ-FT) 2850E-02 0529  1.846 19
SSRM @ 2.880 E-02 1.587 2.195 19
FORM @ 3.108 E-02 9.630 - 35
DS+NN ® 2.800 E-02 1.235 - 86
MCREF 2.835 E-02 - 1.851 1 E+05

@ Reference [30]; ® Reference [123].

The number of training samples considered by the RBF surrogate models is the same as Li and co-
authors [30] in the SSRM method as can be seen in Table 4.13. However, the approximation
obtained for the RBF (AEJ-FT) is superior to the literature. It is also noted that the relative error of
the RBF (AEJ-FT) is much less than 1 %, confirming that the methodology used for the new RBF
is accurate. In Table 4.13, the coefficient of variation of the SSRM method is greater, as the

number of MC samples considered by the literature is 7 E+04.

The CPU time study was not verified by the literature for the SSRM and DS+NN methods for
Example 04. Consequently, the verification will be carried out similarly to Example 03. The
method DS+NN is a based on Neural Networks in which there is also a construction of bases for
the surrogate model. The surrogate models based on RBF showed a reduction of the computational

effort due to decrease of 78% in number of bases to be built by the RBFs when compared to the
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DS+NN method. In contrast, the computational time required to evaluate the SSRM is considered

here to be similar to that of the RBFs due to the fact that both are based on radial basis functions

and have the same number of bases to be build in the training phase. The results from Table 4.13

are also presented in Figure 4.14.
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Figure 4.14 — Failure analysis for Example 04: a) Probability of Failure, b) Relative Error

Figure 4.14 shows that the FORM method has a higher error than the DS+NN adaptive surrogate
model and the RBFs. It can also be noted that the RBF (AEJ-FT) is competitive with the methods
SSRM and DS+NN. The RBF (GA) and RBF (WE-C2) present relative errors equal to 2%
approximately. The performance of the reliability index (f) is presented in Table 4.14 for each

surrogate model and is compared to other surrogate models from the literature.

Table 4.14 — Reliability index estimative of Example 04

Method p er (%) p
RBF (GA) 1.897 0.472 19
RBF (WE-C2) 1.896 0.525 19
RBF (AEJ-FT) 1.903 0.157 19
SSRM @ 1.899 0.367 19
FORM @ 1.865 2.151 35
DS+NN ® 1.910 0.210 86
MCREF 1.906 - 1 E+05

@ Reference [30]; ® Reference [123].

Table 4.14 presents the reliability indices obtained by the RBF approximations and shows errors

below 1%. The FORM method has a difference of around 2% from the reference model, requiring

for the method a larger number of training samples to construct the reliability index. The RBF
(GA) and RBF (WE-C2) have relative errors higher than SSRM and the RBF (AEJ-FT) shows the

best result of the reliability index.
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4.5. CONCLUSIONS

The present paper developed a surrogate modeling strategy for the reliability analysis of benchmark
problems in which four numerical examples were selected from the literature. The first and the
second numerical examples correspond to mathematical problems formulated as performance
functions with two random variables. The third and the fourth examples consist of structural
engineering problems. The third example corresponds to a study of a performance function of the
maximum deflection of a cantilever beam and the last example has a performance function of a
dynamic response of an oscillator. Three different types of surrogate models have been employed:
two traditional RBF models (Gaussian and Wendland-C2) and a new CSRBF (Almeida-
Evangelista Jr.). The surrogate models were trained to predict the output response of the numerical
examples. The trained surrogate models were used to predict thousands of values from unseen data
of Monte Carlo samples to the post-processing of the reliability analysis through the probability of

failure and the reliability index.

The results of the reliability analysis demonstrated that the RBF surrogate models were able to
predict the reliability index and the probability of failure of the MCREF reference solution from the
numerical examples. The first numerical example presented small relative approximation errors of
the RBF surrogate models, principally to the RBF of type Almeida-Evangelista Jr. which has a
probability of failure and reliability index values very similar to the reference model and better
efficiency than the surrogate models from the literature. The second example showed that the
probability of failure has only a competitive RBF surrogate model which was the RBF of type
Almeida-Evangelista Jr. which demonstrated a high efficiency. On the other hand, the traditional
RBFs (Gaussian and Wendland-C2) only have a small relative approximation error on the
prediction of the reliability index. This behavior demonstrated the difficulty to predict the
probability of failure of the second numerical example. The third example also presented a better
approximation of the new RBF when compared to the other traditional RBFs and these results of
reliability analysis also were competitive with the other surrogate models from the literature.
Finally, the last example presented small relative approximation errors when compared to the
traditional FORM and MC reference solution. The last example also had a better approximation to

the new RBF and had a competitive performance to the traditional RBF surrogate models.

Another important study of this paper consisted in the uncertainty quantification of the limit state
function. This study focused only on the MCREF samples on which, a large variability of the random
variables of each performance function was observed. Each performance function demonstrated
that the random variables had a high dispersion and, consequently, a high influence on the failure
region, and the combinations that caused the failure was therefore presented in practically the entire

domain of input variables. Furthermore, the models based-RBF also demonstrated that these
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models are competitive surrogate model to be used in the reliability analysis, principally because,
in all the numerical examples, the number of training samples used to build the surrogate models is
smaller than the other surrogate models from the literature and the new RBF type Almeida-
Evangelista Jr. had a better efficiency than the well-known traditional models based-RBF.
Although the examples consider benchmark problems from the literature, the methodology
presented in this paper, as well as the surrogate models with RBFs, can be applied in other
structural engineering problems, principally the new RBF Almeida-Evangelista Jr. that are a tool of
a high potential to be considered in engineering problems.
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5. SURROGATE MODELS BASED ON RBF WITH
REGULARIZATION AND GENETIC ALGORITHM IN
UNCERTAINTY QUANTIFICATION PROCESS

5.1. INTRODUCTION

Surrogate model techniques have gained more importance to approximate structural engineering
problems over the years [10, 24, 30, 105]. These models consist of techniques with the objective to
approximate the output that is usually obtained by a high computational cost or that demand an
exhaustive experimental study. Thus, surrogate models can approach the solution of these problems
quickly and efficiently. Among the various techniques, the use of Radial Basis Functions (RBFs)
stands out, which has shown a high efficiency in the analysis of several structural engineering
problems [127, 5, 105]. This method presents a considerable difference in relation to other types of
surrogate models, especially compared to multivariate polynomial regression models, because for
the polynomial regression models, which require a high number of coefficients and, consequently,
a prohibitive training set [5]. In the paper of Evangelista Jr. and Almeida [5], an age and time-
dependent uncertainty quantification process was performed in fracture mechanics. The paper
considered the uncertainty quantification surrogate models with RBFs to approximate the energy
release rate in a concrete plate with an initial crack. The results showed a good efficiency of the
models with RBF that were able to represent an unseen sample set of the already trained model.
Another important point to be mentioned in relation to the surrogate models is the determination of
the respective coefficients for its construction. These coefficients can be obtained in different ways,
but a solution that avoids overfitting and allows a better generalization in the presence of noise is

the use of regularization process.

A surrogate model with overfitting consists of a model capable of adequately predicting the output
response of the training set, but incapable of predicting a set of unseen data from the already
trained model [128, 129, 130]. Thus, the regularization process, in addition to solving an old
problem of surrogate models, which consists of the ill-conditioning of the RBF matrices, also
allows a decrease in the generalization errors and avoids overfitting with the addition of a penalty
parameter to the regression model [131, 20, 21, 132, 133, 134, 135]. The regularization technique
originated with the initial work of Andre Tikhonov [136] to solve ill-conditioned problems around
the 20th century [19]. However, it was only with Hoerl and Kennard [137] that ridge regression
was introduced, and this method was used to solve ill-conditioning of linear regression problems
[19]. In the case of models with RBFs, the use of regularized regression appear to be
mathematically and computationally convenient, as this method allows a reduction in the size of

the training set and, consequently, a less sensitive model [19]. In this way, several adaptive
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methods emerged for the RBF models with regularized regression, such as: regularized forward
selection, RFS [20, 18]; lasso regression, LR [138, 139, 140, 141]; regularized orthogonal least
squares, ROLS [21, 19]. The ROLS method adds regularization to the regularized orthogonal least
squares (OLS) to be able to build small training sets for the RBFs.

One way to avoid overfitting in models with regularization and to reduce the generalization errors
is to properly determine the parameters of the surrogate model during the training phase. These
parameters are determined by minimizing prediction error indicators. Among the error indicators
used in the literature, two deserve to be mentioned which are: prediction residual error sum of
squares, PRESS [18, 142, 143, 5], and generalized cross-validation, GCV [131, 144, 145, 146,
147]. The first prediction error considers the use of leave-one-out cross-validation (LOOCV), in
which a single sample is predicted considering parameters that are obtained (estimated) from the
sampling set excluding the preselected sample. However, when the sample set size is large,
LOOCV has a prohibitive computational cost [148]. A viable solution to decrease the
computational time was obtained by Golub and coauthors [131] in regularized regression using the
GCV. The GCV indicator is a version of the PRESS rotation-invariant [131]. One advantage of
GCV over PRESS is the correction of the problem of the sample left out during cross-validation.
This samples taken off from the training during the LOOCV can cause high values of PRESS and
consequently high values of error in the prediction. The correction given by the GCV consists of
multiplying a factor in each sample of the sample set [144]. In addition, the algorithms presented
and implemented by the regularized adaptive methods may present limitations, as they are usually
deterministic methods that have recruitment of the training set and generally have constant shape
parameters that are not always the best shape parameters in order to be adopted in the surrogate

models.

The construction of models with RBF has constantly used probabilistic techniques to determine the
model parameters, such as the use of genetic algorithm [149, 150, 119, 151, 152]. In general, a
genetic algorithm is defined as a method that is based on the evolution of populations and tends to
widely explore the decision space with a large probability of obtaining (finding) an improved
solution [153]. For RBFs, the main focus of using the genetic algorithm is to determine the training
set of the RBFs [150, 154, 155, 127] and to determine the shape parameters [156, 157, 120, 158].
The work of Chen and coauthors [156] combines the ROLS algorithm with the genetic algorithm.
The genetic algorithm is considered to determine the shape parameter and the regularization
parameter. The algorithm used is verified in nonlinear modeling examples and in time series. The
results obtained showed good efficiency with an excellent generalization of the properties shown in
the examples used by the authors. The paper of Afiatdoust and Esmaeibeigi [120] used the genetic

algorithm to determine the shape parameters of the RBFs in the collocation method. The results
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showed an excellent fit of the parameters for linear and nonlinear cases of ordinary differential

equations with very small approximation error magnitudes.

In view of the arguments presented, it is possible to observe that there is still a great demand for
strategies with surrogate models based on RBFs. This question is further accented by the fact that
RBFs are usually added to other existing methods or surrogate models. In these models, the RBFs
are treated as parameter correction or are used in artificial neural networks. However, in this paper
the RBFs are treated as the main functions that approximates the response of a structural problem.
Another differential presented in this publication is the use of a genetic algorithm to determine the
parameters of the RBFs and mainly the regularization parameter. This differential is not new, but it
is little explored in the area of regularized regression, since several methods with RBFs, such as
those mentioned above, fix the parameters that will be used in the surrogate models, without,
therefore, determining the best combinations of parameters that must be used in each example. In
this way, the model can be overfitted and consequently does not allow a good generalization. The
uncertainty quantification (UQ) is used here because it allows obtaining the entire spectrum of
variation of the output variable (e.g., probability density functions, cumulative distribution
functions, statistical moments). The UQ process is carried out for models based on RBF with
regularized regression and for the RBF Almeida Evangelista Jr. of type flat-top (AEJ-FT). Models
with RBF and regularized regression has very few works in literature on uncertainty quantification
processes and the RBF (AEJ-FT) has not yet been studied in UQ process with cumulative
distribution functions. The only study of RBF (AEJ-FT) was done in terms of structural reliability
in Chapter 4 of this thesis.

The article presents three objectives and three contributions. The first objective of this paper is to
develop an RBF-based surrogate model with ridge regression. The RBF shape parameters are
obtained with the use of genetic algorithm. In the training phase, an optimization process of the
PRESS and GCV functions is done with a genetic algorithm in order to avoid overfitting. After the
training stage of the surrogate models, the uncertainty quantification of numerical examples
selected from the structural engineering benchmark problems is performed. The first and main
contribution is the development of a computationally innovative strategy to a new RBF (RBF AEJ-
FT) to approximate structural engineering problems. In this contribution, the new RBF AEJ-FT is
no record of publications that verify its behavior in regularized regression. The second objective of
this work is to quantify the uncertainty of the output response of numerical examples. The second
contribution is the use of cumulative distribution functions (CDFs) for the uncertainty
quantification process. The CDF is considered here because it gives a better qualitative analysis of
the results and it is possible to observe better the tails errors. The quantitative analysis of the results

is given by methods based on distances from the CDFs (e.g., Kolmogorov-Smirnov test). The third
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and final objective is to increase the generalization power of surrogate models in order to avoid
overfitting, especially in situations where the training set is very small. The last contribution
consists of the use of three statistical errors. The errors measured are: mean square error (MSE),
root mean square error (RMSE) and normalized mean square error (g). These errors are usually
used separately, which may hinder a better conclusion on the generalization power of the surrogate
models. Finally, the results show that surrogate models based on RBF have a good capacity to
generalize unseen data sets of the surrogate model already trained. The training sets for the
examples were relatively small and the hypothesis tests showed that the RBFs of the compact
support type were capable of predicting cumulative distribution functions statistically similar to the

reference model.

The article is organized as follows: Section 5.2 presents a general formulation for surrogate models
with RBF and ridge regression, notions of genetic algorithm and definitions of PRESS and GCV.
In Section 5.3, the methodology is presented. Section 5.4 presents the numerical examples while
Section 5.5 presents the conclusions and final considerations. At the end of the work, some
appendices are presented with results obtained for the three numerical examples. These results in

the appendices are not the main focus in this paper.

