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Resumo

A análise do escoamento laminar interno em dutos é um tema central da engenharia, com
implicações práticas e teóricas. Embora o avanço de métodos numéricos e do poder com-
putacional tenha impulsionado referências numéricas de alta precisão, ainda persistem lacu-
nas na literatura analítica para geometrias específicas. Esta dissertação contribui para esse
cenário ao desenvolver novos resultados e metodologias para os escoamentos de Poiseuille
e Darcy–Brinkman, combinando soluções analíticas (exatas e assintóticas) com simulações
via Método dos Elementos Finitos (MEF).

O texto é estruturado como uma coletânea de quatro artigos já publicados, de autoria
do autor e colaboradores. O primeiro investiga o escoamento de Poiseuille permanente em
dutos com seções de segmento parabólico e lente parabólica, obtendo soluções analíticas
e assintóticas por perturbação e separação de variáveis, usadas como referência para vali-
dação numérica ao longo de uma faixa ampla de parâmetros geométricos. O segundo trata
de dutos com seções do tipo lente e figura-oito em coordenadas bipolares, derivando ex-
pressões explícitas para a vazão volumétrica e o número de Poiseuille em toda a família
geométrica, recuperando casos clássicos e fornecendo avaliações em forma fechada para
ângulos racionais. O terceiro apresenta soluções em série para o escoamento transiente de
Poiseuille em triângulos hemi-equiláteros e isósceles retângulos, via superposição de auto-
funções, incluindo o campo de velocidade e a tensão de cisalhamento na parede, com apli-
cações diretas em validação de simulações transientes. Por fim, o quarto artigo aborda o es-
coamento de Darcy–Brinkman em tubos elípticos, obtendo uma nova expressão em série para
o número de Poiseuille com funções de Mathieu, em excelente concordância com resultados
de MEF. Em conjunto, os trabalhos ampliam a base analítica e numérica para escoamentos
laminares em dutos de geometrias não convencionais.

Palavras-chave: Escoamento de Poiseuille; Escoamento de Darcy–Brinkman; Método dos
Elementos Finitos; Soluções exatas; Dutos não circulares.

Título: Modelagem de escoamentos internos em dutos não circulares por métodos analíticos
e elementos finitos.

ii



Abstract

Internal laminar flow in ducts is a central topic in engineering, with both practical and
theoretical relevance. Although advances in numerical methods and computational power
have fostered high-accuracy numerical benchmarks, important gaps remain in the analytical
literature for specific geometries. This dissertation addresses this need by developing new
results and methodologies for Poiseuille and Darcy–Brinkman flows, combining analytical
solutions (exact and asymptotic) with finite-element simulations (FEM).

The dissertation is organized as a collection of four peer-reviewed articles, authored by
the candidate and collaborators, all previously published. The first paper investigates steady
Poiseuille flow in ducts with parabolic-segment and parabolic-lens cross-sections, deriving
new analytical and asymptotic solutions via perturbation methods and separation of vari-
ables, which are then used as reference data to validate numerical simulations across a broad
range of geometric parameters. The second paper examines lens- and figure-eight-shaped
ducts using bipolar coordinates, obtaining explicit analytical expressions for the volumetric
flow rate and the Poiseuille number throughout the entire geometric family; the approach
recovers classical solutions for circular ducts and right-angle lenses and provides closed-
form evaluations for rational angles. The third paper focuses on transient Poiseuille flow in
hemi-equilateral and right-isosceles triangular ducts, employing eigenfunction superposition
to derive exact series solutions for the time-dependent velocity field and wall shear stress,
offering valuable benchmark data for validating unsteady simulations. Finally, the fourth pa-
per addresses Darcy–Brinkman flow in elliptic tubes, deriving a new exact series expression
for the Poiseuille number in terms of Mathieu functions, with excellent agreement against
FEM results. Taken together, these contributions broaden the analytical and numerical char-
acterization of laminar duct flows in non-conventional geometries.

Key-words: Poiseuille flow; Darcy–Brinkman flow; Finite Element Method; Exact solu-
tions; Non-circular ducts.
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Chapter 1

Introduction

Pipes are fundamental components in a wide range of engineering systems involving
the transport of fluids [4] (Figure 1.1), including energy conversion [5], chemical process-
ing [6], thermal management [7], and large-scale distribution networks such as pipelines
[8, 9, 10]. In this context, the cross-sectional geometry of a duct plays a decisive role
in determining its hydraulic performance, directly affecting the system project regarding
velocity distribution, pressure losses, wall shear stresses, and heat transfer characteristics.
Although circular pipes are commonly adopted as a reference configuration due to their
geometric simplicity, practical systems frequently employ non-circular cross-sections (Fig-
ure 1.2) arising from manufacturing constraints [11], structural reinforcement [12], or func-
tional design requirements [13] (Figure 1.3). In parallel, the study of flow in porous me-
dia, governed, for example, by Darcy’s law and extensions such as the Darcy–Brinkman
model, plays a central role in many applications involving pipes containing porous materials
(Figure 1.4). Including petroleum reservoir engineering, where predicting the mobility and
recovery of hydrocarbons in subsurface formations is essential, groundwater management
and environmental remediation [14, 15, 16, 17], as well as filtration and purification pro-
cesses in chemical and biomedical engineering, for instance flows through filter media and
membranes [18, 19, 20, 21].

Thus, it is evident that a solid understanding of heat and mass transfer in ducts is fun-
damental to scientific progress and industrial development. Consequently, significant re-
search effort has been dedicated to refining the techniques used to analyze these phenomena.
Over the past decades, the applicability of high–order computational simulations of ducts
has been significantly expanded by advances in computational power, mesh generation tech-
niques, and numerical solvers. Since its emergence in the 1940s as a numerical technique for
structural analysis, the finite element method (FEM) has evolved into one of the most power-
ful and versatile computational frameworks for the solution of partial differential equations
[22, 23]. Through the systematic organization of the variational formulation, a generalization
from solid mechanics to areas including heat transfer, electromagnetism, and fluid mechan-
ics [24]. In particular, one of the main advantages of the finite element method over other
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Figure 1.1: Placement of circular pipes for gas transportation.

Figure 1.2: Rectangular cross–section ductwork for HVAC applications.

Figure 1.3: Flat–oval ductwork employed in installations with limited vertical clearance.
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Figure 1.4: Pipe filled with porous metal foam. (Amani et al. [1])

numerical approaches is its ability to naturally handle complex domains and complicated
boundary conditions, and it possesses a solid mathematical foundation [25].

In this context, the objective of this dissertation is to investigate the modelling of in-
ternal flows in various pipe geometries through the finite element method, emphasizing the
validation against analytical reference solutions. The study aims to present novel solutions
and quantify the influence of cross-sectional shape on hydraulic performance parameters, as
well as to provide reliable benchmarks that may support further theoretical developments
and engineering design applications.

1.1 Outline

This thesis is organized into seven main chapters. Chapter 2 provides a comprehensive
literature review on laminar internal flows in ducts and related analytical, numerical and
experimental developments. The discussion extends to a variety of internal flow problems,
addressed through classical exact solutions, eigenfunction expansions, and conformal map-
pings.

Chapter 3 investigates the steady, laminar, two-dimensional Poiseuille flow of a New-
tonian fluid through ducts whose cross-sections are described by parabolic segments and
lens-shaped configurations. The governing Navier–Stokes equations under pressure-driven
conditions are solved by combining numerical methods and analytical techniques. Parabolic
coordinates and the method of separation of variables are used to derive special analytical so-
lutions, while perturbation methods are applied for small aspect ratios and classical empirical
formulas are employed for large aspect ratios. The study presents computed flow rates and
friction factor–Reynolds number products across a range of geometric parameters, illustrat-
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ing excellent agreement between analytical and numerical results and providing benchmark
data for laminar flow in complex duct shapes.

The focus of Chapter 4 is the steady, fully developed Poiseuille flow of a Newtonian
fluid in lens-shaped and figure-eight duct geometries, which arise in bipolar coordinates.
The work derives explicit analytical expressions for the volumetric flow rate and associated
Poiseuille number across a continuum of shapes. Closed-form solutions and asymptotic
analyses are provided for distinct regimes, including thin lens, near circular, and strongly
constricted figure-eight shapes. For practical applicability, a compact Padé approximant
for the Poiseuille number is also introduced, yielding accurate approximations suitable for
design calculations and for code verification.

Chapter 5 addresses the transient behavior of Poiseuille flow in ducts with triangular
cross sections. Exact analytical solutions for the time-dependent velocity field, volumetric
flow rate, and wall shear stress distribution are obtained by employing the eigenfunction su-
perposition method for selected triangular geometries, specifically, the hemi-equilateral and
right-angled isosceles triangles, which admit trigonometric eigenfunctions under Dirichlet
boundary conditions. These solutions extend the classical steady-state results to the startup
regime and provide benchmark for transient duct flow simulations in non-circular domains,
filling a gap in the literature where only a limited set of triangular startup solutions had
previously been treated.

In Chapter 6, the Darcy–Brinkman flow through a tube of elliptic cross section is revis-
ited with an emphasis on deriving exact expressions for the fully developed velocity field and
associated Poiseuille number in the presence of porous resistance. By building on classical
analytical results for elliptic geometries and incorporating the additional drag term char-
acteristic of Darcy–Brinkman flows, the chapter presents an exact series representation for
the Poiseuille number. The analytical results are validated against finite-element solutions
and classical Ritz approximations, demonstrating close agreement and extending theoretical
benchmarks for porous-media internal flows in noncircular ducts.

Chapter 7 presents the numerical implementation adopted throughout this work using the
FreeFEM framework. The procedures for domain definition, mesh generation, finite element
discretization, time integration, and post-processing are detailed in order to further clarify the
computational steps underlying the published results. Special attention is given to geometric
aspects, mesh construction strategies, and numerical integration. The implementation is
illustrated through representative problems addressed in the associated publications.

Finally, Chapter 8 summarizes the main findings of the thesis and outlines perspec-
tives for future research, including possible extensions to heat transfer, unsteady and non–
Newtonian flows, and further generalizations to complex duct geometries.
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1.2 Publications

The following publications in international journals have been based on the work con-
tained in this thesis:

1. Silva, V. C.; Gonçalves, M.; Lopes, A. B.; Alassar, R. S. Poiseuille flow through
parabolic segment and lens-shaped ducts. IMA Journal of Applied Mathematics,
Vol. 90, No. 4, pp. 347–369, 2025. [26]

2. Silva, V. C.; Lopes, A.B. Revisiting Poiseuille flow through lens-shaped and figure-
eight ducts. Mechanics Research Communications, Vol. 150, Article 104570, 2025.
[27]

3. Silva, V. C.; Lustosa, B. P.; Lopes, A.B. Startup of Poiseuille flow in triangular ducts.
Zeitschrift für Angewandte Mathematik und Physik (ZAMP), Vol. 76, No. 6, Ar-
ticle 241, 2025. [28]

4. Lopes, A. B.; Far, M. E. F.; Silva, V. C. Revisiting Darcy–Brinkman Flow Through an
Elliptic Tube. Transport in Porous Media, Vol. 153, No. 1, pp. 13, 2025. [29]

The following works presented at international conferences originated from the research
developed in this thesis:

1. Lopes, A.B., Moreira, G. G., & Silva, V. C. (2025).Poiseuille flow through parabolic
segment and lens-shaped ducts. Presented at the British Applied Mathematics Col-
loquium (BAMC 2025), Exeter, United Kingdom.
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Chapter 2

Literature Review

2.1 Contextualization

One of the earliest studies of laminar flow in channels was carried out by the French
physician and physicist Jean Louis Marie Poiseuille, whose work was motivated by the
study of blood circulation in the arteries and veins of the human body [30]. His interest
in understanding the mechanisms governing flow in capillary vessels led to a series of care-
fully designed experiments, resulting in the formulation of one of the most important laws
describing laminar flow of viscous fluids. In his 1844 work, Poiseuille demonstrated that
the volumetric flow rate through a circular tube is directly proportional to the pressure drop
along the tube and to the fourth power of its diameter, and inversely proportional to its length.
The experimental apparatus employed by Poiseuille consisted of a glass reservoir connected
to a vertical copper tube and several glass capillaries, allowing precise measurements of flow
under controlled conditions.

Nearly simultaneously, the German hydraulic engineer Gotthilf Heinrich Ludwig Hagen
conducted experimental studies on laminar flow in circular ducts using brass tubes [31].
In 1839, Hagen identified the relationship between pressure drop and tube diameter and also
observed a strong dependence of the results on fluid temperature. Although their experiments
were conducted separately, the findings of Poiseuille and Hagen were complementary. Their
combined contributions gave rise to the classical Hagen–Poiseuille law, which constitutes a
fundamental result in fluid mechanics and in the analysis of laminar viscous flow in circular
pipes.