5.2. REGULARIZED SURROGATE MODEL BACKGROUND

Surrogate models consist of a set of modeling techniques that are generally built by adjusting
(training) a generalized linear model using a set of training samples. This modeling technique is
ideal for significantly reducing the computational time required to solve a physical or mathematical
model. Figure 5.1 shows the flowchart using the radial basis function (RBF) technique for training
and validation of the surrogate models, also called metamodels. The purple boxes indicate the
process used for the training phase. In this phase, the surrogate models (blue box) learn from the
training process for then apply the already trained models to predict new output responses in
uncertainty quantification problems (orange boxes). Note that the validation samples can be
generated by random sampling methods such as Monte Carlo (MC) or can consist of a set of

experimental data different from the training set.
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Figure 5.1 — Flowchart with the procedure for training and validation of the surrogate models

Surrogate models are regularly used to construct a predicted value y(.) of a given function y(.)

through a generalized linear model:
y(g)zzwjhj (“;) (5.1)
j=1

in which the m regressors h;j(&) are fixed functions of the variables & € R¥ with € = (£;,¢,, ... &)
corresponding to the vector of input variables and k is the number of input variables. The m
unknown values are the w; coefficients determined through a regression process based on the
training set 3 = {(§;,y;)| i = 1, ... p} being the output y; € R in the global domain (2). The quality
of the fitting/training process is assessed by a set of unseen samples from the model or by a cross-
validation procedure that divides the sample set into training samples and validation samples (data

not known during training).

5.2.1. Radial Basis Function (RBF)

In the present article, the proposed surrogate models are given through a rewriting of Equation

(5.1). The proposed surrogate model is given by:
m
€)= ¥ & p) (5-2)
i=1

in which W; (&, p) are the radial basis function (RBF) with a given length (or support) p, and i
their respective coefficients or weights. The RBFs considered in this work are not related to a
neural network. The RBF is used here as a regression model in which the weights are determined

by least squares. Equation (5.2) can also be expressed as:
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y=Yo+e (5.3)

in which y and e are p-dimensional vectors of the known output set and the errors, respectively; w
is the m-dimensional vector of the unknown coefficients. The p x m design matrix ¥ contains the
response of the m regressors obtained for the already known p input data. The linear system can be

expressed as:

m

S—~—
—

él _E;fn )
‘éz _gfn ‘) 0?2 e:2 (5.4)

Y, \Pl(‘tﬂ_ f) \Pz(gl_ég ¥
y:z \Pl(‘gz_ f‘) Tz(‘gz_gg‘) T

—

(e -g]) v -gl) - el

in which the regressor ¥; is distinguished by its center & which corresponds to a combination of

the training set . In this work, the centers were established among the training samples to ensure
efficiency (m = p). The training inputs (§) were normalized following a standard normal

distribution (mean zero and standard deviation equal to 1). In Equation (5.4), ¥; processes the
Euclidean norm (Euclidean distance) of each input data & to its respective center & trough the

general formulation:

Y=y [H&—&;] (5.5)

P

in which ¥ is a nonlinear function that decreases monotonically with increasing of &. This type of

function is called RBF, and in the literature there are several types such as gaussian, multiquadric,
logarithmic to name a few [20, 64, 66]. On the other hand, this article focuses on three specific
types of RBF: gaussian, wendland-c2 and Almeida-Evangelista Jr. The reason of choosing these
functions is due to the representativeness of the RBF models with global and local support. In
addition, a new RBF is used in uncertainty quantification process. This new RBF is so-called Flat-

top RBF from Almeida Evangelista Jr. being described later.

The gaussian function is a global classical RBF whose support can span the entire domain [22, 65].
This function presents several variations in its general formulation, being considered for this work

the one presented as:
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p

[“] (5.6)
w=e

The formulation of the RBF Wendland-C2 presented by [23] is classified as a compact support

RBF due to its null values outside the support region (Hg —g

> p ). The respective equation of the

RBF Wendland-C2 is given as:

1_Hg__g° 1+4H§_—gc os”i_—écsl

P P P 5.7)
0 H&’_—gc >1
P

The Flat-top RBF of Almeida-Evangelista Jr. consists of a new local support RBF with behavior
similar to Wendland-C2 and little known in the literature. However, the main difference is that this
RBF has a greater number of parameters than the other RBFs, but presenting a greater efficiency.

The equation is defined as:

1 if Hg_—gcsp'o
o)
= .
w=1|1- ﬁT . if ,BO<T<(1—ﬂO) (5.8)
0, if (1—@))3”%_gc <lor [e-¢ >1
p p

in which, « is a shape parameter indicating the smoothness of the curve that interconnects the flat
regions of the approximation function and f is the Flat-top size parameter with an interval of 0 <
Po < 0.50. The parameters p, « and fo are determined using a genetic algorithm and will be
presented later. The range of values of the RBFs parameters used for scanning the genetic
algorithm were defined as being 0.0001 < p < 50,0 <k <6 and 0 < o < 0.499.

The coefficients m are determined with the regularization process that consists of adding a penalty

term to the criterion for minimizing the sum of squared errors [18]. Essentially, the added term,

called the regularization parameter A, consists of a positive number added to the design matrix ¥
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that can be ill-conditioned [20, 19]. Thus, in order to determine the coefficients e, it is necessary
minimize the cost function E = eTe + Aw’w, in which is the sum of squared errors over the

training set 3. This leads to the solution provided by a least squares procedure given by:
o=(¥¥+a1,) ¥y (5.9)

in which I, is an identity matrix of order p X p. The parameter 4 is also determined using a genetic
algorithm. For some of RBF models, zero-order regularization was also considered, described here

as surrogate models “without regularization” or “non-regularized regression” (1 = 0).
5.2.2. Genetic Algorithm

The genetic algorithm is a probabilistic algorithm that is a part of a broad group of optimization
algorithms [117, 118]. The optimization process is based on Darwin’s theory of evolution and
genetic recombination with several applications in optimization of engineering design [159, 160,
161]. This algorithm produces new individuals that best adapt to environmental conditions using
selection, crossover and mutation operators. The evolution of populations causes an optimization of
the spaces that will be scanned by the algorithm. The procedure ends when the best individual
adapts to the environmental conditions [161]. This individual is then the ideal solution for the

problem to be optimized. The schematic of the genetic algorithm is shown in Figure 5.2.

EVALUATE THE
OBJECTIVE FUNCTION > SELECTION
AND FITNESS

A

INITIALIZE
POPULATION

\ 4

A\ 4

CROSSOVER

A 4

MUTATION

A

SATISFY STOP

CRITERION? < NEW POPULATION

YES

v

OuUTPUT

Figure 5.2 — Flowchart of the genetic algorithm to determine the shape parameters of the RBFs
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The procedure used by the genetic algorithm generally requires three important points, which are:
encoding the variables in chromosomes (usually binary strings), an objective function and
operators that define the sampling method [118]. In Figure 5.2, the algorithm starts with an initial
population in which chromosomes are used to define the solution space and the ideal solution is
obtained by modifying the chromosomes of this population. Then, it is used an objective function
that will be optimized to its maximum or minimum value, depending on the objective of the
algorithm. Thus, each chromosome is then a solution of this function [118]. Finally, it is important
to define the operators that define the sampling method, that is, how the result space will be
scanned [118]. The three operators are: selection, crossover and mutation.

In Figure 5.2 the selection corresponds to defining certain chromosomes of the population for the
reproduction step and is obtained with the crossover operator. Another important point is the
reproduction, and during reproduction, random chromosomes are chosen to create a new
chromosome. Finally, the mutation is then used to make small random changes in a chromosome,
that is, there is an addition of a variety in the population [118]. Other details about the formulations
and functionalities of genetic algorithm are easily found in the literature [150, 119, 162, 120].

The present work considers the use of genetic algorithm functions from MATLAB™ to minimize
two objective functions. The first objective function consists of the prediction residual error sum of
squares (PRESS); and the second objective function is the generalized cross-validation (GCV). The
minimization of the PRESS and GCV functions aims to determine the optimal shape parameters of
the RBFs of the surrogate models presented in the purple box of Figure 5.1. It is also important to
note that in each surrogate model with RBF, two different situations were considered for the
PRESS, being built models with RBF parameters obtained from the minimization of the PRESS
without regularization (A = 0); and a second situation with parameters of the RBFs obtained from
the minimization of the PRESS in models with regularized regression (A # 0). On the other hand,
for the minimization of the GCV, only surrogate models with regularized regression (A # 0) were
addressed. Thus, in this work, the use of GCV is only a complementary analysis, not being the

focus of a robust analysis of the GCV.

5.2.3. Indicators of PRESS and GCV

The surrogate models with RBF gaussian (GA), Wendland-C2 (WE-C2) and Almeida-Evangelista
Jr. (AEJ-FT) were then trained with the provided training set. During training and cross-validation,
the parameters of each RBF, without regularization (A = 0) and with regularization (A # 0), are then
determined by optimizing the PRESS of the leave-one-out cross-validation (LOOCV). This
procedure was used to measure the prediction of surrogate models and to ensure that the models

were not overfitted during the training process. The LOOCYV is a type of S-folds with the number of
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folds equal to the number of available dada (S = p). The method takes a sample from the initial
sample set (sample disregarded for training) to be predicted by the trained model with the other p -
1 training data. This procedure is then employed for the p data and the performance quality, known

as PRESS, is then calculated for each model as:

PRESS = i(%,_i - V)’ (5.10)

i=1
in which, 9H is the predicted response of the sample taken from the training sample set and y; is

the respective known output of this sample. Although LOOCYV is the most time-consuming S-fold
cross-validation, it can be the most rigorous and recommended for small training samples. Another

competitive method to PRESS adopted in regularized surrogate models is the GCV defined as:

R
V=277 2 (5.11)
(trace (P, )j
p

with:

P,=1,-¥(A,) ¥ (5.12)
and

A,=Y"V+, (5.13)

in which Py, is the projection matrix, (Am)* is the variance matrix, In is the identity matrix of order
m x m and A is the regularization parameter also described in Equation (5.9). The procedure
resembles the traditional PRESS; however, it presents a better result for regularized surrogate
models [131, 18, 19]. The GCV method is an adaptive method of the traditional PRESS with a
lower computational cost. The use of GCV in models with a regularization parameter equal to zero
causes, in some cases, much higher GCV values than PRESS, making it uncompetitive in cases of
non-regularized models. In this way, for this work, the minimization of the GCV will be considered
only for surrogate models with regularization in order to compare it to the regularized PRESS.
Details of the algorithm and formulations of PRESS and GCV can be found in the publications of
Orr [18, 19]. Furthermore, the process of minimizing the PRESS and the GCV is performed using
the genetic algorithm described above. The LOOCYV results for the surrogate models with PRESS

and the GCV results for the training and validation sample set are presented in appendices E to G.
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53. METHODOLOGY

The methodology is shown in this section and aims to train surrogate models to predict the output
response under an uncertainty quantification framework considering the statistical uncertainty of
the input variables. Surrogate models using RBF functions of type GA, WE-C2 and AEJ-FT were
trained to predict the maximum deflection of a cantilever beam in a first example, the concrete

compressive strength in a second numerical example and the concrete slump test in a last example.

5.3.1. Training sampling

A sampling procedure was used to obtain a set of training samples 3 = {(§&;,y;)|i = 1, ...p} to be
used as shown in the purple boxes of Figure 5.1. For the first numerical example was considered
Latin Hypercube Sampling (LHS) to generate p training samples in which each interval was
equally divided into ng intervals creating (ng)* combinations of the k input variables. Then, a
random algorithm selects p combinations among the (na)* without substitution to the training vector
&;. The LHS method was selected due to its simplicity and efficiency (more details can be found in
[73, 74]). However, for the second and third examples, LHS were not considered, but a portion of
the experimental data was randomly selected from the total set of experimental results in the
literature (see items 5.4.2 and 5.4.3). After the training phase, each set of training samples was used
to evaluate the phenomena of the numerical examples and thus obtain the y; values to complete the

training set 3.

The determination of the numbers of training samples is crucial for training efficiency and quality
of the results. A larger sample size generally provides better training and generalization of
predictions, but it demands high computational cost, since it requires more p-evaluations of the
physical or mathematical model. However, a smaller training sample size p generally decreases the
quality of predictions due to the insufficient generalization of the trained surrogate model. This
behavior is particularly noticeable for a large number of random variables, as is the case of

compressive strength, which has a large number of input variables.

In this paper, the number of training samples was obtained through a series of experiments with
different training sets of size p to arrive at a minimum size of 15 training samples for the first
example, 55 training samples for the second example and 20 training samples for the last example.
In this way, in all numerical examples, the number of samples considered for training the RBF
models presented a good performance and this behavior is shown in the next items of this paper.
These minimum size of training samples were defined having as a starting point the sample size
used by the examples in the literature, and later a convergence test was carried out in search of a

decrease in the sample size. This paper will not focus on these convergence tests. Furthermore, in
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the first numerical example, the use of two different cases for the surrogate models was considered
during the training phase; the first case corresponds to the use of training samples without adding
noise to the training set response, here called case 01; and the second case, called case 02,
corresponds to an addition of a noise that follows a normal probability distribution with zero mean
and standard deviation equal to 0.10. This noise is added to the output response of the training set
and so later, the construction of surrogate model is done. The additional noise serves to simulate
the real behavior of the phenomenon, since the results of experimental tests usually present a
disturbance in the data which does not appear in computationally simulated models. However, for
case 02, in which noise is added, this noise is only added to the response of the training samples,
therefore not being added to the validation samples used in the uncertainty quantification process.

5.3.2. Performance evaluation of uncertainty quantification prediction

Once the surrogate models were trained and validated, the uncertainty quantification was
performed for the numerical examples. In the first numerical example that corresponds to the
maximum deflection of a cantilever beam, MC simulations and also LHS sampling method were
considered. On the other hand, for the second and third numerical example, which correspond to
the concrete compressive strength and the concrete slump test, a division of the total sample set
into samples for training and the remainder for validation was used, as will be seen posteriorly. The
MC simulation method consisted of a choice due to its easy implementation, popularity and
convenience that meet the objective of this work, in which is not intended to determine what
random simulation technique is more efficient. However, any other random generator could have
been considered to determine the uncertainty quantification samples from the first numerical
example. A set of 5 E+05 samples was generated and considered as a validation of the surrogate
models of the first numerical example and thus, predict and provide a sufficient answer to
determine the cumulative distribution functions, as illustrated by the orange boxes in Figure 5.1. In
the second numerical example, the difference in relation to the first example is only that the data
selected for validation are the 975 experimental data from the literature that are then used in the
uncertainty quantification (see item 5.4.2). The third example considered 83 experimental samples

from the literature for the validation stage (see item 5.4.3).

The performance of each surrogate model was evaluated by comparing its predicted values with a
reference solution in the validation phase, being for Example 01 the same samples of 5 E+05, but
analytically evaluated in Equation (5.19). These results are referred here as the Monte Carlo
Reference Solution (MCREF). However, for Example 02, the same 975 validation data obtained
experimentally in the literature constitute the reference model. The Example 03 considers the 83

validation samples from the literature as the reference model. The performance is then compared
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using the normalized mean square error (&) to analyze the goodness of fit of the values of the

reference models with the predicted values of the surrogate models. The error ¢ is given by:

2

&= sl (5.14)

2
‘ yRef - luyRef

in which yg. is the vector of reference solutions which for Example 01 corresponds to the values

of MCREF and for Example 02 and 03 correspond to the values of the reference model which are the
975 samples of the second example and 83 samples given in the third example; ¥ is the vector with

the predicted values of surrogate models, py, . y is the mean value of the reference models, and |||

is the Euclidean norm. Another verification regarding the performance and generalization capacity
of the surrogate model that was performed for all numerical examples is the mean square error
(MSE) defined as:

MSE :izp:(yi -y) (5.15)

The root of the MSE error consists of another measure to quantify the generalization error of

surrogate models. This error is called the root mean square error (RMSE) and is given by:

D 1/2
RMSE = HZ(% -y, )2} (5.16)
i=1

The normalized error (g), the MSE and the RMSE were used in the validation phase as also
considered in the training phase. These three errors aim to quantify the generalization capacity of
the surrogate model, that is, to verify if the surrogate model presents a good prediction in the
training process and also for an unseen data set by the already trained model (validation).
Furthermore, the CDFs predicted by the surrogate models were also statistically tested with the
solutions of the reference models using the Kolmogorov-Smirnov (KS) two-sample statistical test.

The KS test variable is the maximum vertical distance between the compared CDFs:
KS = max| F(§) = Fe () ] (5.17)

in which F(9) is the CDF generated by the predictions of the surrogate models and Fr.f(y) is the

CDF generated with the values of the reference models. The hypothesis Ho consists of F(9) =

Frer (), being the hypothesis rejected in the case where the two CDFs are not obtained from the

same population, and therefore do not present statistical similarity for a given level of significance.
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In this paper, a significance level of 5% was used, which corresponds to the probability of rejection

of hypothesis Ho when it is true (P — value).

5.4. NUMERICAL EXAMPLES

This section presents the numerical examples selected for prediction with the surrogate models
based in RBFs of type Gaussian, Wendland-C2 and Almeida and Evangelista Jr. The first example
consists of a performance function to predict the maximum deflection of a cantilever beam; the
second example corresponds to the concrete compressive strength and the third example consists of
the analysis of the results of the concrete slump test. Furthermore, in the first numerical example,
two different cases of training samples were considered for each of the surrogate models. The first
case, described above, corresponds to case 01 in which the response of the training sample set does
not present an additional noise; and a second case, so-called case 02, in which there is an additional

noise added to the training set response (see item 5.3.1).

5.4.1. Example 01: Cantilever beam (case 01 and case 02)

Consider a cantilever beam with a rectangular section (b,, X h,,) submitted to a distributed load w

[10, 123, 30]. The cantilever beam is shown in Figure 5.3.

w
YYYYYYYYVYYYYYY

| I, b,

a) Longitudinal section b) Cross section

Figure 5.3 — Cantilever beam: a) Longitudinal section, b) Cross section

The serviceability limit state function corresponds to the maximum deflection at the free end of a

cantilever beam greater than I / 325. The performance function is defined by:

4
G(x) =~ Whly (5.18)
325  8EI

in which, 1, is the span length, E is the modulus of elasticity and | is the moment of inertia. The

variables I, and E are deterministic with values shown in Table 5.1.

Table 5.1 — Deterministic variables for the Example 01

Var Unit. Value
lw mm 6.00 E+03
E MPa 2.60 E+04
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The variables w and hy in Figure 5.3 are rewrite as x; and X, respectively. The output variable, as
previously described, corresponds to the solution of the performance function related to the

maximum deflection given in millimeters (mm).

Table 5.2 — Random variables for the Example 01

Var  Unit. ] o f(x)
X1 N/mz  1000.0 200.0 Normal
X2 mm 250.0 375 Normal

The Equation (5.18) can be reduced by replacing the variables in Tables 5.1 and 5.2 with the final

performance function given by:

G(x) =18.46154 —74769.23 % (5.19)

X3

In the Example 01, two different cases were considered for study, the first one without noise and
the second case with the addition of a noise that follows a normal probability distribution of zero
mean and standard deviation equal to 0.10. The definition of the outputs with an additional noise
(case 02) was given by the equation:

G(X) yoiee = G(X)(L+noise) (5.20)

For the construction of the surrogate models, 15 training samples were adopted and for the
validation stage, a Monte Carlo simulation (MC) was considered with a total of 5E+05 samples
(see items 5.3.1 and 5.3.2). The definition of sample sizes for training the RBFs was performed
considering the initial sample size as the size adopted by the literature (p = 40). Then, a
convergence test was carried out with the objective of get a smaller training sample size (p = 15).
Equation (5.19) is a computer simulation model that does not adequately represent the real
behavior of the phenomenon. In this way, it is conventional to add noise to the simulated models.
The mean and the standard deviation values are shown in Table 5.3 for the reference data set
(MCREF) and the 15 training samples of case 01 and case 02. The respective training samples were
obtained by LHS sampling. The results for each of these cases and the types of surrogate models

are showed in the next sections.

Table 5.3 — Mean and standard deviation of reference data set for Example 01

Case Y2, c

Case 01 (15 samples) 13.06 3.37
Case 02 (15 samples) 12.76 3.48
MCREF 12.89 3.48
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Case 01:

The case 01 corresponds to the use of training samples without considering an additional noise. The
parameters obtained in the training of the surrogate models were determined using a genetic
algorithm in order to minimize the PRESS and the GCV, and these parameters are shown in Table
5.4. In the determination of the parameters of the surrogate models with the use of a genetic
algorithm, it was considered for the case 01 and case 02, exhaustive numerical experiments were
done to reduce the computational time and thus obtain a population size between 30 and 50 and a
generation size between 40 and 200 to optimize PRESS and GCV. The other parameters of the
genetic algorithm are default functions from the MATLAB™. The mutation, for example,
considers the “mutationgaussian” function and the “crossoverscattered” function is used for the
crossover. Results with larger populations also indicated the same result, but with prohibitive
computational cost, especially for PRESS. The results of the PRESS and GCV optimization graphs

are shown in appendix D and are not the main focus of this work.

Table 5.4 — Values of the parameters of case 01 for Example 01

Surrogate Parameters PRESS cev
model RBF (1 =0) RBF (1#0) RBF (1#0)

A - 0.0000 0.0101

RBF (GA) p 2.1250 2.1250 2.0420

Value 0.5751 0.5751 0.4401

A - 0.0000 0.0100

RBF (WE-C2) p 35.5868 41.3292 5.4430

Value 0.8550 0.8525 0.4191

A - 0.0000 0.0100

p 1.9142 1.9141 2.3220

RBF (AEJ-FT) o 9.899 E-05 9.899 E-05 0.0842

K 2.1208 2.1212 4.6576

Value 1.8085 1.8085 0.1388

It can be seen in Table 5.4 that the parameters obtained by minimizing the PRESS for the surrogate
models were similar and the regularization did not contribute to the minimization of the PRESS.
However, it is important to note that the algorithm used allows the scan of the regularized
minimum PRESS to also pass through the same combinations of parameters of the non-regularized
PRESS, and therefore, for this situation, it is obtained PRESS values similar to those of the non-
regularized algorithm. Thus, the presence of regularization did not cause a decrease in the
magnitude of PRESS. This behavior only occurs in this example and demonstrates the difficulty in
minimizing PRESS for a training set size p = 15. On the other hand, these results should not be
despised, as they allowed the construction of surrogate models based on RBFs with good
generalization capacity. In the case of the GCV, it is observed that the results obtained present
lower values than those of the PRESS. However, this result is only possible for the GCV with the

presence of the regularization parameter. Furthermore, in the GCV without the presence of the
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regularization parameter, the results of the minimum GCV are much higher than the regularized
GCV and, therefore, are not relevant (GCV > 100) and, as previously described, are not part of the
scope of this paper. It is also noted that the RBF (AEJ-FT) showed the lowest GCV value which is

also lower than the PRESS results for the surrogate models.

An additional observation to be mentioned here is the verification of the computational cost. This
observation will be made superficially, as this paper is not focused on the study of computational
cost. In the determination of the RBFs parameters with the minimization of PRESS and GCV, it
was noticed that the GCV presented a smaller computational effort when compared to the PRESS.
This behavior was expected, since the GCV has a faster convergence. In the case of RBF (AEJ-
FT), this new RBF has a greater number of parameters to be determined by PRESS and GCV. This
greater number of parameters did not cause a significant increase in computational time when
compared to traditional RBFs. The results of the respective CDFs of the RBFs (GA) of case 01 are
shown in Figure 5.4.
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Figure 5.4 — Comparison of cumulative distribution functions (CDF) for RBF (GA) of case 01 of Example 01

In Figure 5.4, it is observed that the CDFs built by all RBF (GA) models show a goody accuracy,
and the CDFs built with parameters obtained from the PRESS (A = 0 and A # 0) are very similar
and consequently the difference is insignificant in relation to the reference model. This behavior
was expected since the parameters of the models with PRESS are quite similar. However, in the
CDF constructed to the GCV model (dotted line), it is noted that there is a significant difference
between the lower tails of the RBF (GA) trained with the parameters of the regularized GCV in
relation to the reference model. This difference between the CDFs is clear in the lower tails, but
does not affect the prediction result of the surrogate model. The results obtained for the RBF (WE-

C2) of case 01 are shown in Figure 5.5.
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Figure 5.5 — Comparison of cumulative distribution functions (CDF) for RBF (WE-C2) of case 01 of
Example 01

The behavior of the CDFs of the surrogate models of RBF (WE-C2) built with parameters derived
from the minimization of the PRESS is similar to that of the RBF (GA). For the RBFs (WE-C2)
there is a good accuracy of all surrogate models with only a small difference in lower tails for the
surrogate model built with the parameters derived from the minimization of the regularized GCV.
This difference in lower tails is insignificant and does not affect the prediction result of the
surrogate model, as can be seen later in the KS test. For the RBF (AEJ-FT), the results of the CDFs
constructed with the parameters obtained from the minimization of the PRESS and the GCV are

shown in Figure 5.6.
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Figure 5.6 — Comparison of cumulative distribution functions (CDF) for RBF (AEJ-FT) of case 01 of
Example 01

Figure 5.6 shows that the results has a difference between the lower tails of the predicted model’s
compared to the reference model. This difference between the tails does not affect the final
behavior of the surrogate models, as can be seen in the KS hypothesis test. Furthermore, when
comparing the results of the CDFs in relation to the surrogate models with RBF (GA) and RBF
(WE-C2), it is noted that the CDF to the GCV model of the RBF (AEJ-FT) presents the worst
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approximation. However, when looking at Table 5.4, it appears that the surrogate model of RBF
(AEJ-FT) with regularized GCV shows the lowest value of GCV for case 01, that is, it is concluded
that not always the lowest magnitude of GCV will cause the best approximation of the CDFs. The

results of the KS hypothesis test are shown in Table 5.5.

Table 5.5 — Results of the KS Statistical Hypothesis Test for Case 01 of Example 01

Surrogate Method A P-Value KS Result
models

RBF (A =0) 1.00 0.01 Ho
RBF (GA) PRESS RBF (A £0) 1.00 0.01 Ho
GCV RBF (A #0) 0.86 0.05 Ho
PRESS RBF (A =0) 1.00 0.01 Ho
RBF (WE-C2) RBF (A £ 0) 1.00 0.01 Ho
GCV RBF (L #0) 0.96 0.04 Ho
PRESS RBF (A =0) 0.52 0.07 Ho
RBF (AEJ-FT) RBF (L # 0) 0.53 0.07 Ho
GCV RBF (L #0) 0.59 0.07 Ho

Ho: predictions of the surrogate models and reference MC solution are obtained from the same population
Ha: predictions of the surrogate models and reference MC solution are obtained from different populations

In Table 5.5, it is noted that the KS hypothesis is not rejected and, therefore, the CDFs of the
surrogate models are part of the same population as the CDF of the MCRE" model, and this behavior
is expected, as observed in the CDFs of the previous figures. The CDFs from RBF (GA) and RBF
(WE-C2) models presented a better approximation in relation to the CDF of the reference solution,
mainly for models with PRESS. The RBF (AEJ-FT) showed a greater difference from the KS
measure, mainly with the models with PRESS. It is also important to emphasize that the threshold
value for the KS is 0.12 for a significant level of 5% as an indication of non-rejection of the null

hypothesis.

Case 02 (Additional noise):

The case 02 corresponds to the use of training samples with the addition of a perturbation to the
training data output that follows a normal probability distribution of zero mean and standard
deviation of 0.10. The parameters obtained for training the samples of the surrogate model were
obtained by using a genetic algorithm in order to minimize the PRESS and the GCV. These

parameters are shown in Table 5.6.