As engineering applications evolved and diversified, the demand for predictive models
applicable to non-circular ducts grew substantially. This increasing demand stimulated a
large body of theoretical, experimental, and numerical studies aimed at extending classical
results to numerous cross-sectional geometries, giving rise to a wide range of new formula-
tions and problems.

Motivated by this need, Shah and London [32] produced a seminal compendium of ana-
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lytical, numerical, and experimental results gathered from numerous authors on the laminar
flow and forced convection of Newtonian fluids with constant properties in straight, steady,
non-porous ducts of constant cross section. The main goal of this work was to present a com-
prehensive understanding of how geometric parameters influence hydrodynamic and thermal
performance is essential for both design and benchmarking purposes. This monograph re-
mains a standard reference to this day and represents a milestone in duct-flow research, being
an essential reference for all subsequent works published.

At present, there exists a broad and continuously expanding body of literature devoted
to internal flows in ducts, encompassing both geometric and physical generalizations of the
classical Poiseuille problem. A significant fraction of these studies focuses on ducts with
non-circular or spatially varying cross-sections, motivated by the strong influence of geom-
etry on hydraulic resistance, velocity distributions, and heat transfer characteristics [33, 34].
Beyond geometric variations, many works investigate different thermal boundary conditions,
commonly referred to as H1 and H2 problems, where H1 corresponds to a constant wall tem-
perature and H2 to a constant wall heat flux, leading to distinct Nusselt numbers and thermal
development behaviors [35, 36, 37, 38]. In micro- and nano-scale applications, the classi-
cal no-slip boundary condition becomes invalid, giving rise to slip-flow regimes in which
a finite tangential velocity exists at the wall; such effects are typically modeled through
slip-length boundary conditions and are governed by the Knudsen number, playing a central
role in microfluidics and rarefied gas flows [39, 40]. Another active line of research con-
cerns non-Newtonian fluids in ducts, where constitutive models such as power-law, Carreau,
Cross, Bingham, Herschel–Bulkley, and viscoelastic models like Maxwell and Oldroyd-B
are employed to capture shear-thinning, yield-stress, and elastic effects, substantially modi-
fying pressure drops, velocity profiles, and transient responses compared to Newtonian flows
[41, 42]. Unsteady internal flows driven by oscillatory pressure gradients have also received
considerable attention due to their relevance in physiological flows, pulsatile transport, and
flow control; these studies analyze frequency-dependent responses, phase lags, and viscous
penetration depths in oscillatory Poiseuille flow [43, 44, 45]. Closely related canonical prob-
lems include Couette flow, driven by moving boundaries, and the Rayleigh–Stokes or Stokes’
second problem, which describes the transient and oscillatory response of a viscous fluid to
wall motion; these problems provide exact solutions that are widely used as benchmarks for
transient solvers and for understanding viscous diffusion mechanisms [46]. Additional ex-
tensions reported in the literature include flows in porous ducts modeled by Darcy–Brinkman
equations, conjugate heat transfer, mixed boundary conditions, and stability and transition
analyses, collectively illustrating the richness and ongoing relevance of duct-flow research
across engineering and applied mathematics [47, 48].

In this dissertation, we investigate three model problems, which are addressed in the
subsequent chapters: transient Poiseuille flow, steady Poiseuille flow, and Darcy–Brinkman
flow in porous media. In this chapter, we present the mathematical formulation of these
problems.
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2.2 Problem Statement

Let a duct of generic cross-sectional shape defined by a border ∂Ω and characteristic lenght
ℓ be fully filled with an incompressible Newtonian fluid laminar flow set into motion by a
constant pressure gradient in the absence of body forces, as illustrated in Fig. 2.1.

x

y
∂Ω

ℓ

Figure 2.1: Example of a duct cross-section.

With these considerations, the governing equations of the problem are the continuity
equation

∇ ⋅ u = 0, (2.1)

and the Navier–Stokes equation

ρ [∂u
∂t
+ (u ⋅∇)u] = −∇p + µ∇2u, (2.2)

where u is the velocity field, p is the pressure field, µ is the dynamic viscosity of the fluid, ρ
is the fluid density, and t denotes time.

In Cartesian coordinates (x, y, z), the continuity equation (2.1) can be written as

∂u

∂x
+ ∂v
∂y
+ ∂w
∂z
= 0, (2.3)

and the components of the Navier–Stokes equation (2.2) in the x, y, and z directions are
given by

ρ(∂u
∂t
+ u∂u

∂x
+ v∂u

∂y
+w∂u

∂z
) = −∂p

∂x
+ µ(∂

2u

∂x2
+ ∂

2u

∂y2
+ ∂

2u

∂z2
) , (2.4)
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ρ(∂v
∂t
+ u∂v

∂x
+ v∂v

∂y
+w∂v

∂z
) = −∂p

∂y
+ µ(∂

2v

∂x2
+ ∂

2v

∂y2
+ ∂

2v

∂z2
) , (2.5)

ρ(∂w
∂t
+ u∂w

∂x
+ v∂w

∂y
+w∂w

∂z
) = −∂p

∂z
+ µ(∂

2w

∂x2
+ ∂

2w

∂y2
+ ∂

2w

∂z2
) , (2.6)

respectively. Here u, v, and w denote the three velocity components.

Assuming unidirectional flow in the positive z-direction, the velocity field can be written
as

u = (0,0,w(x, y, z, t)). (2.7)

Thus, the continuity equation (2.3) reduces to

∂w

∂z
= 0, (2.8)

and consequently

w = w(x, y, t). (2.9)

Therefore, in addition to being unidirectional, the flow is also two-dimensional in space.

Substituting (2.7) and (2.9) into (2.4), (2.5), and (2.6), one obtains

∂p

∂x
= 0, (2.10)

∂p

∂y
= 0, (2.11)

µ(∂
2w

∂x2
+ ∂

2w

∂y2
) = ∂p

∂z
+ ρ∂w

∂t
. (2.12)

From Eqs. (2.10) and (2.11), it follows that

p = p(z, t), (2.13)

and therefore (2.12) becomes

∂2w

∂x2
+ ∂

2w

∂y2
= 1

µ

dp

dz
+ ρ
µ

∂w

∂t
. (2.14)

Since the nonzero velocity component depends on the coordinates x, y and time t,
whereas the pressure field depends solely on the axial coordinate z and t, Eq. (2.14) can
be satisfied only if the axial velocity and the pressure admit at most a temporal dependence.

Let Ω denote the cross-sectional region bounded by the duct contour ∂Ω. The no-slip
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boundary condition at the wall requires that

w = 0 (2.15)

on ∂Ω, the boundary of the domain.

To render the governing equation parameter-free, a nondimensionalisation of the charac-
teristic length and velocity scales is performed, while preserving its original structure as a
Poisson equation. Introducing

x̃ = x
ℓ
, ỹ = y

ℓ
, w̃ = w

U
, t̃ = ρℓ

2t

µ
(2.16)

into Eq. (2.14), one obtains

(∂
2w̃

∂x̃2
+ ∂

2w̃

∂ỹ2
) = ℓ2

Uµ

dp

dz
+ ∂w̃
∂t̃
. (2.17)

Following Shah & London [33], we choose

U = −ℓ
2

µ

dp

dz
, (2.18)

so that the previous equation reduces to

∂2w̃

∂x̃2
+ ∂

2w̃

∂ỹ2
+ 1 = ∂w̃

∂t̃
. (2.19)

Since it was previously assumed that the flow takes place in the positive z-direction, the
negative sign in Eq. (2.18) is required in order to satisfy this condition. Equation (2.19)
therefore corresponds to the transient Poiseuille problem. The steady Poiseuille equation is
readily recovered by suppressing the local acceleration term; that is, by setting

∂w̃

∂t̃
= 0. (2.20)

2.2.1 Darcy–Brinkman formulation

We now consider the flow of an incompressible Newtonian fluid through a homogeneous
porous medium inside a pipe, which is governed by the Darcy-Brinkman equations

∇ ⋅ u = 0, (2.21)

ρ [∂u
∂t
+ (u ⋅∇)u] = −∇p + µe∇

2u − µ
K

u, (2.22)
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where u in this equation is the Darcy velocity, µe is the effective viscosity of the porous
medium, µ is the dynamic viscosity of the fluid, and K is the permeability. Although the
Darcy-–Brinkman model is mathematically similar to the Navier–Stokes equations, it in-
troduces an additional material parameter associated with the porous matrix. In contrast,
the Navier—Stokes formulation depends solely on fluid properties such as density and vis-
cosity, whereas the Darcy—Brinkman formulation also incorporates the permeability of the
medium.

Assuming fully developed unidirectional flow in the positive z-direction,

u = (0,0,w(x, y)), p = p(z), (2.23)

Similarly, the continuity equation (2.21) reduces to

∂w

∂z
= 0, (2.24)

and therefore

w = w(x, y). (2.25)

The axial momentum balance reduces to

µe (
∂2w

∂x2
+ ∂

2w

∂y2
) − µ

K
w = dp

dz
. (2.26)

Introducing the dimensionless variables

x̃ = x
ℓ
, ỹ = y

ℓ
, w̃ = w

U
, (2.27)

and choosing the velocity scale based on the effective viscosity of the porous medium

U = − ℓ
2

µe

dp

dz
, (2.28)

Eq. (2.26) becomes
∂2w̃

∂x̃2
+ ∂

2w̃

∂ỹ2
− s2w̃ + 1 = 0, (2.29)

where the porous medium parameter s is defined by

s = ℓ√
K

√
µ

µe

. (2.30)

The no-slip boundary condition at the duct wall reads

w̃ = 0 on ∂Ω. (2.31)
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2.3 Parameters

2.3.1 Volumetric Flow Rate

The volumetric flow rate is a quantity of fundamental importance in the study of internal
flows. Throughout this work, it plays a central role in the derivation of the results, where
it is used in the computation of the product of the Fanning friction factor and the Reynolds
number, the Poiseuille number. Therefore, it is necessary to define the calculation of this
quantity, which, in Cartesian coordinates, is given by

Q̃(t) =
x

Ω

w̃(x, y, t)dxdy. (2.32)

2.3.2 Poiseuille number

In order to compare the results obtained in this work for steady flows with those reported
in the literature and to assess the global accuracy of the numerical method employed, a
fundamental dimensionless indicator is considered: the product of the Fanning friction factor
and the Reynolds number fRe, also known as the Poiseuille number Po.

The Poiseuille number is a proportionality constant relating the pressure gradient to the
mean velocity. Accordingly, for a given fluid flowing with a fixed mean velocity in ducts with
the same hydraulic diameter, an increase in the Poiseuille number implies a corresponding
increase in the pressure gradient [49].

This constant results from the product of the Fanning friction factor and the Reynolds
number, two parameters widely used in fluid mechanics that provide useful insight, for in-
stance, in the design of compact heat exchangers. Wang [50] define the dimensionless form
of the Poiseuille number for ducts as

fRe = Po = 8Ã3

P̃ 2Q̃
. (2.33)

For the sake of notational simplicity, the tildes are omitted hereafter to avoid an excessive
accumulation of symbols.

2.4 Finite Element Formulation

The finite element method is a numerical technique for constructing approximate solu-
tions of differential equations posed on bounded domains with prescribed boundary condi-
tions. Essentialy, the computational domain is partitioned into a finite number of elements,
over which the unknown field is approximated by locally defined basis functions. The gov-
erning equations are expressed in a variational (weak) formulation, which allows the solution
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to be sought in an appropriate function space while incorporating the boundary conditions
[51, 52, 53].

Let Ω ⊂ R2 be the cross-sectional domain of a straight duct with boundary ∂Ω. The
governing equation is the dimensionless transient Poiseuille flow

∂w

∂t
−∇2w = 1, (2.34)

where w(x, y, t) denotes the axial velocity field.

The no-slip boundary condition is imposed on the duct wall,

w = 0 on ∂Ω × (0, T ], (2.35)

together with the initial time condition

w(x, y,0) = 0. (2.36)

2.4.1 Weak formulation

Let Vh be a functional space of admissible trial and test functions. The approximate
solution is sought within Vh, which is a finite-dimensional subspace of a larger space V . The
space V represents the continuous function space in which the exact solution of the problem
exists. The space Vh should be constructed as a very close approximation of the space V .
With this approximation in place, the weak formulation is then derived step by step, closely
following the formulation proposed by Johnson [53]. Multiplying (2.34) by a test function
ϕ ∈ Vh and integrating over Ω gives

∫
Ω

∂w

∂t
ϕdΩ − ∫

Ω
∇

2wϕdΩ = ∫
Ω
ϕdΩ. (2.37)

Applying Green’s formula (integration by parts) to the Laplacian term:

−∫
Ω
(∇2w)ϕdΩ = ∫

Ω
∇w ⋅∇ϕdΩ − ∫

∂Ω

∂w

∂n
ϕdΓ.