101



Table 5.6 — Values of the parameters of case 02 for Example 01

Surrogate Parameters PRESS cev
models RBF (1 =0) RBF (1 £ 0) RBF (1 #0)

A - 0.0123 0.0101

RBF (GA) p 0.8693 3.5745 2.5567

Value 10.0874 5.8792 1.9446

A - 0.0000 0.0101

RBF (WE-C2) p 6.7171 6.7159 8.0476

Value 6.0742 6.0742 2.0166

A - 0.0000 0.0100

p 5.2089 5.2186 2.9198

RBF (AEJ-FT) o 0.0625 0.0623 0.3618

K 1.8525 1.8556 0.2756

Value 3.7258 3.7230 0.5648

It is noted in Table 5.6 that the addition of the noise to the output of the training set allowed to
obtain a lower magnitude of PRESS for the RBF (GA) with regularization when compared to the
result of the RBF (GA) without regularization. On the other hand, for the minimum values of
PRESS with regularization of RBF (WE-C2) and RBF (AEJ-FT) it was observed that there was no
significant change when comparing the magnitudes of the RBF (WE-C2) and RBF (AEJ-FT)
without regularization. For the minimization of the GCV with regularization, it was observed
magnitudes of GCV lower than half the value of the PRESS with regularization. The computational
time required to determine the RBFs parameters by minimizing the GCV was smaller than the time
of PRESS minimization, as occurred in case 01. In the case of RBF (AEJ-FT), this new RBF has a
greater number of parameters to be determined by PRESS and GCV. This greater number of
parameters did not cause a significant increase in computational time when compared to traditional
RBFs. The results of the respective CDFs of the RBFs (GA) for the case 02 are shown in Figure
5.7.
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Figure 5.7 — Comparison of cumulative distribution functions (CDF) for RBF (GA) of case 02 of Example 01
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Figure 5.7 shows a significant difference between the CDFs obtained from the predicted models
with PRESS in relation to the CDF of the reference model (thicker solid line). This result was
caused by the addition of noise to the output response of the training set in order to change the
parameters used for the prediction of the surrogate models. In Figure 5.7, the parameters derived
from the minimization of the GCV allowed a better accuracy of the RBF (GA). On the other hand,
the CDF obtained by minimizing the PRESS without the regularization parameter showed a very
significant difference in the upper tail of the CDF, and consequently a lower adherence in relation
to the reference model. The results of the CDFs for the RBF (WE-C2) models of case 02 are shown

in Figure 5.8.
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Figure 5.8 — Comparison of cumulative distribution functions (CDF) for RBF (WE-C2) of case 02 of
Example 01

The CDFs constructed from the predicted models with the PRESS without regularization and
PRESS with regularization are very similar. The results with PRESS showed a lower accuracy than
the CDF constructed by the RBF (WE-C2) obtained by minimizing the GCV with regularized
regression. Moreover, the CDFs obtained from the PRESS present a lower accuracy than the CDFs
from the RBF (GA) of case 01, and this behavior is also explained by the addition of noise to the
surrogated models. The CDF results for the surrogate models based in the RBF (AEJ-FT) with a

noise at the output response of the training set are shown in Figure 5.9.
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Figure 5.9 — Comparison of cumulative distribution functions (CDF) for RBF (AEJ-FT) of case 02 of
Example 01

Figure 5.9 shows that the accuracy of the surrogate models with RBF (AEJ-FT) is lower than the
previous models both in case 02 and in case 01, showing a significant difference in the tails of the
surrogate models. For the predicted models with the parameters obtained from the PRESS
minimization without and with regularization, the greatest difference in the CDFs occurred in the
upper tail, that is, for values of G (x) > 15; and for the model built with the parameters of the
minimization of the regularized GCV, the difference between the tails was in the lower tail. The
results of the KS hypothesis statistical test for case 02 are shown in Table 5.7.

Table 5.7 — Results of the KS Statistical Hypothesis Test for Case 02 of Example 01

Slrj:]g%g;te Method A P-Value KS Result
RBF (A =0) 0.13 0.10 Ho
RBF (GA) PRESS RBF (A £ 0) 0.16 0.10 Ho
GCV RBF (A #0) 0.69 0.06 Ho
PRESS RBF (A =0) 0.34 0.08 Ho
RBF (WE-C2) RBF (L # 0) 0.34 0.08 Ho
GCV RBF (L #0) 0.62 0.07 Ho
PRESS RBF (A =0) 0.07 0.11 Ho
RBF (AEJ-FT) RBF (L # 0) 0.07 0.11 Ho
GCV RBF (L #0) 0.05 0.12 Ho

Ho: predictions of the surrogate models and reference MC solution are obtained from the same population
Ha: predictions of the surrogate models and reference MC solution are obtained from different populations

In Table 5.7, it is observed that the surrogate models built with parameters obtained from the
minimization of the GCV presented the highest P values for the RBFs (GA) and RBFs (WE-C2).
However, for the RBF (AEJ-FT), there was no significant difference in the magnitude of P between
the PRESS and GCV maodels. It is also important to emphasize that the threshold value for the KS
is 0.12 for a significant level of 5% as an indication of non-rejection of the null hypothesis. Thus,
the results predicted by the surrogate models are part of the same population as the reference MC.
Furthermore, it is noted that the results of the hypothesis test for the RBF(AEJ-FT) in relation to
the RBF (GA) and RBF (WE-C2) presented the highest magnitudes of the KS measure.
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Prediction of MSE, RMSE and normalized error (&):

The verification of errors in the results predicted by the RBFs was done in two ways, the first with
MSE and RMSE; and the second verification performed by the normalized mean square error (&) of
the results predicted of the RBFs with the reference model. The results of the MSE and RMSE are
presented in Table 5.8.

Table 5.8 — MSE and RMSE error for case 01 of Example 01

Training Validation
Surrogate model  Method A MSE RMSE MSE RMSE
PRESS RBF (A=0) 205E-03 453E-02 3.74E-01 6.12E-01
RBF (GA) RBF(A#0) 205E-03 453E-02 3.74E-01 6.12E-01

GCV RBF(A#0) 223E-01 4.72E-01 190E+00 1.38E+00

PRESS RBF (A=0) 455E-08 2.13E-04 8.09E-01 8.99E-01
RBF (WE-C2) RBF(A#0) 156E-05 3.95E-03 8.00E-01 8.94E-01

GCV RBF(A#0) 191E-01 437E-01 201E+00 1.42E+00

PRESS RBF (A=0) 3.76E-19 6.13E-10 596E+00 2.44E+00
RBF (AEJ-FT) RBF (A#0) 3.02E-17 5.50E-09 5.94E+00 2.44E+00

GCV RBF(A#£0) 294E-02 171E-01 4.06E+00 2.01 E+00

The MSE and RMSE errors indicate a good approximation of the sample set in the training stage
with a non-significant increase in the error magnitude during the validation phase. In the validation
phase, the values of MSE and RMSE indicate a good capacity to approximate unseen data from the
surrogate models already trained. The RBFs with gaussian and wendland-C2 and with non-
regularized PRESS showed the lowest RMSE error values and consequently a better efficiency
when compared to RBF (AEJ-FT). However, in the training phase, the models based on the RBF
(AEJ-FT) present practically zero errors. The presence of regularization in the surrogate models
with PRESS did not cause a decrease in errors, since the parameters optimized by the regularized
PRESS are practically the same as those of PRESS without regularization. Models with RBF (AEJ-
FT) and PRESS showed similar MSE and RMSE error magnitudes. This behavior was expected, as
the values obtained from PRESS are also similar. This, however, does not indicate that an
overfitting occurred, but rather, it demonstrates that in this Example 01, the RBFs presented greater
difficulty in determining the PRESS with very small sample size (p = 15). The RBF (AEJ-FT) with
GCV was the only one that has a lower indicator than that obtained for the PRESS with
regularization in the validation phase. The processing time will be given as a function of the
number of bases functions to be built by the surrogate model during the training phase. Each base
function was built with one training sample. In this way, the processing time can be determined as
the number of evaluations performed during the training phase. As the number of samples is similar
for all RBFs, it can be stated that the computational effort is similar for all RBFs in case 01. The
results of the MSE and RMSE errors for case 02 are shown in Table 5.9.
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Table 5.9 — MSE and RMSE error for case 02 of Example 01

Training Validation
Surrogate model  Method A MSE RMSE MSE RMSE
PRESS RBF (A= 0) 147E-17 3.84E-09 6.91E+00 2.63 E+00
RBF (GA) RBF(A#0) 128E+00 1.13E+00 2.62E+00 1.62 E+00

GCV RBF(A#0) 112E+00 1.06 E+00 2.25E+00 1.50 E+00

pREss RBF(h=0)  231E-15  481E08 293E+00 171E+00
RBF (WE-C2) RBF (L#0) 459E-15 6.78E-08 293E+00 171 E+00

GCV RBF(A#0) 114E+00 107E+00 245E+00 1.56 E+00

pREss RBF(h=0) 882E-15 939E08 445E+00 211E+00
RBF (AEJ-FT) RBF (L#0) 299E-14 173E-07 4.44E+00 2.11E+00

GCV RBF (A #0) 6.18 E-02 249E-01 424E+00 2.06 E+00

The presence of noise in the output response of case 02 did not cause an obstacle to the
generalization of the surrogate models. Note that the errors MSE and RMSE are practically null in
the training stage and for the validation stage they have significantly small errors. The presence of
the regularization parameter allowed for PRESS smaller errors only for the RBF (GA) in the
validation phase. Models with RBF (AEJ-FT) and PRESS showed similar MSE and RMSE error
magnitudes. This behavior was expected, as the values obtained from PRESS are also similar. This,
however, does not indicate that an overfitting occurred. The results obtained for the model with
GCV indicated a better accuracy when compared to the other surrogate models. The computational
effort is similar for all RBFs because both have the same 15 samples to be evaluated during the
training phase. The normalized mean square error analysis of the predicted results compared to the

reference MC model is shown in Figure 5.10.
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Figure 5.10 — Normalized mean square error (&) of the surrogate models in Example 01

In the training stage, the normalized error is practically null for surrogate models with parameters

optimized by PRESS. The only exception is for the RBF (GA) which has an error of approximately

0.11 and although higher compared to the others is not significant. The surrogate models with

parameters optimized by the GCV indicated lower normalized errors for the RBF (AEJ-FT) during

the training process. The presence of a noise in the case 02 caused an increase in the value of the

prediction error of the models with parameters obtained from the minimization of the PRESS in the

validation step when compared to case 01.0n the other hand, for the RBF (AEJ-FT), it is noted that

there was a small decrease in the error. In the models predicted with GCV, it is observed that the

noise in case 02 had a not very significant increase in error when compared to case 01 in the

validation phase. The case 02 with regularized GCV presented lower normalized errors compared

to case 02 with PRESS and regularization in the validation stage.
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5.4.2. Example 02: Concrete compressive strength (fc)

The concrete compressive strength data correspond to the University of California, Irvine (UCI)
machine learning repository obtained in [163]. The UCI data [163] are experimental data from the
paper of Yeh [164], and this sample set was used in several publications [165, 166]. The paper of
Yeh [164] considered a total of 727 samples distributed in approximately 72% as training sampling
and 28% as validation sampling in neural network surrogate model. Posteriorly, Yeh added more
experimental results and this sample set was used in other publications [166]. In the publication of
Wu and coauthors [166] new approaches with active learning for regression (ALR) were proposed
based on a greedy sampling (GS). These approaches aimed to reduce the number of samples from
the training set by selecting the most beneficial ones rather than a random selection [166]. To
verify the efficiency of the approaches adopted by the authors, extensive experiments were done in
several benchmark problems from the literature and the results demonstrated a good efficiency of
the proposed methods, mainly related to a better generalization. Among the examples used by the
authors, the concrete compressive strength presented a total number of 1030 of samples in which
60 samples were used for training the surrogate models. The mean and standard deviation values of
the 1030 samples used by Wu and coauthors [166] as a function of specific weight and age are
shown in Table 5.10.

Table 5.10 — Variables of concrete compressive strength

Var Unit. U c

Cement kg/m3  281.17 104.51

Blast furnace slag kg/m3 73.90 86.28
Fly ash kg/m3 54.19 64.00

Water kg/m3 18157 21.36

Superplasticizer kg/m3 6.20 5.97
Coarse aggregate kg/m3  972.92 77.75
Fine aggregate kg/mé  773.58 80.18

Age day 45.66 63.17
Compressive strength (fc) MPa 35.82 16.71

The construction of surrogate models used a total of 8 input variables with an output variable that
corresponds to the concrete compressive strength in MPa. These input variables showed in Table
5.10 correspond to an experimental data obtained from the UCI repository. The surrogate models
based on RBFs used 55 samples for training in order to be competitive with the results obtained by
Wu and coauthors [166] with the rest of the 1030 samples, that is, a total of 975 samples for the

validation of the surrogate models.

Uncertainty guantification:

The surrogate models based on RBFs used 55 samples for the training process. The size of the
training sets considered for the RBFs was obtained through a convergence test. The convergence

started with a sample size similar to that adopted by Wu and coauthors [166] (p = 60). The
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minimum sample size p = 55 was found at the end of the convergence. The convergence process is
already been extensively explored by the literature and consequently will not be studied in Example
02. The training sampling was randomly selected from 1030 samples of concrete compressive
strength. These 55 samples have a natural noise and therefore it is not necessary to add a noise to

the output response of the training samples.

The parameters obtained for training the samples of the surrogate models were acquired by a
genetic algorithm in order to minimize the PRESS and the GCV, and these parameters are shown in
Table 5.11. Moreover, to determine the parameters of the surrogate models using the genetic
algorithm, exhaustive numerical experiments were considered to reduce computational cost and
thus obtain a population size between 15 and 30 and a generation size between 30 and 50 to
optimize the PRESS and the GCV. The other parameters of the genetic algorithm are default
functions from the MATLAB™. The mutation, for example, considers the “mutationgaussian”
function and the “crossoverscattered” function is used for the crossover. Results with larger
populations also indicated the same result, but with a prohibitive computational cost, especially for
the PRESS. The results of the PRESS and the GCV optimization graphs are shown in appendix D

and are not the main focus of this work.

Table 5.11 — Values of the parameters for Example 02

Surrogate PRESS GCV
model Parameters  ppr(i=0) RBF(1£0) RBF(1#0)
) - 0.0224 0.0117
RBF (GA) p 0.8120 1.7526 1.8984
Value 83.0099 64.8688 70.9491
p - 0.0515 0.0157
RBF (WE-C2) p 2.5685 5.4023 4.4522
Value 78.7411 67.5372 73.6126
p - 0.0380 0.0271
o 4.4379 2.6994 2.1825
RBF (AEJ-FT) o 0.0148 0.1422 0.0873
x 2.1557 1.3300 1.8912
Value 90.6264 65.0070 66.4538

The results of the parameters of the surrogate models show that the presence of the regularization
parameter decreases the magnitude of the PRESS by 14 to 28% when compared to the result of the
non-regularized PRESS. In the case of the GCV, it is noted that for the RBF (GA) and RBF (WE-
C2), the result obtained from the regularized GCV is greater than that of PRESS with ridge
regression. On the other hand, the result of the GCV for the RBF (AEJ-FT) has a magnitude very
similar to that of the regularized PRESS. The verification of the computational cost for determining
the parameters of the RBFs by minimizing the PRESS and the GCV is similar to Example 01. The

models with GCV presented a faster convergence when compared to the models with PRESS. In
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this way, the models with GCV showed a lower computational effort. The results of the CDFs built
for the RBFs (GA) are shown in Figure 5.11.
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Figure 5.11 — Comparison of cumulative distribution functions (CDF) for RBF (GA) of Example 02

In Figure 5.11, there are three CDFs of different formats for each graph, one with a solid line,
another with a dashed line and the last with a dotted line. The CDF represented by a solid line
corresponds to the response obtained for the 975 experimental data that are considered as a
reference model. The dashed line corresponds to the CDF constructed with the experimental results
of the 55 samples used for training the RBFs, and the dotted curve corresponds to the CDF of the
prediction of the RBFs for the 975 samples of the reference model. It is also noted that among the
three surrogate models, the model in which the parameters obtained from the minimization of the
non-regularized PRESS showed the best approximation of the reference model (solid line). For the
GCV and the regularized PRESS, it was observed that there is no significant difference between the
lower and upper tails of the CDFs of the surrogate models in relation to the CDF of the reference
model. The results of the CDFs of the surrogate models based on RBFs (WE-C2) are shown in
Figure 5.12.
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Figure 5.12 — Comparison of cumulative distribution functions (CDF) for RBF (WE-C2) of Example 02

The behavior of the CDF of the surrogate model of RBF (WE-C2) built with parameters derived
from the minimization of the PRESS with regularization has a greater difference in relation to the
reference model (solid line), being this approximation inferior to that obtained for the RBF (GA)
model with regularized PRESS. For the model with GCV, there is a better approximation to the
reference model than the PRESS with regularization. On the other hand, the CDF obtained from the
GCV presents a lower approximation than that obtained from the non-regularized PRESS. The
differences in the lower tails are clear for models with regularization for both PRESS and GCV.
The CDF results for the RBF (AEJ-FT) are shown in Figure 5.13.
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Figure 5.13 — Comparison of cumulative distribution functions (CDF) for RBF (AEJ-FT) of Example 02

The result of Figure 5.13a shows that the RBF (AEJ-FT) with parameters obtained from the
minimization of the PRESS without regularization presents the best approximation among all the
models with RBF (AE-FT). However, when observing the CDF built for the regularized PRESS, it
was noticed a smaller approximation of the CDF in relation to the reference model. The model with
parameters obtained with the minimization of the regularized GCV has an accuracy superior to that
of the CDF with regularized PRESS. It is also noted that the CDF obtained from the PRESS
without regularization is very similar to the CDF of the 55 training samples. The results of the KS

hypothesis test for all the surrogate models are shown in Table 5.12.
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Table 5.12 — Results of the KS Statistical Hypothesis Test of Example 02

surrogate - prerhod A PValue  KS Result
model

RBF(L=0) 058 0.07 Ho
RBF(GA)  ""ESS  RBF(L£0) 055 0.07 Ho
GV RBF(L#0) 064 0.07 Ho
oress  RBF(.=0) 033 0.08 Ho
RBF (WE-C2) RBF (L #£0) 022 0.09 Ho
GV RBF(L£0)  0.60 0.07 Ho
omess  RBE(L=0) 098 0.04 Ho
RBF (AEJ-FT) RBF (L #0) 057 0.07 Ho
6oV RBE(L£0) 0.7 0.06 Ho
Training . . 0.99 0.04 Ho

(55 samples)
Ho: predictions of the surrogate models and reference model solution are obtained from the same population
Ha: predictions of the surrogate models and reference model solution are obtained from different populations

The KS test showed that the results predicted by the RBFs that were used in the construction of the
CDFs are from the same population as the 975 experimental data. For the surrogate models, it was
also noted that the best approximation is obtained for the RBF (AEJ-FT) with non-regularized
PRESS. In the RBFs (GA) and RBFs (WE-C2), the approximations of the models with regularized
GCV showed higher P values than those obtained by the PRESS. It is also important to emphasize
that the threshold value for the KS is 0.12 for a significant level of 5% as an indication of non-
rejection of the null hypothesis.

Prediction of MSE, RMSE and normalized error (&)

The verification of the errors of the results predicted by the RBFs is performed in two ways, the
first being through the comparison of the MSE and RMSE with the results of Wu and coauthors
[166]; and the second verification performed by the normalized mean square error (&) of the results
of the prediction of the RBFs with the reference model. The MSE and RMSE results are presented
in Table 5.13. Wu and coauthors [166] use approaches with ALR and GS, the models proposed by
the authors are the iGs and the GSy and the GSx model is from the literature, but the results was
obtained by the authors themselves. The models GSy and iGs are based on active learning for
regression in order to select the most propitious samples rather than a random selection. The first,
GSy, so-called greedy sampling on the output, selects new samples to enhance the variety at the
output and the second technique called improved greedy sampling (iGS) on both inputs and
outputs, selects new samples for the input and output spaces [166]. The GSx method, so-called
greedly sampling on the inputs, was developed by Yu and Kim [167] and also adopted by [166].
The results of GSx was obtained by Wu and coauthors [166]. This method consists of selecting the
first sample as being the closest to the center of the sample set and in each new iteration a new
sample positioned as far as possible from the previously selected ones is then added in order to

guarantee the greatest diversity of the selected samples [166]. These methods used by Wu and other
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authors can be better understood in the literature [166]. For [166] the results showed a better
performance for 60 training samples of the iGs, GSx and GSy models. On the other hand, the

results obtained for the RBFs required only 55 samples to build the surrogate models.

Table 5.13 — MSE and RMSE error of Example 02

Training Validation
Surrogate model  Method A MSE RMSE MSE RMSE
PRESS RBF (A =0) 7.14 E-13 8.45 E-07 183.68 13.55
RBF (GA) RBF (A # 0) 4.36 E+01 6.61 E+00 95.85 9.79

GCV RBF (A #0) 4.20 E+01 6.48 E+00 95.78 9.79

prEss RBF(h=0)  366E-15  605E08 13946 1181
RBF (WE-C2) RBF (L#0) 536E+01 7.32E+00 10057  10.03

GCV RBF (A #0) 3.59 E+01 5.99 E+00 93.99 9.69

PRESS RBF (A =0) 2.32 E-11 4.82 E-06 124.82 11.17
RBF (AEJ-FT) RBF (A #0) 4,72 E+01 6.87 E+00 99.82 9.99

GCV RBF (A #0) 3.69 E+01 6.08 E+00 110.95 10.58

GSy @ (p = 10) - - - 235.62® 1535
GSy @ (p = 30) - - - - 137.36®  11.72
GSy @ (p = 60) - - - - 122.99®  11.09
iGS @ (p = 10) - - - - 203.35®  14.26
iGS @ (p = 30) - - - - 133.63®  11.56
iGS @ (p = 60) - - - - 119.25®  10.92
GSx @ (p = 10) - - - - 359.10®  18.95
GSx @ (p = 30) - - - - 131.79®  11.48
GSx @ (p = 60) - - - - 12499 ®  11.18

@ Results extracted from Wu and coauthors [166]. GSx: greedly sampling on the inputs; GSy: greedy sampling
on the outputs; iGS: improved greedy sampling on both inputs and output.
® Results obtained by the Equation (5.15).

The MSE and RMSE errors of the RBF-based models are practically null for the surrogate models
with parameters optimized by the non-regularized PRESS during the training phase. On the other
hand, still in the training phase, the values of MSE and RMSE tend to increase due to the presence
of regularization parameter in the PRESS. The RMSE values indicate that the GCV presented
values close to the PRESS with regularization. In the validation phase, the presence of
regularization was fundamental to reduce the errors in the prediction of the concrete compressive
strength, with the smallest errors for the models with regularized PRESS. However, for the RBFs
with PRESS without regularization, the presence of a greater residual error of RMSE was noticed.
The ¢ error results are shown in Figure 5.14. An additional observation to be mentioned here is the
verification of the computational cost. The referenced methods in the literature do not make a study
of the CPU time for Example 02. A viable solution to verify the processing time will be given as a
function of the number of samples to build the bases functions during the training phase. The
surrogate models with RBF (GA, WE-C2 and AEJ-FT) shows a reduction in the number of samples
in approximately 8% when compared to the methods GSy, iGS and GSx. This occurs because the
methods with RBFs need to evaluate a smaller training set during the training phase (p = 55), and

the methods in the literature take longer to evaluate p = 60. On the other hand, the sets of p = 10
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and p = 30 used by the literature in ridge regression models should present lower computational
times than RBFs. This occurs because the number of samples is much smaller than the number of

RBFs samples.
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Figure 5.14 — Normalized mean square error (&) of the surrogate models in Example 02

In Figure 5.14a, it is shown that the normalized error is practically null for all RBFs with
parameters optimized by the non-regularized PRESS in the training process. The normalized errors
of the PRESS with regularization indicate a lower accuracy when compared to the error results for
the GCV in Figure 5.14a. In this case, the GCV showed a better behavior in the training phase. In
the validation step, it is noted that the normalized errors present magnitudes higher than those
obtained in the training in which the normalized error is given for the RBF (WE-C2). Furthermore,
in Figure 5.14b, it is observed that the RBF (AEJ-FT) presents errors similar to the RBF (WE-C2).

5.4.3. Example 03: Concrete slump test (s,)

The data considered for the concrete slump test are from the UCI repository [168] and correspond
to an initial publication of Yeh [169]. In this first paper, the author verified the behavior of the
properties of the fresh concrete through a study of the high-performance concrete. The surrogate
models used were the second order polynomial regression and artificial neural networks with a total
of 78 samples of different mixtures and proportions of materials. The construction of the surrogate
models in the training phase was done with the use of 74% of the samples for training stage and
26% of the samples for the validation process. The results obtained showed that models with
artificial neural networks had a better capacity to predict and generalize than surrogate models with
second-order polynomials in predicting the slump flow [169]. On the other hand, it is important to
emphasize that the size for the training set used by the author is considered relatively large. Other
publications also considered this slump test dataset in which more samples were added to be

trained and validated by other surrogate models [170, 171, 166]. The paper of Wu and coauthors
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[166] has already been presented in Example 02 and among one of the examples used by the
authors, there are the results of 103 slump test samples that are used in the surrogate models. In this
paper, the authors consider several training sets ranging from 8 to 20 training samples. The best
results obtained by Wu and coauthors [166] showed a good efficiency of the methods (see Example
02 for more details on the work of Wu and coauthors). The values of Wu and coauthors are shown
in Table 5.14.

Table 5.14 — Variables of concrete slump test

Var Unit. U c
Cement kg/m3  229.89 78.88
Blast furnace slag kg/m3 77.97 60.46
Fly ash kg/m3  149.01 85.42
Water kg/mé  197.17 20.21
Superplasticizer kg/m3 8.54 2.81

Coarse aggregate kg/m3  883.98 88.39
Fine aggregate kg/mé  739.61 63.34
Slump (s,,) cm 18.05 8.75

The first seven variables are properties of fresh concrete and were used by Wu and coauthors [166]
as input variables for training the surrogate models. The output response of the 103 samples
consists of the slump given in centimeters. In the present work, the same training sample size used
by Wu and coauthors [166] is considered which is 20 samples. The size of the training sets
considered for the RBFs was obtained through a convergence test. The convergence started with a
sample size similar to that adopted by Wu and coauthors [166] (p = 20). However, in the
convergence test it was not possible to find a sample size smaller than p = 20. The remainder of the
samples, which is 83 samples, is used as validation to verify the generalization capacity of the
surrogate models based on RBFs. In addition, a comparison of the results from the RMSE with

those obtained in the paper of Wu and coauthors [166] is considered.

Uncertainty quantification

The surrogate models based on RBF were built using 20 training samples randomly selected from
the 103 samples of the concrete slump test. These 20 samples have a natural noise and, therefore, it
is not necessary to add noise to the output response of the training samples. The parameters
obtained for training the samples of the surrogate models were acquired with a genetic algorithm in
order to minimize the PRESS and the GCV, and these parameters are shown in Table 5.15. The
determination of the parameters of the surrogate models with the use of a genetic algorithm
considered exhaustive numerical experiments to reduce computational cost. The population size in
the genetic algorithm was 30 and the maximum generation number was 40 for optimizing the
PRESS and the GCV. Other larger population sizes were used, but they indicated prohibitive
computational cost. The other parameters of the genetic algorithm are default functions from the

MATLAB™. The mutation, for example, considers the “mutationgaussian” function and the
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“crossoverscattered” function is used for the crossover. The results of the PRESS and GCV
optimization plots are shown in appendix D of this paper. It is important to emphasize that these

optimization graphs are not the main focus of this work.