Since the boundary condition is homogeneous Dirichlet (w = 0), we choose the space of test
functions such that ϕ = 0 on the boundary ∂Ω. Consequently, the surface integral vanishes.
The variational problem is:

∫
Ω

∂w

∂t
ϕdΩ + ∫

Ω
∇w ⋅∇ϕdΩ = ∫

Ω
∇ϕdΩ, ∀ϕ ∈ Vh (2.38)
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3. Time Integration

For numerical implementation, we approximate the time derivative using the implicit
Euler method, also known as backward Euler method:

∂u

∂t
≈ w

n+1 −wn

∆t

where wn+1 is the solution at the current time step and wn is the known solution from the
previous step. Substituting this into the weak form, we get

∫
Ω

wn+1 −wn

∆t
ϕdΩ + ∫

Ω
∇wn+1 ⋅∇ϕdΩ = ∫

Ω
ϕdΩ. (2.39)

Rearranging to separate unknown terms (wn+1) from known terms (wn), it follows that

∫
Ω
wn+1ϕdΩ +∆t∫

Ω
∇wn+1 ⋅∇ϕdΩ = ∫

Ω
wnϕdΩ +∆t∫

Ω
ϕdΩ (2.40)

At each time step, equation (2.40) is solved to compute the updated solution un+1. Since
the unknown appears implicitly in the variational form, a linear system must be solved at
every time increment. The backward Euler scheme is unconditionally stable for diffusion-
type problems and provides a consistent approximation of the transient evolution toward the
steady Poisson solution [54, 55].

It is important to note that in the limit t → ∞, the transient solution converges to the
steady Poisson problem

∇
2w = −1, (2.41)

which corresponds to the fully developed Poiseuille flow in dimensionless form.

2.4.2 Finite Elements Discretization

The domain Ω is discretized into a conforming triangular mesh Th, composed of non-
overlapping elements. In this work, the spatial discretization is performed using Lagrangian
continuous piecewise polynomial finite elements of degree two (P2). This element has only
degrees of freedom wich corresponds to the value of the function on a node. Each P2 tri-
angular element has six local degrees of freedom, associated with the three vertices and the
three edge midpoints.

The finite element approximation of the velocity field is written as

wh(x) =
N

∑
j=1

Wjϕj(x),

where ϕj are the global basis functions and Wj are the corresponding nodal values. The spa-
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Figure 2.2: Examples of classical Pk Lagrange elements on a triangle. (Dhahbi et al. [2])

tial discretization and matrix assembly procedures are implemented using the FreeFEM soft-
ware, which employs a classical Galerkin formulation with identical trial and test spaces. The
discrete solution is expressed in terms of local Lagrangian shape functions associated with
the nodal degrees of freedom, ensuring continuity across element interfaces. The Galerkin
projection of the weak formulation onto the finite-dimensional space leads, after assembly
over all elements, to a global sparse linear system for the nodal unknowns.
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Chapter 3

Poiseuille flow through parabolic
segment and lens-shaped ducts

This chapter is a reproduction of the following publication:

Silva, V. C.; Gonçalves, M.; Lopes, A. B.; Alassar, R. S. Poiseuille flow through parabolic
segment and lens-shaped ducts. IMA Journal of Applied Mathematics, Vol. 90, No. 4,
pp. 347–369, 2025.

3.1 Introduction

Ducts with constant cross-sections play a crucial role in the refrigeration and air condi-
tioning industries, where they are extensively used in heat exchangers [56, 57]. Furthermore,
these ducts have a wide range of applications in diverse fields, such as electronic cooling
[58] and blood filtration through haemodialysis [59]. In the oil industry, for instance, un-
derstanding fluid flow behaviour is fundamental for optimizing extraction and transportation
processes [60]. As such, the study of fluid flow through ducts is essential not only for ad-
vancing technologies across various sectors but also for driving innovations in critical areas,
from medicine to electronics and petroleum engineering.

While circular ducts are the most commonly employed in various industries due to their
structural efficiency and ease of manufacturing, natural phenomena can alter the shape of
their cross-sections. One such phenomenon is the deposition of paraffin in pipelines, which
poses a significant challenge in the oil industry [61]. This process leads to changes in the
duct’s geometry, subsequently affecting both the flow pressure and heat transfer between the
oil and the duct walls. Similarly, alterations in cross-sectional shape are observed in blood
vessels, where the accumulation of fat plaques results in blockages, as seen in conditions like
atherosclerosis [62].

All the cross-sections shown in Table 3.1 have exact analytical solutions for Poiseuille
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flows, which are crucial for advancing our understanding of the phenomena described by the
Navier-Stokes equations, as discussed in [63]. These solutions serve as essential benchmarks
for validating numerical, asymptotic, and empirical models, which are key to solving more
complex problems. Although the main orthogonal two-dimensional coordinate systems used
in mathematical physics to derive these solutions are Cartesian, polar, parabolic, bipolar, and
elliptic coordinates [64], most solutions for ducts with convex cross-sections have been de-
rived in Cartesian coordinates. It is worth noting that not all exact solutions were originally
obtained for Poiseuille flow in ducts; however, many can be deduced by analogy. For in-
stance, the solutions presented in [65, 66, 67] pertain to open-channel flows, while those in
[68, 69, 70] address the torsion of prismatic bars, and the work of [71] concerns the motion
of a liquid in a rotating vessel.

In the case of polar coordinates, several non-convex cross-sections have been inves-
tigated, including moon-shaped [33], cardioid [50], and concentric annular geometries
[72]. Similarly, bipolar coordinates have been employed to analyse eccentric annular cross-
sections [73]. Building on the work of Alassar & Abushoshah on ducts with semi-elliptical
cross-sections [74], there was a significant expansion in the use of elliptic coordinates to ob-
tain exact solutions for both isothermal and non-isothermal Poiseuille flows in elliptic-related
geometries [75, 76, 77, 78, 79, 80].

Table 3.1: Exact solutions for Poiseuille flow through constant convex cross-sectional ducts.

Cross section Coordinate system(s) Reference(s)

Circle Cartesian coordinates / Polar coordinates [81, 82]

Circular lens Cartesian coordinates / Bipolar coordinates [68, 66, 67]

Circular sector Polar coordinates [83, 84, 85]

Ellipse Cartesian coordinates / Elliptic coordinates [86, 87]

Equilateral triangle Cartesian coordinates [86]

Hemi-equilateral triangle Cartesian coordinates [71, 69]

Hyperbolic segment Cartesian coordinates [70]

Isosceles right triangle Cartesian coordinates [65]

Parabolic lens Parabolic coordinates [65]

Quarter-ellipse Elliptic coordinates [80]

Rectangle Cartesian coordinates [86]

Semi-ellipse Elliptic coordinates [74, 75, 77]

Two parabolas Parabolic coordinates [88]

While parabolic coordinates are widely utilised in theoretical and applied
physics—playing a key role in the study of wave phenomena in quantum mechanics
and acoustics [89], the Stark and Zeeman effects [90], electrostatic ion traps [91], and
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elasticity problems [92]—their application in the context of Poiseuille flow remains scarce,
with notable exceptions being the works listed in Table 3.1. Outside of Poiseuille flow,
parabolic coordinates have been employed in other fluid mechanics problems, such as liquid
surface waves in parabolic tanks [93] and steady water flow around parabolic cavities and
through parabolic inclusions in unsaturated and saturated soils [94].

In this context, the present study investigates Poiseuille flow through parabolic segment
and lens-shaped ducts. The lens-shaped duct, mathematically equivalent to open-channel
flow in a parabolic channel, was previously examined by Proudman [65]. Moshinskii’s work
[88], although focused on liquid flow in a channel bounded by two parabolas, is conceptually
related to the lens-shaped duct. Meanwhile, the parabolic segment duct remains unexplored
in the literature. This study extends their work by providing an asymptotic solution via
perturbation methods, valid for ducts with small aspect ratios, and a numerical solution using
the finite element method, applicable to ducts of any aspect ratio. For ducts with large aspect
ratios, the Maclaine–Cross approximate formula is employed to directly evaluate the limiting
value of the friction factor–Reynolds number product. Additionally, alternative solutions to
theirs are obtained using the eigenfunction expansion method. For both cases, we calculate
the flow rate and the friction factor–Reynolds number product—key parameters of interest
for engineers.

A prominent application of the parabolic geometries and flows discussed in this work is
found in infiltration trenches used in domestic wastewater treatment systems, where treated
effluent percolates naturally through the soil. Parabolic geometries are particularly suited
for these systems due to their structural and hydraulic advantages. Ref. [95] argued that
since riverbeds and irrigation furrows tend to adopt a parabolic shape, this geometry is more
hydraulically and structurally stable than the conventional trapezoidal design, as exempli-
fied by the Pehur High Level Canal in Pakistan. The advantages of parabolic sections over
trapezoidal ones, highlighted by [96], include ease and speed of construction, reduced stress
concentration, a 2% reduction in concrete volume, and improved sediment transport capacity.
Furthermore, parabolic trenches are used in urban stormwater drainage systems to mitigate
flooding and address the impacts of climate change [97].

Additionally, the study of flow in narrow ducts with parabolic and lens-shaped geome-
tries has applications in fields such as oil and gas recovery during hydraulic fracturing, where
narrow fractures are propped by proppants like sand or ceramics, and in the modelling of
inter-endothelial clefts between cells, which serve as filters for large molecules. These ap-
plications, although not directly explored in this work, highlight the broader relevance of the
flow behaviour in such geometries, as discussed in [98].

Our work is structured as follows: In Sec. 3.2, we introduce the formulation, presenting
the governing equations and boundary conditions in Cartesian coordinates for Poiseuille flow
through parabolic segment and lens-shaped ducts. In Sec. 3.3, we present special analytical
solutions for both geometries in parabolic coordinates using the method of separation of
variables, and apply perturbation methods for small aspect ratios. For large aspect ratios,
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the Maclaine–Cross approximate method [99] is employed. In Sec. 3.4, we briefly discuss
the numerical solution of these problems using the finite element method. In Sec. 3.5, we
present and discuss the results. Finally, in Sec. 3.6, we provide the main conclusions of the
study.

3.2 Formulation

Consider the steady, laminar, two-dimensional Poiseuille flow of a Newtonian fluid
through ducts with cross-sectional shapes of either a parabolic segment or a lens, both char-
acterized by a width 2ℓ and aspect ratio λ. We normalise all lengths by ℓ, and the axial
velocity by Gℓ2/µ, where G is the constant pressure gradient in the axial direction and µ is
the dynamic viscosity of the fluid. Both configurations are sketched in Figure 3.1.

(a) (b)

Figure 3.1: Sketch of a parabolic segment in panel (a) and a lens in panel (b).

The flow is governed by the Poisson equation

∇
2w = −1, (3.1)

where w = w(x, y) is the dimensionless axial velocity and

∇
2 = ∂2

∂x2
+ ∂2

∂y2
(3.2)

is the Laplace operator.

3.2.1 Parabolic segment

For the parabolic segment duct, the boundary conditions are the no-slip conditions

w(x, y = 0) = 0, (3.3)
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and
w (x, y = λ (1 − x2)) = 0. (3.4)

The dimensionless volumetric flow rate is given by

Q = ∫
1

−1
∫

λ(1−x2)

0
w dy dx. (3.5)

By definition, the Fanning friction factor–Reynolds number product, fRe, can be computed
as follows

fRe = 8A3

P 2Q
, (3.6)

where A is the dimensionless area enclosed by the parabolic segment, and P is the dimen-
sionless wetted perimeter (see, e.g., [33]). It is straightforward to verify that

A = 4λ

3
(3.7)

and

P = 2 + sinh−1 (2λ)
2λ

+
√
1 + 4λ2. (3.8)

3.2.2 Parabolic lens

For the lens-shaped duct, Eq. (3.3) is replaced by

w (x, y = −λ (1 − x2)) = 0, (3.9)

and the dimensionless volumetric flow rate is expressed as

Q = ∫
1

−1
∫

λ(1−x2)

−λ(1−x2)
w dy dx. (3.10)

Similarly, the dimensionless area is

A = 8λ

3
(3.11)

and

P = sinh−1 (2λ)
λ

+ 2
√
1 + 4λ2 (3.12)

is the wetted perimeter.
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3.3 Special analytical solutions

Analytical solutions for Poiseuille flow through parabolic segment and lens-shaped ducts
can be obtained using perturbation methods for λ → 0, separation of variables in parabolic
coordinates for λ = 0.5, and the Maclaine–Cross approximate method for λ→∞.

3.3.1 Parabolic segment

3.3.1.1 λ≪ 1 or λ≫ 1

For a parabolic segment with λ≪ 1, we follow the framework of Ref. [100]. Let

y = λη (3.13)

and
w = λ2 [w0 (x, η) + λ2w2 (x, η) + . . .] , (3.14)

where η = O (1). Substitution of Eqs. (3.13) and (3.14) into Eq. (3.1) yields the successive
orders

∂2w0

∂η2
= −1 (3.15)

and
∂2w2

∂η2
= −∂

2w0

∂x2
. (3.16)

The boundary condition (3.3) gives

w0(x, η = 0) = 0 (3.17)

and
w2(x, η = 0) = 0, (3.18)

while the boundary condition (3.4) leads to

w0(x, η = 1 − x2) = 0 (3.19)

and
w2(x, η = 1 − x2) = 0. (3.20)

The solution of Eq. (3.15), subject to the boundary conditions in Eqs. (3.17) and (3.19), is
given by

w0 = −
η

2
[η − (1 − x2)] . (3.21)

Similarly, solving Eq. (3.16) under the boundary conditions in Eqs. (3.18) and (3.20), we
obtain

w2 =
η

6
[η2 − (1 − x2)2] . (3.22)
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From Eqs. (3.5), (3.14), (3.21) and (3.22), the dimensionless volumetric flow rate is

Q = λ3∫
1

−1
∫

1−x2

0
[w0 (x, η) + λ2w2 (x, η) + . . .]dη dx =

8λ3

105
− 32λ5

945
+O (λ7) . (3.23)

Finally, by substituting Eqs. (3.7), (3.8), and (3.23) into (3.6) and expanding in powers of λ,
we find that

fRe = 140

9
− 280λ2

81
+O (λ4) , (3.24)

from which follows that
lim
λ→0

fRe = 140

9
≈ 15.5556. (3.25)

To determine the limiting value of fRe as λ→∞, we focus directly on our primary quan-
tity of interest, fRe, and employ the Maclaine–Cross formula [99], which in our variables
reads

lim
λ→∞

fRe = lim
λ→∞

96

P 2

(∫
λ

0
2

√
1 − y

λ
dy)

3

∫
λ

0
(2
√

1 − y
λ
)
3

dy

= 160

9
≈ 17.7778. (3.26)

3.3.1.2 λ = 0.5

The natural orthogonal coordinate system for the special case of λ = 0.5 is the parabolic
coordinate system (σ, τ), which is related to the Cartesian coordinate system (x, y) via

x = στ, y = 1

2
(τ 2 − σ2) , (3.27)

where −∞ < σ < ∞ and 0 ≤ τ < ∞ [101]. The scale factors are given by

hσ = hτ =
√
σ2 + τ 2, (3.28)

which allows the Laplace operator (3.2) to be written as

∇
2 = 1

hτhσ
( ∂

2

∂σ2
+ ∂2

∂τ 2
) = 1

(σ2 + τ 2)
( ∂

2

∂σ2
+ ∂2

∂τ 2
) . (3.29)

The differential element of area then becomes

dA = hσhτ dσ dτ = (σ2 + τ 2) dσ dτ. (3.30)

In parabolic coordinates, the problem of Eqs. (3.1), (3.3) and (3.4) reduces to solving

1

(σ2 + τ 2)
(∂

2w

∂σ2
+ ∂

2w

∂τ 2
) = −1, (3.31)
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subjected to the boundary conditions

w (σ = ±τ, τ) = 0, (3.32)

and
w (σ, τ = 1) = 0, (3.33)

Note that the parabolic segment in the (x, y)-plane is mapped onto a right isosceles triangle
in the (σ, τ)-plane, as shown in Figure 3.2.

(a) (b)

Figure 3.2: Mapping of the parabolic segment in the (x, y)-plane (a) to a right isosceles
triangle in the (σ, τ)-plane (b).

The dimensionless volumetric flow rate (3.5) takes the form

Q = ∫
1

0
∫

τ

−τ
w (σ2 + τ 2)dσ dτ. (3.34)

For λ = 0.5, Eqs. (3.7) and (3.8) give

A = 2

3
, (3.35)

and

P = 2 +
√
2 + ln (1 +

√
2) . (3.36)

Let us seek a solution to Eq. (3.31) of the form

w = −1
8
(τ 2 − σ2)2 +

∞

∑
m=1

Wm [cos (αmσ) cosh (αmτ) − cosh (αmσ) cos (αmτ)] , (3.37)

where
αm =

π (2m − 1)
2

(3.38)

It is important to observe that the first term on the right-hand side of Eq. (3.37) represents a
particular solution of Eq. (3.31), while the second term corresponds to a harmonic function.
Furthermore, it can be readily verified that the solution satisfies Eq. (3.32), so the coefficients
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Wm must be determined using the remaining boundary condition (3.33), which leads to

−1
8
(1 − σ2)2 +

∞

∑
m=1

Wm cos (αmσ) cosh (αm) = 0. (3.39)

Multiplying both sides of Eq. (3.39) by cos (αnσ) and integrating with respect to σ from 0
to 1 and solving the resulting equation for Wm, we obtain

Wm = −
2 (−1)m (3 − α2

m)
α5
m cosh (αm)

. (3.40)

Thus, the solution to the problem described by Eqs. (3.31) to (3.33) is now fully determined.
An alternative solution, expressed in the form of a double series, is provided in the Appendix
A.1.

Substituting Eq. (3.40) into Eq. (3.37), and subsequently using the result in Eq. (3.34),
we get

Q = 8

7
− 72

∞

∑
m=1

tanh (αm)
α9
m

≈ 0.0086. (3.41)

Finally, using relations in Eqs. (3.35), (3.36), and (3.41), the friction factor–Reynolds number
product (3.6) can be computed as

fRe ≈ 14.9731. (3.42)

3.3.2 Parabolic lens

3.3.2.1 λ≪ 1 or λ≫ 1

For the parabolic lens-shaped duct, in the limit as λ → 0, the perturbation approach is
analogous to that used for the parabolic segment. Consequently, equations (3.13) through
(3.20) remain valid, with the exception of the boundary conditions (3.17) and (3.18), which,
in this case, are replaced by

w0 (x, η = −(1 − x2)) = 0 (3.43)

and
w2 (x, η = −(1 − x2)) = 0. (3.44)

Solving Eqs. (3.15) and (3.16) subject to the boundary conditions (3.19), (3.20), (3.43), and
(3.44), we obtain

w0 = −
1

2
[η2 − (1 − x2)2] (3.45)
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and
w2 = (1 − 3x2) [η2 − (1 − x2)

2] . (3.46)

Consequently,

Q = λ3∫
1

−1
∫

1−x2

−(1−x2)

[w0 (x, η) + λ2w2 (x, η) + . . .]dη dx =
64λ3

105
− 256λ5

315
+O (λ7) . (3.47)

and, using Eqs. (3.6), (3.11) and (3.12), we get

fRe = 140

9
+O (λ4) , (3.48)

from which follows that
lim
λ→0

fRe = 140

9
≈ 15.5556. (3.49)

Likewise, for the parabolic lens in the limit λ ≫ 1, we employ the Maclaine–Cross
formula [99] to obtain

lim
λ→∞

fRe = lim
λ→∞

96

P 2

(∫
0

−λ
2

√
1 + y

λ
dy + ∫

λ

0
2

√
1 − y

λ
dy)

3

∫
0

−λ
(2
√

1 + y
λ
)
3

dy + ∫
λ

0
(2
√

1 − y
λ
)
3

dy

= 160

9
≈ 17.7778. (3.50)

3.3.2.2 λ = 0.5

(a) (b)

Figure 3.3: Mapping of the parabolic lens in the (x, y)-plane (a) to a rectangle in the (σ, τ)-
plane (b).

By employing parabolic coordinates (3.27), the parabolic lens in the (x, y)-plane is
mapped onto a rectangle in the (σ, τ)-plane, as depicted in Figure 3.3. The governing equa-
tion is the Poisson equation (3.31), and the boundary conditions (3.4) and (3.9) are instead
given by

∂w

∂τ
(σ, τ = 0) = 0, (3.51)
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w (σ = ±1, τ) = 0, (3.52)

and
w (σ, τ = 1) = 0. (3.53)

It is important to draw attention to the fact that the boundary condition (3.51) arises from the
symmetry of the flow about the y-axis. This time we seek a solution to Eq. (3.31) of the form

w = 1

2
(1 + σ2) (1 − τ 2) +

∞

∑
m=1

Wm cosh (αmσ) cos (αmτ) , (3.54)

where αm is given by Eq. (3.38). As in the previous case, the first term in Eq. (3.54) is a
particular solution of Eq. (3.31), while the second term has zero Laplacian. Moreover, it is
straightforward to verify that this solution satisfies the boundary conditions (3.51) and (3.53).
The no-slip condition (3.52) requires that

1 − τ 2 +
∞

∑
m=1

Wm cosh (αm) cos (αmτ) = 0. (3.55)

From the orthogonality of the cosine function, it follows that

Wm =
4(−1)m

α3
m coshαm

. (3.56)

Appendix A.2 provides an alternative solution to this problem, expressed as a double series.

The dimensionless volumetric flow rate (3.5) becomes

Q = ∫
1

0
∫

1

−1
w (σ2 + τ 2)dσ dτ, (3.57)

and by substituting (3.54) into it, we find

Q = 8

5
− 16

∞

∑
m=1

tanh (αm)
α5
m

≈ 0.0579. (3.58)

Since

A = 4

3
, (3.59)

and

P = 2 [
√
2 + ln (1 +

√
2)] , (3.60)

for λ = 0.5, the corresponding friction factor–Reynolds number product (3.6) is

fRe ≈ 15.5242. (3.61)

26



3.4 Numerical solution

The Poisson equation (3.1), subject to Dirichlet boundary conditions for the parabolic
segment (Eqs. (3.3) and (3.4)) and the lens (Eqs. (3.4) and (3.9)), was solved using the fi-
nite element method (FEM) implemented in the open-source software FreeFem [102]. The
two-dimensional fluid domains depicted in Figure 3.1 were discretized using P2 triangular
finite elements. FreeFem’s automatic mesh generation, based on the Delaunay-Voronoi algo-
rithm, was employed. The volumetric flow rate (Eqs. (3.5) and (3.10)) was computed using
Gaussian quadrature via the int2d function in FreeFem.

Figure 3.4: Example of a coarse triangular mesh for the parabolic segment duct at λ = 0.5.

Table 3.2: Absolute (ϵabs) and relative errors (ϵrel) as a function of the number of elements
(N ) at λ = 0.5 for the fRe for the parabolic segment duct.

N 1,012 10,092 100,470 200,076 400,295 800,891
ϵabs 2.80 × 10−3 2.87 × 10−4 2.42 × 10−5 9.42 × 10−6 2.01 × 10−6 1.78 × 10−6
ϵrel (%) 1.87 × 10−2 1.92 × 10−3 1.62 × 10−4 6.28 × 10−5 1.34 × 10−5 1.20 × 10−5

Table 3.3: Absolute (ϵabs) and relative errors (ϵrel) as a function of the number of elements
(N ) at λ = 0.5 for the fRe for the lens-shaped duct.

N 1,004 10,062 101,098 201,306 401,440 800,134
ϵabs 5.59 × 10−3 5.71 × 10−4 4.78 × 10−5 1.76 × 10−5 2.40 × 10−6 1.79 × 10−6
ϵrel (%) 3.60 × 10−2 3.68 × 10−3 3.08 × 10−4 1.13 × 10−4 1.54 × 10−5 1.19 × 10−5

The problem was solved using LU decomposition. Figure 3.4 presents an example of a
computational mesh used in the simulations. For visualization purposes, a coarse mesh with
only 288 triangles is shown. However, to ensure the robustness of the results, approximately
800,000 triangular elements were initially employed. Further analysis revealed that the de-
sired level of precision could be achieved with significantly fewer elements, with around
100,000 being sufficient to guarantee four-digit accuracy.

To validate our numerical solution, we compared it against the analytical values of the
friction factor–Reynolds product presented in Sec. 3.3 for λ = 0.5 for both parabolic segment
and lens-shaped ducts (Eqs. (3.49) and (3.61), respectively). This comparison is documented
in Table 3.2 and Table 3.3, which illustrate the behaviour of the parameter of interest, fRe,
as the number of triangular elements increases.
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A slight variation in error was observed for the lens-shaped duct beyond 100,000 ele-
ments, suggesting a potential convergence threshold for the numerical solution. Nonetheless,
for the purposes of this study, this level of accuracy is deemed sufficient.

3.5 Results

The normalised velocity contours for λ = 1 are shown in panels (a) and (b) of Figure 3.5
for the parabolic segment duct and the lens-shaped duct, respectively. The contours range
from 0 to 0.9wmax in increments of 0.1wmax, where wmax is the maximum dimensionless
axial velocity.