Table 5.15 — Values of the parameters for Example 03

PRESS GCV
Surrogate Parameters _
model RBF (1=0) RBF (1#0) RBF(1#0)
A - 0.3547 0.9989
RBF (GA) p 0.5999 1.0740 1.0517
Value 48.6262 29.2473 47.5401
A - 0.3186 0.9989
RBF (WE-C2) p 2.0308 2.7764 2.6514
Value 40.6427 29.2248 47.1380
A - 0.9456 0.0130
p 22.7980 2.4548 2.0589
RBF (AEJ-FT) Bo 0.0026 0.4779 0.3143
K 0.4645 5.9998 0.6936
Value 25.8691 24.5706 17.3928

The regularization process caused a decrease in the PRESS value for RBF (GA) and RBF (WE-C2)
surrogate models in which the magnitude of the PRESS had a reduction of 40% and 28%,
respectively, when these are compared to the PRESS values of the models without regularization.
On the other hand, the same does not occur with the RBF (AEJ-FT) which did not have a
significant difference between the PRESS values. In the case of the parameters of the RBFs
optimized by the minimization of the GCV, it can be observed that the value of the GCV is
superior to the value obtained for the regularized PRESS. This behavior indicates that the
generalization capacity of the GCV tends to be lower for the RBF (GA) and RBF (WE-C2). The
RBF (AEJ-FT) showed a different behavior in the minimization of the GCV in which the result
obtained from the GCV is lower than the value of the regularized PRESS. Thus, initially because
the GCV is smaller for the RBF (AEJ-FT), the respective surrogate model tends to present a greater
capacity to predict the unseen dataset of the already trained model. The verification of the
computational cost for determining the parameters of the RBFs by minimizing the PRESS and the
GCV is similar to Example 02. The models with GCV presented a faster convergence when
compared to the models with PRESS. In this way, the models with GCV showed a lower
computational effort. The results of the CDFs built for the RBFs (GA) are shown in Figure 5.15.
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Figure 5.15 — Comparison of cumulative distribution functions (CDF) for RBF (GA) of Example 03

In Figure 5.15, there are three CDFs of different formats for each graph, one with a solid line,
another with a dashed line and the last with a dotted line. The CDF represented by a solid line
corresponds to the response obtained for the 83 samples that are considered in the validation phase.
The dashed line corresponds to the CDF constructed with the experimental results of the 20
samples used for training the RBFs, and the dotted curve corresponds to the CDF of the prediction
of the RBFs for the 83 validation samples. The results show that the surrogate models based on the
RBF (GA) present CDFs that are distant from the validation CDF (solid line). The CDFs built for
the RBF (GA) with regularization showed a greater distance for the upper tails. In the model with
RBF (GA) and non-regularized PRESS, a greater distance is observed in the intermediate region of
the CDF as well as in the upper tail. Furthermore, it is noted that models with RBF (GA) are not
efficient to predict the validation CDF. The results of the CDFs of the surrogate models with RBF
(WE-C2) are shown in Figure 5.16.
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Figure 5.16 — Comparison of cumulative distribution functions (CDF) for RBF (WE-C2) of Example 03

The CDF of the RBF (WE-C2) built with parameters derived from the minimization of the non-

regularized PRESS presents a smaller distance in relation to the validation CDF (continuous line)

and consequently a better approximation of the uncertainties of the reference model. Another

important observation is the CDF of the training sample set that presented a greater distance in

relation to the validation CDF. This behavior was expected due to the fact that the CDF was built

with only 20 samples. This demonstrate the difficulty present in the approximation of the CDFs of

the concrete slump test. Furthermore, it is noted that the presence of regularization in PRESS and

GCV did not guarantee a better prediction of slump uncertainties. The results of the CDFs

constructed from the surrogate models based on the RBF (AEJ-FT) are shown in Figure 5.17.
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Figure 5.17 — Comparison of cumulative distribution functions (CDF) for RBF (AEJ-FT) of Example 03

Figure 5.17 shows that the RBF (AEJ-FT) has a high capacity to predict the behavior of the CDF
built with the validation data (reference model). The CDF obtained from the non-regularized
PRESS showed the smallest distances among all the surrogate models and, consequently did not
present a statistical difference in relation to the CDF constructed from the 83 samples (continuous
line). The CDFs obtained from the surrogate models based on the RBF (AEJ-FT) with parameters
optimized by the PRESS and GCV with regularization were also efficient, but with a lower
approximation than the PRESS without regularization. It is important to emphasize that the RBF
(AEJ-FT) is the only surrogate model that was able to reproduce the slump uncertainties with both
the PRESS and the GCV. These results can be better analyzed through the KS statistical test
showed in Table 5.16.
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Table 5.16 — Results of the KS Statistical Hypothesis Test of Example 03

Surrogate Method A PValue  KS Result
model

RBF(L=0) 003 0.13 H,
RBF (GA) PRESS  RBFOL£0)  0.00 0.15 H,
GV RBE(L£0)  0.00 0.20 H,
orEss  RBF(.=0) 082 0.06 Ho
RBF (WE-C2) RBF (L#0)  0.00 0.16 H,
GOV RBF(L£0) 000 0.21 H,
omess  RBEG.=0) 100 0.03 Ho
RBF (AEJ-FT) RBF (L#0) 052 0.07 Ho
GV RBF(1£0) 0.9 0.06 Ho
Training . . 0.00 0.16 Ha

(20 samples)
Ho: predictions of the surrogate models and reference model solution are obtained from the same population
Ha: predictions of the surrogate models and reference model solution are obtained from different populations

The KS test showed that the uncertainties of the slump test are more difficult when compared to the
other examples studied, for example, in relation to Example 02, which studied the concrete
compressive strength. The results predicted by the RBF (AEJ-FT) show to be from the same
population as the validation samples (reference model). These results can also be confirmed by the
high magnitudes of the P value for the RBF (AEJ-FT). However, the traditional RBFs of type
gaussian and wendland-C2 are not able to predict the slump uncertainties, being only visible a good
approximation for the RBF (WE-C2) with shape parameters optimized by the non-regularized
PRESS. In this example, as well as in the previous example, the RBF (AEJ-FT) showed good
accuracy due to the data not being randomly generated, but consisting of experimental data from
the literature. However, in the first example, it was noted greater difficulty in predicting the RBF
AEJ-FT in models with noise subsequently added to the output response. It is also important to
emphasize that the threshold value for the KS is 0.12 for a significant level of 5% as an indication

of non-rejection of the null hypothesis.

Prediction of MSE, RMSE and normalized error (&)

The verification of the errors of the results predicted by the RBFs is performed in two ways, the
first being by comparing the MSE and RMSE results extracted from Wu and coauthors [166]; and a
second verification performed by the normalized mean square error (&) of the RBFs prediction
results with the slump reference model. The MSE and RMSE results are shown in Table 5.17. The
MSE and RMSE results were determined both in the training and validation phase in order to verify
the generalization capacity of each surrogate model. The MSE results for the surrogate models of
Wu and coauthors [166] were obtained with the Equation (5.15).
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Table 5.17 — MSE and RMSE error of Example 03

Training Validation
Surrogate model  Method A MSE RMSE MSE RMSE
PRESS RBF (A =0) 5.42 E-17 7.36 E-09 85.51 9.25
RBF (GA) RBF (A #0) 2.30 E+01 4.79 E+00 57.20 7.56

GCV RBF (A #0) 2.67 E+01 5.17 E+00 58.49 7.65

oress RBF(A=0)  551E-16  235E-08 81.54 9.03
RBF (WE-C2) RBF (L#0) 2.14E+01  4.62 E+00 56.57 7.52

GCV RBF (A #0) 2.57 E+01 5.07 E+00 58.30 7.64

oress RBF(A=0)  428E-09  654E-05 12435 1115
RBF (AEJ-FT) RBF (L#0) 9.07E+00  3.01 E+00 71.04 8.43

GCV RBF (A #0) 2.42 E+00 1.56 E+00 91.87 9.58

GSy @ (p=8) - - - 230.74® 1519
GSy 8 Ep = 12; - - - - 75.52 g 8.69
GSy @ (p = 20 - - - - 52.13 7.22
iGS @ (p = 8) - - - - 230.74®  15.19
iGS 8 gp = 12; - - - - 77.62 EE; 8.81
iGS @ (p =20 - - - - 50.27 7.09
GSx @ (p = 8) - - - - 23501® 1533
GSx @ (p = 12) - - - - 7921®  8.90
GSx @ (p = 20) - - - - 55.95®  7.48

@ Results extracted from Wu e coauthors [166]. GSx: greedly sampling on the inputs; GSy: greedy sampling
on the outputs; iGS: improved greedy sampling on both inputs and output.
® Results obtained by the Equation (5.15).

In the training phase of the surrogate model based on RBFs, the error MSE and RMSE are
practically null for the RBFs with parameters obtained from the optimization of the PRESS without
regularization. On the other hand, during the validation phase, the MSE and RMSE errors
presented magnitudes higher than those of the training phase. Although this increase in errors
occurs in the validation phase, this does not mean that the surrogate models have a low capacity for
generalization, since, as verified in the uncertainty quantification process, CDFs with RBF (AEJ-
FT) and RBF (WE-C2) with non-regularized PRESS showed a good approximation capacity of the
CDFs. The presence of regularization led an improvement in the generalization capacity of the
surrogate models. In the training phase there was an increase in the magnitude of the MSE and
RMSE, but a decrease in the errors during the validation phase. The MSE and RMSE errors of Wu
and coauthors [166] are for three different training sample sizes where the smallest errors are only
for the size p = 20. The smallest MSE and RMSE errors in the literature are for the surrogate
models with iGs and GSy. The results of the RBFs, although do not present minor errors, are
competitive with those showed for iGs and GSy. In addition, all the surrogate models showed a
good capacity to predict the set of validation sample properly, that is, a good generalization and,
consequently, overfitting was avoided. The smallest MSE and RMSE error for the RBFs during the
validation phase is presented for the RBF (WE-C2) with parameters obtained from regularized
PRESS.
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The CPU time study was not verified by the literature methods (GSy, iGS and GSx) for the
Example 03. Consequently, the verification will be carried out similarly to Example 02. The
surrogate models based on RBF presents a computational effort similar to the literature methods
because the number of samples in the training phase is similar (p = 20) to that adopted by the
literature. On the other hand, for the training sets p = 8 and p = 12, the literature shows a lower
computational cost when compared to the RBFs (p = 55). This occurs because the smaller sizes of
the training set require a smaller number of bases to be constructed in ridge regression models by
the literature. Another training set was built for the RBFs with a size p = 12 and the respective
results are shown in Table 5.18.

Table 5.18 — MSE and RMSE error for 12 training samples of Example 03

Training Validation
Surrogate model  Method A MSE RMSE MSE RMSE
PRESS RBF (A =0) 6.67 E-19 8.16 E-10 117.19 10.83
RBF (GA) RBF (A #0) 2.26 E+01 4.76 E+00 71.43 8.45
GCV RBF (A #0) 3.58 E+01 5.98 E+00 92.80 9.63
PRESS RBF (A =0) 7.70 E-20 2.77 E-10 87.82 9.37
RBF (WE-C2) RBF (A #0) 1.87 E+01 4.32 E+00 71.86 8.48
GCV RBF (A #0) 3.39 E+01 5.82 E+00 95.80 9.79
PRESS RBF (A= 0) 4.04 E-11 6.35 E-06 113.01 10.63
RBF (AEJ-FT) RBF (A #0) 1.46 E+01 3.82 E+00 106.16 10.30

GCV RBF (A #0) 9.95 E-01 9.97 E-01 109.07 10.44

GSy (@) (p = 8) - - - 230.74 ® 15.19
GSy @ (p =20 - - - - 52.13 7.22
iGS @ (p=8) - - - - 230.74® 1519
iGS @ (p =20 - - - - 50.27 7.09
GSX @ (p = 8) - - - - 235.01® 1533
GSx @ (p = 12) - - - - 79.21 ® 8.90
GSx @ (p = 20) - - - - 55.95 ® 7.48

@ Results extracted from Wu e coauthors [166]. GSx: greedly sampling on the inputs; GSy: greedy sampling
on the outputs; iGS: improved greedy sampling on both inputs and output.
® Results obtained by the Equation (5.15).

The training set with only 12 samples demonstrates a competitive approach to the surrogate models
with iGS, GSy and GSx. Although the results of the RBFs in both training and validation are not
superior to the literature, it is possible to notice that the surrogate models based on RBFs, mainly
the RBF (GA) and RBF (WE-C2) present low magnitudes of RMSE and MSE error in the training
phase. The results of errors in the validation phase are less competitive for the RBF (AEJ-FT).
Furthermore, the presence of the regularization parameter continues to decrease MSE and RMSE
errors in the validation phase. In case we consider a smaller training set for the RBFs (p = 12), the
time needed to construct the bases function can present a processing time similar to the same set p
= 12 used by the ridge regression models of the literature. This computational cost is superficially
observed, since the focus of this work is not to compare the CPU time spent by the models. The

normalized mean square error results are shown in Figure 5.18.
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Figure 5.18 — Normalized mean square error (&) of the surrogate models in Example 03

In the training phase, it is shown that the error is practically null for the models with parameters
obtained from non-regularized PRESS. The validation phase shows the opposite in that the largest
normalized errors are for the non-regularized PRESS. The regularization process in the surrogate
models led to an improvement in the generalization capacity of the surrogate models. In the models
with regularization, it was noticed that the RBF (AEJ-FT) with regularization (PRESS and GCV)
presented smaller magnitudes of error during the training phase. In the validation step, the smallest

normalized errors occurred for the RBF (WE-C2).

5.5, CONCLUSIONS

The paper developed a strategy for the construction of surrogate models based on RBFs with
parameters obtained using a genetic algorithm through the minimization of PRESS and GCV,
considering the use of regularization for both PRESS and GCV. Three different types of surrogate
models were then employed: RBF (GA), RBF (WE-C2) and RBF (AEJ-FT). These surrogate
models were trained to predict the behavior of the maximum deflection of a cantilever beam, the
concrete compressive strength and the concrete slump. For the maximum deflection of the beam,
thousands of values generated from Monte Carlo simulation were predicted and for the
compressive strength and concrete slump, a set of experimental data was predicted, used as
validation, and in all examples, was then quantified the uncertainty. The uncertainty quantification
process was performed by determining the cumulative distribution functions (CDFs) of the output

response of the three examples.

The uncertainty quantification was able to demonstrate the effect of the uncertainty present in the
approximation of the numerical examples. The uncertainty of the input variables produced
cumulative distributions showing the high uncertainty, mainly for the prediction of the maximum

deflection of the beam. This uncertainty was higher for the case in which the training samples
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present an additional noise (case 02). In the approximation of the concrete compressive strength, it
was noticed that the surrogate models with RBFs were able to predict the behavior of the
compressive strength. The traditional models based on gaussian and wendland-C2 RBFs showed
good accuracy for Examples 01 and 02, with better approximations in relation to the reference
solutions of each numerical example. In the third example, a high uncertainty was observed for the
prediction of the concrete slump in which only the RBFs of type AEJ-FT were able to adequately
reproduce the behavior of the reference solution. The compact support surrogate models in all the
examples presented the best approximations for the CDFs in relation to the reference solutions. In
most numerical examples, it is shown that RBF Almeida Evangelista Jr. flat-top (AEJ-FT) is
competitive with other surrogate models based on traditional RBFs and also in relation to the
solutions of other surrogate models in the literature. The KS statistical tests showed that the
surrogate models with parameters obtained from the PRESS without regularization presented the
best approximation. However, it was also noted that the GCV with regularization allowed to obtain

significant approximations in the numerical examples.