The relationship between the dimensionless volumetric flow rate (Q) and the aspect ratio
(λ) for the parabolic segment duct is shown in panel (a) of Figure 3.6, while for the lens-
shaped duct it is shown in panel (b). In both cases, Q starts at zero when λ = 0 and increases
monotonically as λ rises, reaching its maximum value at λ = 1. Notably, the maximum
flow rate in the lens-shaped duct (0.2776) is substantially higher than that in the parabolic
segment duct (0.0533), reflecting the greater flow capacity of the lens geometry. For small
values of λ, the growth in Q is gradual for both geometries, becoming more pronounced as
λ approaches 1. For instance, in the parabolic segment duct, Q increases from 0.0086 at
λ = 0.5 to 0.0411 at λ = 0.9, while in the lens-shaped duct, the growth follows a similar
pattern, rising from 0.0579 at λ = 0.5 to 0.2237 at λ = 0.9. Despite these differences, the
asymptotic solution derived using perturbation methods performs well in both cases for small
λ. While its accuracy decreases as λ increases, it remains reasonably close to the numerical
solution even beyond its theoretical range of validity. For example, in the parabolic segment
duct, the error is approximately 5% at λ = 0.7 and below 15% at λ = 0.9, similarly, for the
lens-shaped duct, the error is around 1% at λ = 0.3 and remains under 13% at λ = 0.5. Both
geometries demonstrate excellent agreement between numerical and analytical solutions for
the analytical results at λ = 0.5, as expected.

The friction factor–Reynolds number product (fRe) as a function of the aspect ratio
(λ) is shown in panels (a) and (b) of Figure 3.7 for the parabolic segment duct and the
lens-shaped duct, respectively. The corresponding values for the parabolic segment duct
are tabulated in Table 3.4, while those for the lens-shaped duct are in Table 3.5. For the
parabolic segment duct, the relationship starts at fRe = 15.5556 when λ = 0 and follows
a monotonically decreasing trend as λ increases, reaching a minimum of 14.4807 at λ = 1,
with intermediate values such as 14.9731 at λ = 0.5. In contrast, for the lens-shaped duct,
the fRe product also starts at 15.5556 for λ = 0, but decreases until it reaches a minimum of
15.5241 at λ = 0.49 (noting that λ was varied in increments of 0.01, so this was the lowest
value found), after which fRe increases, reaching a maximum of 15.7264 at λ = 1. However,
the overall variation of fRe in the lens-shaped duct is quite small, which is consistent with
observations in [100], where the fRe product was found to be insensitive to aspect ratio
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for a circular lens duct. For both ducts, the solid line represents the numerical solution
obtained via the finite element method, while the dashed line corresponds to the asymptotic
solution. Although the graphical appearance in Figure 3.6 might suggest that the asymptotic
solution has a broader validity range for the dimensionless volumetric flow rate, its accuracy
diminishes as λ increases. In the parabolic segment duct, the error is less than 1% at λ = 0.4,
grows to around 6% at λ = 0.7, and reaches approximately 12% at λ = 0.9. For the lens-
shaped duct, the variation in the fRe error is relatively small, with values of approximately
0.2% at λ = 0.4, decreasing to 0.03% at λ = 0.7, and then increasing to 0.7% at λ = 0.9. The
circle marker in the parabolic segment duct analysis indicates the analytical solution at λ = 0,
derived from Eq. (3.25), and the square marker at λ = 0.5 corresponds to Eq. (3.42). For the
lens-shaped duct, the analytical solutions at λ = 0 and λ = 0.5 are given by Eq. (3.49) and
Eq. (3.61), respectively. For context, for singly connected ducts, the friction factor–Reynolds
number product ranges from 6.486 for an n-sided cusped duct (as n approaches infinity) to
24 for parallel plates [103]. For a circular duct, the value of fRe is 16 (see, e.g., [104]).

(a)

(b)

Figure 3.5: Normalised velocity contour lines for λ = 1, shown for the parabolic segment
duct in panel (a) and the lens-shaped duct in panel (b). Contour levels from the outermost to
the innermost are 0.1, 0.2, . . ., 0.9.

To improve the precision of the fRe approximation for both the parabolic segment duct
and the lens-shaped duct, the values presented in Tables 3.4 and 3.5 respectively can be ac-
curately represented by fifth-degree polynomial fits. Both polynomials share the factor 140

9 ,
which originates from the analytical solution at λ = 0. The coefficients of the polynomi-
als were determined using the least squares method. For the parabolic segment duct, the
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polynomial is given by

fRe = 140

9
(1 + 0.0047λ − 0.2862λ2 + 0.2830λ3 − 0.0435λ4 − 0.0273λ5) , (3.62)

which achieves an error margin of less than 0.03% across the entire range of aspect ratios
λ. Similarly, for the lens-shaped duct, the friction factor–Reynolds number product (fRe) is
approximated by the polynomial

fRe = 140

9
(1 + 0.0027λ − 0.0197λ2 − 0.0394λ3 + 0.1421λ4 − 0.0749λ5) , (3.63)

which approximates the values in Table 3.5 with a deviation of less than 0.02%.

Following the analysis for λ < 1, we now turn to the case of large aspect ratios (λ > 1).
The behaviour of the friction factor–Reynolds number product was investigated numerically
for both geometries. The results are summarised in Tables 3.6 and 3.7 and plotted in Fig-
ure 3.8. In both cases, the numerical data were fitted with fifth-degree polynomials in λ−1

that accurately reproduce the tabulated values. For the parabolic segment duct, the fitted
polynomial is

fRe = 160

9
(1 − 0.4643λ−1 − 0.3131λ−2 + 2.0729λ−3 − 2.3351λ−4 + 0.8551λ−5) , (3.64)

while for the lens-shaped duct it is

fRe = 160

9
(1 − 0.0284λ−1 − 0.7452λ−2 + 1.5761λ−3 − 1.3568λ−4 + 0.4394λ−5) . (3.65)

The maximum relative error between each polynomial and the corresponding numerical data
is 0.13% for the parabolic segment duct and 0.06% for the lens-shaped duct. The analytical
value at λ−1 = 0 (λ→∞), obtained from the Maclaine–Cross formula [99], is fRe = 160/9 ≈
17.7778 for both geometries, as indicated by the triangular markers. In the parabolic segment
duct, fRe decreases as λ−1 increases from 0 to 0.8, reaching 14.4474, and then rises slightly
to 14.4806 at λ−1 = 1. In the lens-shaped duct, fRe decreases more gradually with λ−1, from
17.7778 at λ−1 = 0 to 15.7263 at λ−1 = 1.

For practical applications, it may be of interest to compare the values of fRe for the two
geometries across the full range of λ. Both geometries yield the same value in the limiting
cases λ → 0 and λ →∞, but the value for the lens-shaped duct is never smaller than that for
the parabolic segment duct at the same λ. The largest difference occurs at λ ≈ 1.90, where
the lens-shaped duct exhibits about 11.54% higher fRe.
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(a)

(b)

Figure 3.6: Dimensionless volumetric flow rate as a function of λ for the parabolic segment
duct in panel (a) and the lens-shaped duct in panel (b).

3.6 Conclusion

A novel solution has been presented for steady Poiseuille flow in parabolic segment and
lens-shaped ducts. In both cases, asymptotic solutions were derived for λ → 0 (thin ducts),
while analytical solutions in parabolic coordinates were obtained for λ = 0.5. For λ→∞, the
analysis was reformulated in terms of λ−1, and corresponding limiting values of the friction
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(a)

(b)

Figure 3.7: Friction factor–Reynolds number product as a function of λ for the parabolic
segment duct in panel (a) and the lens-shaped duct in panel (b).

factor–Reynolds number product were computed using the Maclaine–Cross formula [99].
Explicit expressions have been provided for the velocity field, volumetric flow rate, and the
friction factor–Reynolds number product. To investigate other aspect ratios, the finite ele-
ment method was employed. The results confirm the effectiveness of the proposed solutions
across a wide range of aspect ratios. In both geometries, the volumetric flow rate increases
monotonically with λ. In contrast, the friction factor–Reynolds number product follows dis-
tinct trends: for the parabolic segment duct, it decreases monotonically for 0 < λ ≤ 1 and then
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Table 3.4: fRe values for parabolic segment ducts as a function of λ.

λ fRe

0 15.5556*

0.1 15.5217

0.2 15.4270

0.3 15.2899

0.4 15.1321

0.5 14.9731*

0.6 14.8272

0.7 14.7026

0.8 14.6033

0.9 14.5298

1 14.4807

Analytic solutions are indicated by asterisks.

Table 3.5: fRe values for parabolic lens-shaped ducts as a function of λ.

λ fRe

0 15.5556*

0.1 15.5551

0.2 15.5508

0.3 15.5402

0.4 15.5284

0.5 15.5242*

0.6 15.5341

0.7 15.5608

0.8 15.6037

0.9 15.6599

1 15.7264

Analytic solutions are indicated by asterisks.

increases, non-monotonically, for λ ≥ 1, reaching a maximum of 14.4806 at λ = 1; for the
lens-shaped duct, it increases non-monotonically for 0 < λ ≤ 1 and increases monotonically
for λ ≥ 1, attaining a maximum of 17.7778 as λ → ∞. Polynomial approximations were
obtained separately for 0 < λ ≤ 1 and for λ ≥ 1 (expressed in terms of λ−1), achieving relative
errors below 0.02% and 0.12% for the parabolic segment, and below 0.5% and 0.05% for the
lens-shaped duct. The perturbation solution, developed for 0 < λ ≤ 1, remains accurate even
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(a)

(b)

Figure 3.8: Friction factor–Reynolds number product as a function of λ−1 for the parabolic
segment duct in panel (a) and the lens-shaped duct in panel (b).

beyond its theoretical range of validity.

It is important to emphasise that the results presented in this study extend beyond the
specific context of Poiseuille flow. Governed by the two-dimensional Poisson equation with
a constant source term and homogeneous Dirichlet boundary conditions, these findings apply
broadly to analogous physical phenomena across disciplines. In fluid mechanics, they offer
insights into circulating flows in tubes of constant vorticity and groundwater flows driven

34



Table 3.6: fRe values for parabolic segment ducts as a function of λ−1.

λ−1 fRe

0 17.7778∗

0.1 16.9185

0.2 16.1229

0.3 15.4988

0.4 15.0514

0.5 14.7550

0.6 14.5760

0.7 14.4822

0.8 14.4474

0.9 14.4517

1 14.4806

Analytic solutions are indicated by asterisks.

Table 3.7: fRe values for parabolic lens-shaped ducts as a function of λ−1.

λ−1 fRe

0 17.7778∗

0.1 17.6138

0.2 17.3279

0.3 17.0161

0.4 16.7189

0.5 16.4561

0.6 16.2353

0.7 16.0566

0.8 15.9161

0.9 15.8080

1 15.7263

Analytic solutions are indicated by asterisks.

by precipitation. In solid mechanics, they describe torsion and bending of elastic beams as
well as the deflection of membranes, menisci, and soap bubbles. In heat and mass transfer,
the results address resistive heating in electrical wires, viscous dissipation, and reaction-
diffusion in catalyst rods. They also extend to stochastic processes, such as first-passage
times and diffusion-controlled reactions, and to electromagnetism, modelling electrostatic
and magnetic vector potentials. Furthermore, they inform studies of electrokinetic phenom-
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ena, including electro-osmotic flow and streaming currents in porous media. Inspired by
Bazant’s classification of analogous problems [105], these diverse applications highlight the
broad applicability and interdisciplinary significance of the solutions presented in this work.

Finally, we note that the analytical framework developed here can also be applied to
flows in ducts with slowly varying cross-sections, which have been extensively studied in
the literature [106, 107, 108, 109, 110].

A Alternative solutions

In this appendix, we solve the Poiseuille flow through parabolic segment and lens-shaped
ducts using an alternative approach: the eigenfunction expansion method.

A.1 Parabolic segment

The general solution to the Poisson equation in the right isosceles triangle shown in panel
(b) of Figure 3.2, with homogeneous Dirichlet boundary conditions, is given by (e.g., [111])

w =
∞

∑
m=1

∞

∑
n=1

Wmnφmn, (3.66)

where Wmn are unknown coefficients, and

φmn = cos [(αm + βn)σ] cos [(αm − βn) τ] − cos [(αm − βn)σ] cos [(αm + βn) τ] . (3.67)

Here, αm is given by Eq. (3.38) and
βn = πn. (3.68)

Now, we substitute Eq. (3.66) into the Poisson equation (3.31), to find that

2
∞

∑
m=1

∞

∑
n=1

(α2
m + β2

n)Wmnφmn = σ2 + τ 2. (3.69)

After multiplying Eq. (3.69) by φij , integrating over the cross-section, and using orthogo-
nality, Wmn is isolated in the equation, giving

Wmn = −
2

(α2
m − β2

n)
[ 1

αmβn
− βn
α3
m (α2

m + β2
n)
− αmβn

2 (α2
m + β2

n) (α2
m − β2

n)
2 ] . (3.70)

Plugging Eq. (3.70) into Eq. (3.66) and then applying the resulting expression to Eq. (3.34),
we obtain

Q = 4
∞

∑
m=1

∞

∑
n=1

α2
m + β2

n

(α2
m − β2

n)
2 [

1

αmβn
− βn
α3
m (α2

m + β2
n)
− 8αmβn

(α2
m + β2

n) (α2
m − β2

n)
2 ]

2

, (3.71)
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or, equivalently,

Q = 11

1260
− 9

2

∞

∑
n=1

tanh (βn)
β9
n

≈ 0.0086, (3.72)

in agreement with Eq. (3.41), as expected.

A.2 Parabolic lens

To satisfy all four boundary conditions in Eqs. (3.51) to (3.53), we propose a solution of
the form

w =
∞

∑
m=1

∞

∑
n=1

Wmnφmn, (3.73)

where
φmn = cos (αmσ) cos (αnτ) , (3.74)

and αm is defined as in Eq. (3.38). To find Wmn, we substitute Eq. (3.73) into the Poisson
equation (3.31), yielding

∞

∑
m=1

∞

∑
n=1

(α2
m + α2

n)Wmnφmn = σ2 + τ 2. (3.75)

By multiplying both sides of the previous equation by φij and integrating over the rectangle
shown in panel (b) of Figure 3.3, we can isolate Wmn, yielding

Wmn =
8 (−1)m+n

αmαn (α2
m + α2

n)
(1 − 1

α2
m

− 1

α2
n

) . (3.76)

From Eqs. (3.57), (3.73), and (3.76), we obtain the following expression for the volumetric
flow rate

Q = 32
∞

∑
m=1

∞

∑
n=1

α2
m + α2

n

α4
mα

4
n

[ 1

α2
mα

2
n

− 2

α2
m + α2

n

+ α2
mα

2
n

(α2
m + α2

n)
2 ] , (3.77)

which can be rewritten as

Q = 8

5
− 16

∞

∑
m=1

tanh (αm)
α5
m

≈ 0.0579, (3.78)

in accordance with Eq. (3.58).
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Chapter 4

Revisiting Poiseuille flow through
lens-shaped and figure-eight ducts

This chapter is a reproduction of the following publication:

Silva, V. C.; Lopes, A.B. Revisiting Poiseuille flow through lens-shaped and figure-eight
ducts. Mechanics Research Communications, Vol. 150, Article 104570, 2025.

4.1 Introduction

Lens-shaped ducts are bounded by two equal circular arcs that meet at two points to
form a single lobe, whereas figure-eight ducts consist of two lobes joined at a waist [3, 112].
In practice, the former arise in compact internal-flow hardware such as conformal-cooling
channels and tightly packed heat-exchanger passages; related narrow-gap configurations also
occur in subsurface hydraulics and physiology (e.g. fissures in hydraulic fracturing and inter-
endothelial clefts lined with adhesive and protein layers), providing a practical context for
lens-type passages and for crevice formulations developed in recent analyses [113, 114]. The
latter belong to a broader class of multi-lobed passages for which recent studies have mapped
thermo-hydraulic trade-offs [115, 116, 117]. More broadly, Poiseuille flow in non-circular
ducts is part of a well-developed class of exact steady Navier–Stokes solutions governed by
the Dirichlet problem for Poisson’s equation with constant forcing; in this setting, Bazant
[118] identifies seventeen physical analogies spanning fluid/solid mechanics, heat and mass
transfer, stochastic processes, electromagnetism and electrokinetics. Wang’s review [119]
emphasises that such solutions, though scarce, represent fundamental flows whose uniformly
valid structure clarifies basic phenomena and serves as a standard for assessing numerical,
asymptotic and empirical methods.

The fully filled literature for these geometries is sparse compared with the partially filled
case. In the antecedent problem of a partially filled circular pipe, Guo and Meroney [120]
used bipolar coordinates, enforced no-slip at the wall and zero shear at the free surface,
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applied a cosine Fourier transform, and obtained integral representations for the velocity
field, the volumetric flow rate and wall stresses. Fullard and Wake [121] worked in the
same bipolar setting but solved the strip problem differently, using an exponential Fourier
transform to obtain an analytical series for the velocity distribution. Experimentally, Ng et
al. [122] examined laminar and turbulent flows in partially filled pipes, observing strong
agreement with theory in laminar flow. In the fully filled setting, Wang [3] analysed the
lens geometry using an accurate Ritz method and perturbations about the circular and thin
limits, reported the volumetric flow rate, and tabulated the Poiseuille number as a function
of thickness ratio. Using the series of Fullard and Wake [121], together with a symmetry
argument, Irvine and Fullard [112] showed that the no-slip solution extends to fully filled
lens and figure-eight ducts and discussed applications in compact internal flows employing
non-circular passages.

The aim of this paper is to revisit fully filled lens-shaped and figure-eight ducts and
close several gaps. We derive, for the first time, an explicit analytical representation for
the volumetric flow rate across the lens–figure-eight family and, from it, an explicit form
for the Poiseuille number. We also report rare closed-form evaluations at special angles;
because such closed forms are uncommon, we propose their use as stringent benchmarks for
numerical solvers and verification studies. In addition, we present the Poiseuille number for
the figure-eight geometry, extending prior lens-only tabulations [3]. By the same symmetry
considerations described by Irvine and Fullard [112], the representation obtained here also
informs the partially filled circular-pipe problem. From a practical standpoint, we emphasise
the Poiseuille number because, in steady, fully developed laminar flow, it equals the product
of the Fanning friction factor and the Reynolds number; this quantity is used directly for
pressure-drop prediction and is the form tabulated in standard design compilations such as
Shah and London [33] and Rohsenow, Hartnett and Cho [123], and it underpins modern
scaling and modelling of laminar pressure drop in non-circular ducts [124]. In microchannel
studies, geometry exerts a systematic influence on hydraulic resistance across broad families
of shapes [125], and practical correlations estimate friction losses from simple geometric
measures, including area, perimeter and the polar moment of inertia of the cross-section
[126]. Our exact analysis establishes benchmarks for lens and figure-eight sections and
enables the assessment and calibration of geometry-based correlations.

This work is organised as follows. Section 4.2 formulates the lens–figure-eight prob-
lem in bipolar coordinates. Section 4.3 presents an explicit analytical representation for
the volumetric flow rate, derives the associated Poiseuille number, and records closed-form
evaluations at special angles together with asymptotic expansions about limiting geometries.
Section 4.4 analyses and discusses the results and proposes a compact Padé approximant for
the Poiseuille number. Section 4.5 summarises the main conclusions.
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4.2 Formulation

We consider steady, fully developed flow of an incompressible Newtonian fluid with
viscosity µ through a duct of width 2L and aspect ratio b, whose cross-section is lens-shaped
for b < 1, circular at b = 1, and figure-eight for b > 1. The axial pressure gradient is uniform,
G = −dp/dz > 0. Lengths are scaled by L and the velocity by GL2/µ. The axial velocity
w(x, y) is governed by the Poisson equation

∇
2w = −1, (4.1)

subject to the no-slip condition
w = 0 (4.2)

on the arcs
x2 + (y ± c)2 = c2 + 1, (4.3)

where
c = 1 − b2

2b
. (4.4)

Introduce bipolar coordinates (ξ, η) by

x + iy = i cot(η + iξ
2
) , (4.5)

whose scale factors are
hξ = hη =

1

cosh ξ − cos η
. (4.6)

The arcs map to the straight lines η = π ± α, where

α = cos−1( c√
c2 + 1

) . (4.7)

By symmetry, we work in the half-strip ξ ≥ 0, π ≤ η ≤ π + α. The geometry of the flow is
sketched in Figure 4.1.

Using Eqs. (4.5) and (4.6), the problem described by Eqs. (4.1) and (4.2) becomes

(cosh ξ − cos η)2 (∂
2w

∂ξ2
+ ∂

2w

∂η2
) = −1, (4.8)

with boundary conditions
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

w(ξ, π + α) = 0,
∂w

∂η
(ξ, π) = 0,

∂w

∂ξ
(0, η) = 0,

w(∞, η) = 0.

(4.9)
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Figure 4.1: Flow geometry.

The Poiseuille number is given by

Po (α) = 8A3

P 2Q
, (4.10)

where A is the cross-sectional area,

A (α) = 2 (α csc2α − cotα) , (4.11)

P is the wetted perimeter,

P (α) = 4α

sinα
, (4.12)

and Q is the volumetric flow rate,

Q (α) = 4∫
π+α

0
∫
∞

0

w (ξ, η;α)
(cosh ξ − cos η)2

dξ dη, (4.13)

respectively.
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4.3 Solution

Before turning to the general lens-to-figure-eight family, we recall two benchmark so-
lutions from the literature that we will use as reference. We begin with the circular limit
α = π/2 (b = 1). In the unit disc x2 + y2 < 1, the solution of Eqs. (4.1) and (4.2) is the
classical parabolic profile [82]:

w(x, y) = 1 − x2 − y2
4

. (4.14)

The corresponding volumetric flow rate obtained from Eq. (4.13) is

Q(π
2
) = π

8
. (4.15)

Evaluating Eqs. (4.11) and (4.12) at α = π/2 gives

A(π
2
) = π, (4.16)

P (π
2
) = 2π. (4.17)

Substituting A, P , and Q into Eq. (4.10) yields

Po(π
2
) = 16, (4.18)

in agreement with Shah and London [33].

A second benchmark is the right-angle lens obtained in the context of the St. Venant
torsion problem in elasticity by Sokolnikoff and Sokolnikoff [127] and later reported for
duct flows by Wang [3]. It corresponds to α = π/4 (b =

√
2 − 1) and is bounded by the arcs

x2 + (y ± 1)2 = 2. The solution reads

w(x, y) = 1 − x2 − y2
4

+ 1

2π (x2 + y2) [(1 + x2 + y2)2 − 4y2]
× {π (x2 + y2) [(x2 + y2)2 − 1] + x (1 + x2 + y2)

× [4y2 − (1 − x2 − y2)2] lnR

+ y (1 − x2 − y2) [(1 + x2 + y2)2 + 4x2]ϕ} , (4.19)

where

R =
√
(1 − x2 − y2)2 + 4y2

(1 + x)2 + y2
(4.20)

and
ϕ = tan−1( 2y

1 − x2 − y2
) . (4.21)
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From Eqs. (4.11) and (4.12) we obtain

A(π
4
) = π − 2 (4.22)

and
P (π

4
) =
√
2π. (4.23)

The volumetric flow rate is
Q(π

4
) = 3π

4
− 2 − 1

π
, (4.24)

and substitution into Eq. (4.10) yields

Po(π
4
) = 16 (π − 2)3

π (3π2 − 8π − 4)
≈ 15.9159. (4.25)

For completeness, we note that Greenwell and Wang [128] obtained a semi-analytical
solution for the figure-eight configuration with α = 3π/4 (b = 1 +

√
2) by mapping the

boundary to the unit disc and solving a Poisson boundary integral equation. The associated
volumetric flow rate was evaluated numerically using an adaptive Simpson’s rule and is
therefore not included here. We now turn to the general solution.

Following Fullard and Wake [121], a solution to Eq. (4.8) subject to (4.9) is

w (ξ, η) = sinα sin(η − α)
2 (cosh ξ − cos η)

− sin 2α

2π

∞

∑
n=0

(−1)n
2n + 1

sin [An(α + π − η)]Fn(ξ), (4.26)

where

Fn (ξ) = 2F1 (1,An;An + 1;−e−ξ) + 2F1 (1,An;An + 1;−eξ)

− An

An + 1
[e−ξ ⋅ 2F1 (1,An + 1;An + 2;−e−ξ) + eξ ⋅ 2F1 (1,An + 1;An + 2;−eξ)] , (4.27)

and

An =
(2n + 1)π

2α
. (4.28)

In Eq. (4.27), 2F1(a, b; c; z) is the Gauss hypergeometric function [129]. We note that this
analogy had already been employed by Irvine and Fullard in their study of slip-affected dis-
charge in circular, lens, and figure-eight ducts [112]. Beyond the compact cases in Eqs. (4.14)
(α = π/2) and (4.19) (α = π/4), we found no further closed forms for w from Eq. (4.26). We
therefore derive an explicit double-series representation of the velocity field starting from
Guo and Meroney’s integral expression [120]. This addresses Fullard and Wake’s observa-
tion that the Guo–Meroney form is not in closed form [121].
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Guo and Meroney’s integral representation [120] is

w(ξ, η) = sinα sin(η − α)
2 (cosh ξ − cos η)

− sin 2α

2 ∫
∞

0

sinh [k(π + α − η)] cos kξ
sinhkπ cosh(kα)

dk. (4.29)

Using

1

sinhkπ
= 2

∞

∑
n=1

e−(2n−1)πk, (4.30)

1

coshkα
= 2

∞

∑
m=1

(−1)m−1 e−(2m−1)αk, (4.31)

and
sinh[k(π + α − η)] = 1

2
[ek(π+α−η) − e−k(π+α−η)] , (4.32)

and integrating termwise—termwise integration being justified by absolute convergence of
the geometric expansions for k > 0—we obtain

w(ξ, η) = sinα sin(η − α)
2 (cosh ξ − cos η)

− sin 2α
∞

∑
m=1

∞

∑
n=1

(−1)m−1 [ Bmn (η)
B2

mn (η) + ξ2
− Cmn (η)
C2

mn (η) + ξ2
] ,

(4.33)
where

Bmn (η) = 2 (n − 1)π + 2 (m − 1)α + η, (4.34)

and
Cmn (η) = 2nπ + 2mα − η. (4.35)

This yields an exact, integral-free double series for w, convenient for computation. We now
turn to the volumetric flow rate.