The MSE and RMSE errors indicated that the presence of regularization was of fundamental
importance for the regression of the surrogate models. Models with PRESS and regularization
showed a better generalization capacity with a significant decrease in MSE and RMSE errors in the
validation phase for most cases analyzed when they were compared to the results of models
without the regularization parameter. In addition, it was found that the models with regularization,
including the GCV, allowed small errors in the generalization (validation phase) and consequently
these surrogate models based on the RBFs proved to be efficient when compared to other surrogate
models in the literature, especially in the examples of concrete compressive strength and in the
concrete slump test. Another analysis verified in the training and validation phases that avoided
overfitting consisted of measuring the normalized mean square error. This error showed that the
presence of regularization in the validation stage (unknown data) was fundamental for the
regression of the surrogate models, and it was observed that there was a decrease in the error for
most of the analyzed cases when the PRESS presented the parameter of regularization. Although
the results of the GCV were not better than the PRESS with regularization, they showed good
efficiency, mainly because they present shorter computational cost in the optimization of the

parameters of the RBFs.

The results showed that the surrogate models proposed with RBFs are efficient and accurate
computational procedures to solve engineering problems involving uncertainty quantification of
concrete compressive strength, concrete slump and the maximum deflection of a cantilever beam.
In these numerical examples, the models with RBFs were able to generalize well the thousands of

unseen data from the Monte Carlo simulations for the maximum deflection of the beam and also to
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predict the behavior of the compressive strength and slump for an unseen data set in the surrogate
models. Furthermore, the surrogate models were able to accurately predict the cumulative
distribution functions with a relatively small training sample set. Although the examples consider a
cantilever beam or the results of problems such as compressive strength with 8 input variables and
concrete slump with 7 input variables, the methodology presented in this work, as well as the
surrogate models with RBFs, can be applied directly to different materials in other problems related

to structural engineering or even to verify the behavior of cementitious materials.
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6. CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE
WORK

6.1. CONCLUSIONS

This doctoral thesis built a surrogate modeling strategy for uncertainty quantification of age and
time-dependent fracture mechanics problems and also of nonlinear functions selected from
literature. In fracture mechanics problems, a study of the energy release rate for concrete structures
in the presence of initial crack was considered. Three types of surrogate models were employed:
the traditional second order polynomial (P2) and two proposed RBFs (Gaussian and Wendland-
C2). The surrogate models were trained to substitute the time integral to predict output values of
the energy release rate for different cases of loading ages and acting times. In the study of
nonlinear functions, benchmark functions with nonlinearity were selected from the literature for a
structural reliability process based on uncertainty quantification. The RBFs models used were the
Gaussian and Wendland-C2 and a new compact support RBF was also proposed (Almeida-
Evangelista Jr.). In addition, in another results chapter, a strategy for determining the shape
parameters with regularized regression and with a genetic algorithm was proposed to the surrogate
models of the RBF type. The surrogate models presented in this thesis were trained to predict
Monte Carlo samples to the post-processing of uncertainty quantification parameters. The
uncertainty quantification was then performed in most cases by determining the probability density
functions (PDFs) and cumulative distribution functions (CDFs) of the output response of the

proposed examples.

In chapter 02, the surrogate models based on RBF showed a better capacity to approximate the
energy release rate than the P2 polynomial models. The results of the cumulative distribution
functions (CDFs) indicated that the surrogate models with RBF were able to measure the
uncertainty present in the energy release rate at different ages and loading times. The probability
distributions showed long tails for more distant prediction times, thus showing a high uncertainty
of the energy release rate further away from the time. The mean square errors also showed that the
RBFs perform better than the P2 model for both proposed training sets. Mainly, the compact
support RBF models (CSRBF) of Wendland-C2 that presented relatively small errors when
compared to the other models. The KS statistical test stated that only models with RBF predicted
the CDFs statistically similar to the reference solutions for the three cases of ages and loading times
adopted. In addition, the use of LOOCV cross-validation proved to be a successful technique for

ensure a good generalization capacity of each surrogate model and avoid overfit.
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The chapter 03 consisted of a continuation of the uncertainty quantification process of the chapter
02 in which the statistical moments of an example of age and time-dependent fracture mechanics
were determined. The results obtained for the means and standard deviations showed that the RBFs
of the Wendland-C2 type have a good capacity to approximate these statistical moments.
Especially for the largest sample training set (p = 180) which presented relative error magnitudes
lower than the set p = 79. However, the statistical moments of kurtosis and skewness showed a
difficulty for prediction by the models with RBFs, especially for the moment of skewness that
presented a positive skewness behavior, that is, there is a greater concentration of data in the region
to the left of the mean in the PDFs. In addition, there was a tendency in the PDFs built from the
reference solutions (analytical evaluation of the energy release rate) in which the mean and
standard deviation tend to increase for longer elapsed times. This behavior did not occur for the
moments of kurtosis and skewness, which remained with a non-significant change for longer times.
In the structural reliability analysis, it was found that the probability of failure tends to increase for
longer times and consequently the reliability index tends to decrease.

The chapter 04 presented structural reliability analysis based on the uncertainty quantification
process in which the results showed a good performance of the surrogate models based on RBF.
These models were able to predict the behavior of the probability of failure and also the reliability
index of the benchmark problems. The results also showed that the new RBF by Almeida-
Evangelista Jr. presented values of reliability index and probability of failure similar to the
reference models in the literature. The relative errors showed that the new RBF (AEJ-FT) has a
better approximation capacity of the probability of failure when compared to other surrogate
models in the literature. Especially when compared to traditional models based on RBFs and
classical methods, such as FORM. The models built with RBFs presented, for most of the
examples, a training set relatively inferior to those adopted by other surrogate models. Furthermore,
the results obtained by the exhaustive Monte Carlo simulations for the reference models showed a
high uncertainty of the numerical examples and a large variability of the random variables of each
performance function. The surrogate models showed a high generalization capacity, especially the
RBF Almeida-Evangelista Jr., in which this surrogate model was able to predict unseen sample set
from the already trained surrogate model and consequently reproduce the structural reliability of all

the numerical examples.

In chapter 05, surrogate models based on RBF were used with regularized regression and genetic
algorithm in selected examples from the literature. The use of a genetic algorithm allowed
obtaining optimal shape parameters for the RBFs and consequently, the overfitting of the surrogate
models was avoided. The results showed a high generalization capacity of the models with RBF,

mainly for the new RBF Almeida-Evangelista Jr. (AEJ-FT) that demonstrated to be competitive
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with other surrogate models based on RBFs in the uncertainty quantification process with
cumulative distribution functions (CDFs). The CDFs showed a high uncertainty in the prediction of
the examples, mainly for the example of the concrete slump test that only showed good results for
the RBF (AEJ-FT). The surrogate models based on traditional RBFs (Gaussian and Wendland-C2)
showed a good generalization ability for the cantilever beam example and for the concrete
compressive strength example. The KS statistical test showed that the surrogate models with
parameters obtained from the PRESS minimization and without the regularization process present a
better fit of the CDFs in relation to the reference solution. On the other hand, the presence of
regularization in the examples showed a decrease in MSE and RMSE errors in the validation phase.
The presence of regularization in PRESS also showed a decrease in the normalized mean square
error in the validation phase, and consequently a better generalization ability of surrogate models
with regularization. The presence of regularization, however, does not ensure a better fit of the
CDFs, since the surrogate models with non-regularized PRESS are the ones that present a better fit
of the CDFs.

In view of the arguments presented, it can be seen that surrogate models based on RBF are efficient
and accurate computational strategies for large-scale engineering problems involving uncertainty
guantification of time-dependent fracture phenomena and nonlinear functions that require
thousands to millions of evaluations of energy release rate integrals and limit state functions.
Models with RBF were able to generalize well from thousands of unseen Monte Carlo sampling
data to accurately predict the output response of multivariate problems with two, four, and even 10
random variables with very few samples in the training set. Specifically, the new compact support
RBF (Almeida-Evangelista Jr.) which proved to be competitive with models with global and local
support RBF. Furthermore, the surrogate models with RBF were able to accurately predict the
probability density functions and cumulative distribution functions in both time-dependent
problems and nonlinear functions with regularized regression. Although the fracture mechanics
example consists of a concrete plate with a semi-elliptical surface crack, the methodology
presented in this thesis, as well as the surrogate models with RBF, can be applied directly to
different materials in other fracture problems that present the energy release rate formulated as a

mapping integral.

6.2. RECOMMENDATIONS FOR FUTURE WORK

This section presents some suggestions for future work that can be developed in relation to the
RBF-based surrogate modeling process and for time-dependent fracture mechanics problems. The

suggestions are:
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Study possible correlations between input variables in the time-dependent fracture
mechanics problem, such as correlations between geometric, loading or material
parameters.

Realize a study of the new compact support RBF function with application in other
engineering problems, such as, for example, in problems of fracture mechanics of
viscoelastic materials;

Build adaptive samples to be used in the training sets or even consider other samples for
training sets of the surrogate models.

Develop new strategies for RBF-based surrogate models, such as the use of the regression
trees in uncertainty quantification;

Compare the results predicted by the RBFs with the results predicted from other surrogate
models in the literature, such as the use of surrogate models with polynomial chaos
expansion.

Build subset simulation models for the new RBF AEJ-FT and use them in other uncertainty

quantification problems.
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APPENDIX A

The geometric functions used in Equations (2.10) to (2.13) as obtained by [67] through a finite
element approximation:

M, =1 13—0.09(9
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The auxiliary functions of the geometric function given in Equation (2.12) are:
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The adjustment of the regressed creep function was indicated by the analysis of the sum of square
error (SSE) and the root mean square error (RMSE). The SSE error is defined as:

p
SSE=)(§i-%) (AL6)
i=1

in which, y; is the value predicted by the regressed creep function and y; is the value of

experimental data from Atrushi [69]. The RMSE error is given as:
1/2
1&, . 2
RMSE = BZ(yi -Yi) (AL7)
i=L

Another verification in the adjustment of the creep function was done by the use of the coefficient

of determination:

, S,—SSE
=" (A18)
t

with:

p
S, :Z(yi _/J(yi))2 (A19)
i=1
in which, S; is the sum of the total residuals between the experimental data from the literature and

their respective mean. The coefficient of determination closest to 1.0 it means a good fit of the

creep function.
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APPENDIX B

The CDFs predicted by the surrogate models of chapter 03 were statistically tested with the results
obtained from the reference solution using the two-samples Kolmogorov-Smirnov (KS) statistical
test. In this statistical test, the test variable KS is the maximum vertical difference between the

CDFs being compared. The value of KS is given as:

KS =max[F(y) - Fyc ()] (B1)

in which F(9) is the CDF constructed from the values predicted by the surrogate model and
Fyc(y) is the CDF generated with the values of the MCREF solution. The hypothesis Ho consists of
F(¥) = Fyc(y), being rejected if the two CDFs are not obtained from the same population and,
therefore, are not statistically similar for a given level of significance, which for this work follows
the same procedure adopted by Evangelista Jr. and Almeida [5]. The results of the KS test are

shown in the following table.

Table B — Results of the KS statistical hypothesis test for a significance level of 5% of the five cases studied

Case p Method Result KS
t.=1day/ 79 RBF (WE-C2) Ho 0.08
t = 11 days 180 RBF (WE-C2) Ho 0.01
t.=1day/ 79 RBF (WE-C2) Ho 0.08
t = 365 days 180 RBF (WE-C2) Ho 0.02
t, =7 days/ 79 RBF (WE-C2) Ho 0.06
t =17 days 180 RBF (WE-C2) Ho 0.02
t. =7 days/ 79 RBF (WE-C2) Ho 0.07
t = 365 days 180 RBF (WE-C2) Ho 0.03
t, =7 days/ 79 RBF (WE-C2) Ho 0.09

t = 3650 days 180 RBF (WE-C2) Ho 0.04

Ho: the surrogate predictions and the MC reference solution are extracted from the same population
Ha: the surrogate predictions and the MC reference solution are extracted from different populations

In Table B, it is noted that for all cases with different elapsed times, the CDFs constructed from the
predicted results both by the surrogate models with training sets p = 79 and for p = 180 are part of
the same population as the CDFs constructed with the results of MCREF, This behavior was

expected, since some of the results obtained are part of the paper of Evangelista Jr. and Almeida

[5].
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APPENDIX C

The cross-validation (LOOCV) results and the calculated PRESS values are presented in this
appendix to the Examples 01 to 04 of Chapter 04. Figures C1 to C4 shows that in PRESS, each
prediction of the unseen data is performed using the surrogate trained with the remaining p - 1 data
points. In general, the numerical examples considered three different types of radial basis function
surrogate models that are: Gaussian (GA), Wendland-C2 (WE-C2) and the new Almeida-
Evangelista Jr. (AEJ-FT).
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Figure C1 - Leave-one-out cross-validation (LOOCV) results for Example 01
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Figure C2 - Leave-one-out cross-validation (LOOCV) results for Example 02
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Figure C4 - Leave-one-out cross-validation (LOOCV) results for Example 04

The plots show the better performance and higher generalization capabilities of the RBFs models
WE-C2 and AEJ-FT rather than the spreader predictions of GA for the most of examples as can be
seen in the PRESS values. The plots of LOOCV shows small errors in the prediction of all the
examples. On the other hand, the calculated PRESS shows high magnitudes, principally to the
Example 01. This behavior demonstrates the difficult to approximate the selected benchmark
problems in which considered fewer training samples than the surrogate models found in the

literature.