Fullard and Wake [121] did not report the volumetric flow rate associated with Eq. (4.26).
Although their velocity field is analytical, evaluating the volumetric flow rate directly from
(4.13) is not straightforward. One may insert the double series in Eq. (4.33) into (4.13) and
interchange summation and integration to obtain Q; a shorter and cleaner route is to recast
Guo and Meroney’s discharge integral for the fully filled, no-slip case [120]. In our variables
it reads

Q (α) = csc4α

4
[(α − sin 2α + 1

4
sin 4α) + 2π sin2 2α∫

∞

0

k tanhkα

sinh2 kπ
dk] . (4.36)

The improper integral (4.36) admits the series representation

∫
∞

0

k tanhkα

sinh2 kπ
dk = 1

α2

∞

∑
n=1

n [ψ1(
πn

2α
) − 2ψ1(

πn

α
) − α2

π2n2
] , (4.37)
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where ψ1 is the trigamma function [129]. Indeed, for k > 0 one can write

1

sinh2 kπ
= 4

∞

∑
n=1

n e−2πnk (4.38)

and
tanhkα = 1 − 2

∞

∑
m=1

(−1)m−1 e−2mαk. (4.39)

Multiplying the series and integrating termwise yields

∫
∞

0

k tanhkα

sinh2 kπ
dk =

∞

∑
n=1

n[ 1

π2n2
− 2

∞

∑
m=1

(−1)m−1
(πn +mα)2

] . (4.40)

At this point, standard duplication/shift identities for the trigamma function [129] reduce the
alternating inner sum to a linear combination of ψ1 evaluated at πn/(2α) and πn/α, which,
after a short simplification, gives exactly (4.37). Despite appearances, the series converges:
the bracketed term is O(n−3) as n→∞, hence the summand is O(n−2).

As a result, the Poiseuille number in (4.10) admits the explicit analytical form

Po (α) = (2α − sin 2α)
3

2α2sin4αQ (α)
, (4.41)

where

Q (α) = csc4α

4
{(α − sin 2α + 1

4
sin 4α) + 2π sin2 2α

α2

∞

∑
n=1

n [ψ1(
πn

2α
) − 2ψ1(

πn

α
) − α2

π2n2
]} .

(4.42)

With this analytical backbone, several rational angles admit closed forms for the dis-
charge; consequently Q(α) and Po(α) do as well. For example,

Q(π
8
) = π

2
(8 + 5

√
2) − 21

2
− 8
√
2 − 1

π
(3 + 2

√
2) ,

Q(π
6
) = 107π

36
− 29
√
3

6
− 3

π
,

Q(π
4
) = 3π

4
− 2 − 1

π
,

Q(π
3
) = 11π

36
−
√
3

2
,

Q(2π
3
) = 17π

72
+
√
3

2
,

Q(3π
4
) = 217π

324
+ 2 − 1

3π
,

Q(5π
6
) = 271π

36
− 53
√
3

6
− 3

π
+ 24V

π
,

(4.43)
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where V is the Gieseking constant [130]. These closed forms follow by specialising α to
rational fractions of π, regrouping the trigamma series into finitely many congruence classes,
and then applying standard reduction formulae for ψ1 so that the infinite sum collapses to a
finite trigonometric combination; routine simplifications yield expressions in radicals and π
(with the Gieseking constant V arising naturally at α = 5π/6). Symbolic steps were carried
out in Maple 2025.1 [131] and Wolfram Mathematica 14.3 [132]; high-precision checks used
Python 3.14.0 with mpmath 1.3.0 [133, 134], agreeing with (4.36) to all reported digits.

The corresponding Poiseuille numbers are

Po(π
8
) = 8(π − 2

√
2)3

π [4π2 + π − 2 −
√
2 (π2 + 6π)]

≈ 15.691,

Po(π
6
) = 48 (2π − 3

√
3)3

π (107π2 − 174
√
3π − 108)

≈ 15.771,

Po(π
4
) = 16 (π − 2)3

π (3π2 − 8π − 4)
≈ 15.916,

Po(π
3
) = 4 (4π − 3

√
3)3

3π2 (11π − 18
√
3)
≈ 15.999,

Po(2π
3
) = 2 (8π + 3

√
3)3

3π2 (17π + 36
√
3)
≈ 16.279,

Po(3π
4
) = 144 (3π + 2)3

π (217π2 + 648π − 108)
≈ 16.797,

Po(5π
6
) = 48 (10π + 3

√
3)3

25π [864V − π (318
√
3 − 271π) − 108]

≈ 17.507.

(4.44)

To the best of our knowledge, these closed-form evaluations of Po(α) at the listed angles
have not been recorded previously.

Expansions about the endpoints and the circular case are

Po(α) ∼

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

140

9
+ 28

27
ε2 +O(ε4) α = ε ≈ 0,

16 + 32(10
π2
− 1) ε2 +O(ε4) α = π

2
+ ε ≈ π

2
,

16 + 32

π
ε +O(ε3) α = π − ε ≈ π.

(4.45)

In particular, the endpoint values follow directly from (4.45): Po(0) = 140/9 and Po(π) = 16.
The coefficients in (4.45) follow by Taylor expanding the elementary prefactors in Q(α) and
using the large–argument expansion of the trigamma function in the series form of (4.36).
Analogous expansions about other rational angles can be generated in the same way (by
differentiating the corresponding closed forms for Q), but for brevity we restrict attention to
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the endpoint and near-circular limits; the α → 0 and α → π
2 cases are consistent with Wang’s

results expressed in terms of the thickness ratio b [3], and we include the α → π figure-eight
endpoint here for completeness.

4.4 Results

In the lens-shaped domain, the case α = π
3 corresponds to the classical vesica piscis,

formed by the intersection of two circles of equal radius. Figure 4.2 shows the isovelocity
contours for this configuration. The curves are nearly circular near the geometric centre,
where the axial velocity attains its maximum, and they gradually stretch into lens-like shapes
as they approach the boundary.

Figure 4.2: Isovelocity curves for α = π/3, with normalised levels 0.1, 0.3, . . . , 0.9 plotted
from the outer to the inner curve.

For π
2 < α < π the cross-section becomes a figure-eight. Figure 4.3 displays isovelocity

contours for α = 2π/3 (a) and α = 5π/6 (b). Unlike circular, elliptical, or rectangular ducts,
where the maximum velocity occurs at the geometric centre, figure-eight sections exhibit
different behaviour: for α ≳ 0.76π the maximum shifts away from the waist towards the
centres of the lobes, an effect analogous to the velocity dip [121]. This phenomenon is well
documented in the literature [121, 112, 135, 136], so we do not examine it further here.

To our knowledge, this appears to be the first report of the Poiseuille number Po across
the complete lens–figure-eight family. Wang [3] treated only the lens regime, parameterising
the geometry by b ∈ [0,1], which corresponds to α ∈ [0, π/2]. The Ritz method adopted
there yields approximate values that depend on basis choice and truncation, and the tabu-
lated results were given to two decimal places; moreover, Wang explicitly notes that the Ritz
method performs poorly near the circular limit (b ≈ 1) and also suffers convergence diffi-
culties for very thin cross-sections (b ≈ 0), for which perturbation methods were used [3].
By contrast, the present work derives an explicit analytical expression for the discharge and
provides Po(α) over the whole interval α ∈ (0, π). Table 4.1 compares the present analyt-
ical values with those of [3] over the lens range and illustrates both the limitations of the
Ritz method and the accuracy achieved here. The present treatment covers the full domain,
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(a) (b)

Figure 4.3: Isovelocity curves for α = 2π/3 (a) and α = 5π/6 (b), with normalised levels 0.1,
0.3, . . . , 0.9 plotted from the outer to the inner curve.

and the results are mutually consistent. In addition, three asymptotic regimes are identified
for this geometry, each in agreement with the general solution within its respective range of
validity. In the present case the validity range is particularly broad, and perturbation meth-
ods yield an excellent approximation, as shown in Figure 4.4. Over (0, π), Po(α) attains a
unique global maximum at α ≈ 0.89π, where Po(α) ≈ 17.76; this does not coincide with
the threshold at which the location of the maximum axial velocity splits from a single peak
at the waist to two symmetric off-waist peaks. To provide a complete overview, Table 4.2
reports Po (to three decimal places) as a function of the angle α. For independent verifi-
cation, the Poisson problem defined by Eqs. (4.1) and (4.2) was also solved in Cartesian
coordinates using the finite element method (FEM) in FreeFEM++ [137]. Exploiting sym-
metry, computations were performed on one quarter of the cross-section with homogeneous
Neumann conditions along the symmetry lines. Meshes were generated automatically by the
Delaunay–Voronoi algorithm, and the domain was discretised with quadratic (P2) triangular
elements. The volumetric flow rate was evaluated by Gaussian quadrature via the int2d
operator in FreeFEM++. The FEM results agree with the analytical values to all reported
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digits.

Table 4.1: Poiseuille number Po as a function of b. Each entry shows our analytical value
followed by Wang (2008) in parentheses.

b Po
0 15.56 (15.56)

0.1 15.59 (15.60)
0.2 15.69 (15.69)
0.3 15.81 (15.80)
0.4 15.90 (15.90)
0.5 15.97 (15.98)
0.6 16.00 (16.00)
0.7 16.01 (16.03)
0.8 16.01 (16.03)
0.9 16.00 (16.01)
1 16.00 (16.00)

Figure 4.4: Poiseuille number Po as a function of α. The solid line is the analytical solution
given by Eq. (4.41); the dashed line shows the perturbation solutions of Eq. (4.45). Squares
denote Wang’s Ritz-method results [3], and circles mark the closed-form evaluations from
Eqs. (4.18), (4.25), and (4.44).

To obtain a domain-wide approximation, the traditional approach of fitting a single fifth-
degree polynomial over the full interval [114, 80, 37] performs poorly for this curve and
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Table 4.2: Poiseuille number Po as a function of α.

α Po
0○ 15.556
10○ 15.586
20○ 15.666
30○ 15.771
40○ 15.873
50○ 15.952
60○ 15.999
70○ 16.014
80○ 16.008
90○ 16.000
100○ 16.019
110○ 16.099
120○ 16.279
130○ 16.590
140○ 17.030
150○ 17.507
160○ 17.758
170○ 17.352
180○ 16.000

yields a much larger maximum error. We therefore use a Padé approximant [138] that is uni-
form on 0 ≤ α ≤ π, simple to evaluate, and consistent with the endpoint limits; in particular,
it is exact at α = 0. The 6/6 form is

Po(α) ≈ 140

9

1 +
6

∑
n=1

anα
n

1 +
6

∑
n=1

bnα
n

, (4.46)

where
a1 = −

39100

43459
, a2 =

89051

82273
, a3 = −

27405

33121
,

a4 =
32765

98949
, a5 = −

3617

53382
, a6 =

257

44277
,

(4.47)

and
b1 = −

56156

62427
, b2 =

95167

93907
, b3 = −

30911

40904
,

b4 =
9187

29274
, b5 = −

7122

99331
, b6 =

653

90719
.

(4.48)

This rational approximation has a maximum relative error of about 0.012%.
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4.5 Conclusions

We revisit steady, fully developed Poiseuille flow in lens-shaped and figure-eight ducts.
Building on an integral representation adapted from Guo and Meroney [120], we derive an
explicit analytical expression for the volumetric flow rate Q(α) and, from it, the correspond-
ing Poiseuille number Po(α). The formulation recovers the classical circular and right-angle
lens benchmarks and extends prior lens-only treatments to the full lens–figure-eight fam-
ily. Several closed-form evaluations at special angles were identified; these provide stringent
benchmarks for analysis and numerical verification. An equivalent, rapidly convergent series
in terms of the trigamma function was also recorded, which is convenient for computation.