The probability density functions of the MCRE solution of Examples 01 to 04 considered in

Chapter 04 are shown in Figure C5.
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APPENDIX D

The results of the optimization process of the genetic algorithm for the PRESS and the GCV for the
Examples 01 to 03 of Chapter 05 are shown in the appendix D. In the optimization of the genetic
algorithm, numerical experiments were done to determine the population size. Each numerical
example of this paper considered a different population in order to guarantee a lower computational

cost. The results of Example 01 are shown below.
a) Example 01:

The graphs of the optimization of the genetic algorithm to minimize the PRESS of Example 01 are

shown in Figure D1.
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Figure D1 — PRESS optimization for case 01 of Example 01
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Figure D1 shows a fast convergence to the surrogate model with RBF (GA) before reaching the
tenth generation. The surrogate models with the RBF (WE-C2) and RBF (AEJ-FT) showed greater
difficult in determining the minimum value of the PRESS. This difficulty in optimization occurs
mainly for models with regularized regression. It is also important to note that among all surrogate
models, the RBF (AEJ-FT) presented a greater difficulty in optimization because it presents a
greater number of shape parameters. The results of the GCV optimization for case 01 are shown in
Figure D2.
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Figure D2 — GCV optimization for case 01 of Example 01

The results of the optimization of the GCV show a different behavior than the one presented for the
PRESS. The results in Figure D2b,c show that the GCV algorithm ends the optimization process
before reaching the maximum number of iterations. This behavior is due to the greater capability of
the GCV. Thus, the graphs obtained from the GCV are not well defined in the optimization
process. To ensure that overfitting did not occur, an additional optimization process was also done
for the GCV implementations. The routines of GCV has an additional scan for some situations with
an initial population obtained from an initial scan. In this second scan, the population size and the
maximum number of generations are increased. However, the result obtained by these additional

scans presented similar parameter values to those obtained initially, and therefore it is the graphs of
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this second scan that are considered instead of the results of the initial population. The PRESS

results from case 02 for Example 01 are shown in Figure D3.
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Figure D3 — PRESS optimization for case 02 of Example 01

The results show a greater difficulty for the convergence of the regularized surrogate models with
RBF (WE-C2) and RBF (AEJ-FT). In the case of the RBF (AEJ-FT) a population of size 60 was
used in the genetic algorithm and the result of the minimization of the PRESS presented a
termination of the processing before reaching the maximum generation limit considered. This was

due to an adaptation in the PRESS routine to terminate the process in a shorter computational time.
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On the other hand, this modification in the implementation of the genetic algorithm was not
performed in the other surrogate models, as only the RBF (AEJ-FT) presented a greater difficulty
in optimizing the PRESS. The GCV optimization for case 02 of Example 01 is shown in Figure D4.
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Figure D4 — GCV optimization for case 02 of Example 01

In Figure D4, it is noted that the generation number used to minimize the GCV is higher than that
of the PRESS. The population considered for the RBFs has a size of 50 to ensure that the ideal
parameters of the surrogate model are obtained. The RBF (WE-C2) and RBF (AEJ-FT) also
presented modifications in the computational implementations to guarantee a faster and more
efficient optimization and consequently the algorithm finished the optimization process before
reaching the maximum number of pre-defined generations. In addition, the RBF (AEJ-FT) showed

a greater difficulty in the optimization, being, therefore, similar to the case 01.
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b) Example 02:

The graphs of the genetic algorithm to minimize the PRESS of Example 02 are shown in Figure

D5.
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Figure D5 — PRESS optimization of Example 02

Figure D5 shows a fast convergence to the surrogate model with RBF (GA) and non-regularized
PRESS. The convergence of the regularized PRESS of the RBF (GA) and RBF (WE-C2) tends to
occur with a similar number of generations, that is, approximately in the fifteenth generation. The

optimization of the RBF (AEJ-FT) occurred only for generations greater than 20. This RBF,
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therefore, was the one that presented the greatest difficulty for convergence. The GCV convergence

graph is shown in Figure D6.
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Figure D6 — GCV optimization of Example 02

The parameters optimized by the GCV of the RBF (GA) and RBF (AEJ-FT) follow the same

behavior as the PRESS, that is a convergence of values is clear in the graphs. It is important to note

that the GCV will not always present a clear convergence graph. In the case of RBF (WE-C2), the

convergence is reached quickly with the GCV value equal to 73.61.
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c) Example 03:

The graphs of the optimization of the genetic algorithm to minimize the PRESS of Example 03 are

shown in Figure D7.
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Figure D7 — PRESS optimization of Example 03

The PRESS convergence graphs show that the number of generations needed to reach the minimum
PRESS value is only 10 generations for most of the surrogate models. The population considered
for the surrogate models was 30. It is also noted that there is no need for a large number of

population or generation to obtain the optimized values of the PRESS. The only surrogate models
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that showed a disturbance in the optimization were the RBF (WE-C2) and RBF (AEJ-FT) with

regularization. This disturbance in the optimization process occurs in the generation 15 to 20. The

convergence graphs of the GCV optimization process are shown in Figure D8.
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Figure D8 — GCV optimization of Example 03

Figure D8 shows a convergence of the GCV with a generation of approximately 11 for the RBF
(GA) and a generation of 15 for the RBF (WE-C2). The RBF (AEJ-FT) presents a greater difficulty

for optimization being the result of the minimum GCV reached in generation 35.
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APPENDIX E

The cross-validation results (LOOCV) for Example 01 of chapter 05 are shown in appendix E. In
this example, 15 training samples and only 100 samples of the 5 E+05 MC samples were
considered for the validation. The results correspond to cases 01 and 02, being for case 01 with the
set of the training samples without the additional noise and for case 02 with the addition of a noise

that follows a normal distribution with zero mean and standard deviation of 0.10.
a) Case 01:

The case 01 corresponds to the training set without an initial perturbation, and these samples are
used for the construction of the surrogate models with RBF (GA), RBF (WE-C2) and RBF (AEJ-
FT). The cross-validation results for the RBF (GA) constructed with parameters obtained from the

minimization of the PRESS and GCV are shown in Figure E1.

25 : : : : 25
20t g 20 ¢
X
157 ] _ 157 g
= =
< <O
10 ] 10}
51 O Tra%nin-g (15 samples) ] 57t O Training (15 samples)
" x Validation (100 MC samples) o * Validation (100 MC samples)
0 L L L L 0 L L L L
0 5 10 15 20 25 0 5 10 15 20 25
G(x) G(x)
a) PRESS, A =0 b) PRESS, A £ 0
25 \ ;
20 1
~ 157 X
Ra?
<5 xX
101
5% O Training (15 samples)
% Validation (100 MC samples)
0 0 5 10 15 20 25
G(x)
¢) GCV, L #0

Figure E1 — Results of cross-validation (LOOCV) for RBFs (GA) of case 01 to Example 01

The LOOCYV results for the RBF (GA) show that all cases presented a good approximation. This
behavior was expected because the results of the error £ and the KS test have already proven this

behavior. It is also important to emphasize that Figure Ela and Elb are quite similar due to the
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PRESS results having similar magnitudes. For the GCV model, there is a small dispersion of
training and validation data. The LOOCYV results of the RBF (WE-C2) are shown in Figure E2.
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Figure E2 — Results of cross-validation (LOOCV) for RBFs (WE-C2) of case 01 to Example 01

It is observed for the LOOCV of the RBF(WE-C2) a behavior similar to that of the RBF (GA), that
is, all surrogate models presented a good approximation with data dispersion in the approximation
practically insignificant. The RBF (WE-C2) with parameters obtained from the minimization of the
GCV consists of the situation with the presence of greater dispersion in the approximation, but with
insignificant magnitudes, as verified in the graph and in the results presented above. The results for
the RBFs (AEJ-FT) are shown in Figure E3. It is also important to note that for the LOOCV of
Example 01, only 100 samples of MC were considered, and 5 E+05 were used in the uncertainty

quantification.
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Figure E3 — Results of cross-validation (LOOCV) for RBFs (AEJ-FT) of case 01 to Example 01

The cross-validation results for the RBFs (AEJ-FT) consist of the models that presented the worst
approximation for case 01 with the presence of a dispersion of the validation results. For these
RBFs, it is noted that the training samples showed a good approximation, however, for the MC
validation data, it was observed that the surrogate models were not able to predict the MC values
with the same precision as those of the training samples. However, this behavior does not
invalidate the models, as the results of the KS test and the normalized error test presented
previously, demonstrated the efficiency of these models.

b) Case 02:

The case 02 corresponds to the set of training samples that present in the dependent variable
(output) an additional noise for the construction of surrogate models of the type RBF (GA), RBF
(WE-C2) and RBF (AEJ-FT). This noise is added in order to reproduce the behavior of real
experimental data, as MC simulation data generally do not have this noise. The cross-validation
results for the RBF (GA) constructed with parameters obtained from the minimization of PRESS

and GCV are shown in Figure E4.
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Figure E4 — Results of cross-validation (LOOCV) for RBFs (GA) of case 02 to Example 01

The addition of noise to the training samples caused a dispersion in the prediction of both the 15
training samples (Figure E4b,c) and the 100 MC validation samples (Figure E4a). The dispersion of
results is greater for the RBF (GA) model built with parameters obtained from the minimization of
PRESS without regularization. This dispersion is smaller for the PRESS model with regularization,
being, therefore, observed that for the PRESS, the presence of the regularization parameter causes
an improvement in the approximation. For the regularized GCV, a behavior similar to that of the
regularized PRESS is observed. The results of the RBFs (WE-C2) are shown in Figure ES5.
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Figure E5 — Results of cross-validation (LOOCV) for RBFs (WE-C2) of case 02 to Example 01

In Figure E5, it is noted that the model built with parameters obtained from the minimization of the
GCV presents a better approximation than the models with PRESS. This occurs because the
magnitude of the GCV is lower than that of the PRESS. Another important point to be observed in
all models is the presence of a small dispersion of the validation samples. For the models with
PRESS, there is a similarity between the model without regularization and the model with
regularization, and this behavior is expected, since the parameters of the models are quite similar.
The results for the RBF (AEJ-FT) models with parameters obtained from the PRESS and the GCV
are shown in Figure E6.
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Figure E6 — Results of cross-validation (LOOCV) for RBFs (AEJ-FT) of case 02 to Example 01

The surrogate models of the RBF (AEJ-FT) showed a high dispersion in both the PRESS and GCV
models. This dispersion occurs only in the prediction of the validation data, but this behavior does
not invalidate these surrogate models, because as can be seen in the KS test and in the comparison
of the CDFs, the surrogate models with RBF (AEJ-FT) are able to predict well the maximum
deflection of the beam of Example 01. However, better accuracy can be obtained with a larger set
of training samples. Furthermore, it is important to emphasize that the training samples present for

case 02 an additional noise that caused the respective dispersion of the validation data.
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APPENDIX F

The cross-validation results (LOOCV) for Example 02 of chapter 05 are showed in the appendix F.
In this example, 1030 experimental data of concrete compressive strength were considered for the
LOOCV, with 55 training samples and 975 validation samples. The experimental data already
show a natural noise in the 1030 data.

The cross-validation is performed for the 55 training samples and their respective values predicted
by the surrogate model, and also for the 975 samples used in the validation of the surrogate models
of the RBF (GA), RBF (WE-C2) and RBF (AEJ-FT). The cross-validation results for the RBFs
(GA) constructed with parameters obtained from the minimization of PRESS (with and without

regularization) and the GCV (with regularization) are shown in Figure F1.
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Figure F1 — Results of cross-validation (LOOCV) for RBFs (GA) to Example 02

The results indicate a large dispersion of the validation samples, demonstrating difficulty of
predicting the compressive strength, and this behavior is expected due to the RMSE values being a
little high. For models with regularization, a better accuracy was noted in relation to PRESS
without regularization, indicating the necessity of regularization for a better construction of the

surrogate models. The results of the RBF (WE-C2) for Example 02 are shown in Figure F2.
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Figure F2 — Results of cross-validation (LOOCV) for RBFs (WE-C2) to Example 02
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The surrogate model of the RBF (WE-C2) with PRESS and regularization shows a smaller

dispersion and consequently a better approximation in relation to the reference model when

compared to the surrogate model of the RBF (GA) with parameters obtained from the minimization

of the non-regularized PRESS. However, in both models with PRESS, the dispersion of the

prediction of the validation data is clear, demonstrating the difficulty of predicting the compressive

strength of a set of unknown data. In the case of GCV, the behavior is quite similar to the

regularized PRESS. Furthermore, it is shown again that the regularization allows better

approximation of the prediction results of the surrogate models in cross-validation (LOOCV). The
results of the RBFs (AEJ-FT) are shown in Figure F3.
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Figure F3 — Results of cross-validation (LOOCV) for RBFs (AEJ-FT) to Example 02

The LOOCYV results for the RBF (AEJ-FT) show a behavior similar to those presented for the RBF
(GA) in which the presence of the regularization parameter caused an improvement in the
prediction of the surrogate models. For the model with GCV, there is a greater dispersion of the
prediction of the validation data when compared to the PRESS with regularization.
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APPENDIX G

The cross-validation (LOOCYV) results for Example 03 of Chapter 05 are presented in appendix G.
In this example, 103 experimental data from the slump test were considered for the LOOCV, with
20 training samples and 83 validation samples. The experimental data already show a natural noise
from the 103 samples.

The cross-validation is performed for the training samples and their respective predicted values by
the surrogate model, and also for the 83 samples used in the validation of the surrogate models of
type RBF (GA), RBF (WE-C2) and RBF (AEJ-FT). The cross-validation results for the RBFs (GA)
built with parameters obtained from the minimization of PRESS (with and without regularization)

and GCV (with regularization) are shown in Figure G1.
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Figure G1 — Results of cross-validation (LOOCV) for RBFs (GA) to Example 03

The LOOCYV results for the RBF (GA) show that the non-regularized PRESS presents a good
approximation of the training set, but in the validation phase, points further away from the 45°
straight line (continuous line) are noted. This behavior was expected, since the RMSE and MSE in
the validation stage present significant magnitudes and consequently a greater difficulty in

predicting unseen data from the already trained model. However, as previously demonstrated,
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surrogate models with RBF have a good generalization capacity when compared to models in the
literature. In models with regularization, a disturbance in the prediction of the samples is shown
during training. This occurred due to the introduction of the regularization parameter that aimed to

increase the accuracy of the models and reduce generalization errors. The LOOCV results of the

RBF (WE-C2) models are shown in Figure G2.
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Figure G2 — Results of cross-validation (LOOCV) for RBFs (WE-C2) to Example 03

The LOOCYV results for the RBF (WE-C2) show a behavior similar to those presented for the RBF
(GA) in which the presence of the regularization parameter caused an improvement in the
prediction of the surrogate models in which the points are closer to the straight line. The result of
the GCV indicates a behavior similar to the PRESS with regularization. The LOOCV results of the
RBF (AEJ-FT) are shown in Figure G3.
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Figure G3 — Results of cross-validation (LOOCV) for RBFs (AEJ-FT) to Example 03

The greatest dispersion of data during the validation phase occurs for the RBF (AEJ-FT) with

parameters optimized by the non-regularized PRESS. The presence of regularization caused a

decrease in the dispersion in the regularized PRESS. The GCV shows a greater dispersion of

validation data when compared to the PRESS with regularization.
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