Asymptotic expansions were obtained in three regimes—thin lens, near circular, and
strongly constricted figure-eight—and were consistent with the general solution within their
ranges of validity. For practical use, a compact 6/6 Padé approximant for Po(α) was con-
structed; it is exact at α = 0 and exhibits a maximum relative error of about 0.012%. The
closed forms and the Padé approximant together provide ready-to-use references for design
calculations and for code verification in noncircular, multi-lobed passages.

By direct analogy with the partially filled circular-pipe problem, the corresponding dis-
charge–depth relations follow within the same framework; we simply note this connection
here and refer to Ref. [112] for context.
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Chapter 5

Startup of Poiseuille flow in triangular
ducts

This chapter is a reproduction of the following publication:

Silva, V. C.; Lustosa, B. P.; Lopes, A.B. Startup of Poiseuille flow in triangular ducts.
Zeitschrift für Angewandte Mathematik und Physik (ZAMP), Vol. 76, No. 6, Article 241,
2025.

5.1 Introduction

Although rare, exact solutions to the Navier–Stokes equations play a fundamental role in
fluid mechanics, serving both as theoretical benchmarks and as tools for validating numerical
methods [139, 140, 34].

Among classical flows, Poiseuille flow, defined as pressure-driven motion through an
infinitely long duct of constant cross-section, is one of the most thoroughly studied. In the
steady-state regime, numerous analytical solutions have been compiled, notably by Shah
and London [33], the principal reference on fully developed duct flows. See also the works
of Jog [141] and Berker [142]. Steady-state solutions continue to be an active subject of
research, with new results regularly reported [79, 143, 144, 88].

In contrast, exact analytical solutions for the startup of Poiseuille flows remain remark-
ably scarce. Table 5.1 summarizes studies on the startup of Poiseuille flow in ducts reported
in the literature.

In this work, we derive new exact solutions for the startup of Poiseuille flow in ducts with
triangular cross-sections. In the steady-state regime, exact analytical solutions are known for
three domains: the equilateral triangle, the hemi-equilateral triangle (30○–60○–90○), and the
right-angled isosceles triangle (45○–45○–90○). However, among these, only the equilateral
case has had its counterpart in startup of Poiseuille flow previously reported [154]. Here, we
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Table 5.1: Studies in startup of Poiseuille flow in ducts.

Geometry Method Reference Year
Circular duct Separation of variables Ref. [145] 1932
Annular sector duct Separation of variables Ref. [146] 1936
Rectangular duct Separation of variables Ref. [147] 2003
Semi-circular duct Separation of variables Ref. [148] 2005
Circular sector duct Separation of variables Ref. [149] 2011
Equilateral triangular duct Eigenfunction superposition Ref. [150] 2016
Regular polygonal duct Eigenfunction superposition Ref. [151] 2016
Elliptical duct Eigenfunction superposition Ref. [152] 2018
Stadium-shaped duct Eigenfunction superposition Ref. [153] 2020

address the startup problem for the two remaining configurations.

Triangular and other non-circular ducts arise in various engineering fields, including
aerospace, nuclear, chemical, biomedical, and electronics sectors [155, 156]. Non-circular
microchannels have also been employed in microfluidic devices, compact heat exchangers,
and lab-on-a-chip systems such as DNA extraction, biosensors, blood sampling, and glucose
monitoring [157, 158].

Sec. 5.2 presents the formulation of the startup problem. Sec. 5.3 outlines the general
solution via eigenfunction superposition method. Applications to hemi-equilateral and right-
angled isosceles triangular ducts are discussed in Sec. 5.4, followed by concluding remarks
in Sec. 5.5.

5.2 Formulation

We consider the startup flow of an incompressible Newtonian fluid of viscosity µ and
density ρ in a straight duct of uniform cross-section Γ. The fluid, initially at rest, is set into
motion by the sudden application of a constant axial pressure gradient of magnitude −G,
corresponding to a startup of Poiseuille flow. Assuming the motion remains unidirectional,
the axial component of the Navier–Stokes equations reduces to a heat equation with a source
term for the axial velocity. Introducing a characteristic length scale L, we scale velocities by
GL2/µ and time by ρL2/µ, so that the governing equation becomes

∂w

∂t
= ∇2w +H(t), (5.1)

where w(x, y, t) is the axial velocity and H(t) is the Heaviside step function. The boundary
condition is w = 0 on ∂Γ, and the initial condition is w = 0 at t = 0.
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5.3 Solution

The Laplace transform of Eq. (5.1) with respect to time yields

sw = ∇2w + 1

s
, (5.2)

where w(x, y, s) denotes the Laplace transform of w(x, y, t), and s > 0. The solution is
written as

w = ∑
j

W j ϕj, (5.3)

where W j(s) are unknown coefficients and ϕj(x, y) are eigenfunctions of the Laplacian
satisfying

∇
2ϕj + λjϕj = 0, ϕj = 0 on ∂Γ, (5.4)

with eigenvalues λj ordered increasingly. It can be shown that the corresponding eigenfunc-
tions are mutually orthogonal and form a complete orthogonal set [159].

Substitution into Eq. (5.2), followed by projection and use of orthogonality, gives

W j =
αj

βjs (s + λj)
, (5.5)

where
αj =

x

Γ

ϕj dxdy, βj =
x

Γ

ϕ2
j dxdy. (5.6)

Inverting the transform term by term yields the solution

w = ∑
j

αj

βjλj
ϕj (1 − e−λjt) . (5.7)

The flow rate is then

Q =
x

Γ

w dxdy = ∑
j

α2
j

βjλj
(1 − e−λjt) , (5.8)

and its steady limit as t→∞ is

Q∞ = ∑
j

α2
j

βjλj
. (5.9)

A mathematically equivalent formulation, which avoids the use of Laplace transforms, was
proposed by Wang [151] in his analysis of the startup of Poiseuille flow in regular polygonal
ducts.

The Poiseuille number is
Po = 8A3

P 2Q∞
, (5.10)

where A and P denote the cross-sectional area and wetted perimeter of the duct.
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Scaled by GL, the mean shear stress is given by

τ̄ = 1

P ∮∂Γ
τw ds = − 1

P ∮∂Γ
(τxz nx + τyz ny) ds, (5.11)

where τw is the wall shear stress, n = (nx, ny) is the outward unit normal to ∂Γ, and

τxz =
∂w

∂x
= ∑

j

αj

βjλj

∂ϕj

∂x
(1 − e−λjt) (5.12)

and
τyz =

∂w

∂y
= ∑

j

αj

βjλj

∂ϕj

∂y
(1 − e−λjt) (5.13)

are the only nonzero shear-stress components.

5.4 Results

The approach presented in Sec. 5.3, based on the eigenfunction superposition method, is
a powerful technique widely used to solve problems governed by Laplace-type operators. Its
main limitation lies in the requirement of a complete set of eigenfunctions and eigenvalues
for the associated Helmholtz problem, which is only available for a limited class of domains,
including rectangles, circular and annular regions, and three triangular cross-sections: the
hemi-equilateral triangle (30○–60○–90○), the right-angled isosceles triangle (45○–45○–90○),
and the equilateral triangle (60○–60○–60○) [160].

We now present exact analytical solutions for the startup of Poiseuille flow in two right
triangular ducts: the hemi-equilateral and the right-angled isosceles triangles. These domains
are among the few for which the Laplace operator admits a complete set of trigonometric
eigenfunctions under homogeneous Dirichlet conditions [161]. The equilateral case, not
considered here, was treated by Wang [151].

5.4.1 Hemi-equilateral triangular duct

Consider the domain Γ = {(x, y) ∈ R2 ∶ 0 < x < 1, 0 < y < x/
√
3}, which defines a

hemi-equilateral triangular cross-section (Fig. 5.1).

The eigenfunctions of the Laplacian in this domain satisfy Eq. (5.4) and are indexed by
pairs of positive integers m,n ∈ Z+. They are given by [162, 163]

ϕmn = sin(mπx) sin [
(3m + 2n)πy√

3
]+sin[(2m+n)πx] sin(nπy√

3
)−sin[(m+n)πx] sin [(3m + n)πy√

3
] ,

(5.14)
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x

y

1

Figure 5.1: Hemi-equilateral triangular duct.

(a) (b) (c)

(d) (e) (f)

Figure 5.2: Dirichlet eigenfunction nodal domains for the hemi-equilateral triangle: (a) λ11,
(b) λ12 (c) λ21, (d) λ13, (e) λ22 and (f) λ14.

with corresponding eigenvalues

λmn =
4π2

3
(3m2 + 3mn + n2). (5.15)

The first six eigenvalues, λ11 ≈ 92.1163, λ12 ≈ 171.0731, λ21 ≈ 250.0300, λ13 ≈ 276.3489,
λ22 ≈ 368.4652, and λ14 ≈ 407.9436, correspond to the eigenfunctions whose nodal domains
are shown in Fig. 5.2.

Eqs. (5.6) and (5.14) give

αmn =
√
3

π2
[ 1 − (−1)m
m(3m + 2n)

+ 1 − (−1)n
n(2m + n)

− 1 − (−1)m+n
(m + n)(3m + n)

] , βmn =
√
3

8
. (5.16)
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Substituting into Eq. (5.7), the velocity field becomes

w =
∞

∑
m=1

∞

∑
n=1

8

λmnπ2
[ 1 − (−1)m
m(3m + 2n)

+ 1 − (−1)n
n(2m + n)

− 1 − (−1)m+n
(m + n)(3m + n)

]ϕmn (1 − e−λmnt) .

(5.17)
The flow rate, from Eqs. (5.8) and (5.16), is

Q =
∞

∑
m=1

∞

∑
n=1

8
√
3

λmnπ4
[ 1 − (−1)m
m(3m + 2n)

+ 1 − (−1)n
n(2m + n)

− 1 − (−1)m+n
(m + n)(3m + n)

]
2

(1 − e−λmnt) ,

(5.18)
which tends to

Q∞ ≈ 1.9785 × 10−3. (5.19)

Fig. 5.3 shows the velocity field computed from Eq. (5.17).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(a)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(b)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(c)

Figure 5.3: Velocity field in the hemi-equilateral triangular duct: (a) t = 0.005, (b) t = 0.01,
and (c) t = 0.1. The colour scale is normalized by the steady-state maximum velocity, wmax ≈
0.0157.

Substituting the cross-sectional area A =
√
3/6 and perimeter P = 1 +

√
3 into Eq. (5.10)

gives
Po ≈ 13.0317. (5.20)

57



The steady solution for Poiseuille flow in the hemi-equilateral triangular duct may be
obtained by analogy with two classical problems of identical mathematical form. Seth [164]
employed conformal mapping to compute the velocity field in a rotating cylinder with a 30○–
60○–90○ triangular cross-section, while Hay [165] applied the method of images to determine
the torsional stress in a beam with the same geometry. For the sake of comparison, we adopt
the latter, as it yields a direct expression for the quantities of interest.

By identifying Hay’s Prandtl stress function with the velocity field, the solution reads

w∞ =
(x − 1)(−x2 − x + 3y2)

6
−
∞

∑
n=1

2

n3π3
χn(x, y), (5.21)

where

χ2n−1 =
sin[(2n − 1)πx] {

√
3(−1)n+1 sinh[(2n − 1)πy] + cosh [(2n − 1)π(−2y +

√
3)/2]}

cosh[3(2n − 1)ξ]
,

(5.22)

χ2n = −
sin(2nπx) [(−1)n cosh(2nπy) + cosh [nπ(−2y −

√
3)]]

(−1)n + cosh(6nξ)
, (5.23)

and
ξ = π

2
√
3
. (5.24)

A corresponding expression for the flow rate is obtained by identifying Hay’s torsional rigid-
ity with the volumetric flow rate:

Q∞ =
7
√
3

1080
+ 1

2π5
[3 (H1 +H2 +H3 +H4 +

√
3H5) + 5 (H6 +

√
3H7)] , (5.25)

with

H1 =
∞

∑
n=1

1

(2n)5
sinh(2nξ)

(−1)n + cosh(6nξ)
, H2 =

∞

∑
n=1

(−1)n+1
(2n)5

sinh(4nξ)
(−1)n + cosh(6nξ)

, (5.26)

H3 = −
∞

∑
n=1

1

(2n)5
sinh(6nξ)

(−1)n + cosh(6nξ)
, H4 =

∞

∑
n=1

1

(2n − 1)5
sinh[(2n − 1)ξ]
cosh[3(2n − 1)ξ]

, (5.27)

H5 =
∞

∑
n=1

(−1)n
(2n − 1)5

cosh[2(2n − 1)ξ]
cosh[3(2n − 1)ξ]

, H6 = −
∞

∑
n=1

1

(2n − 1)5
sinh[3(2n − 1)ξ]
cosh[3(2n − 1)ξ]

, (5.28)

H7 =
∞

∑
n=1

(−1)n+1
(2n − 1)5

1

cosh[3(2n − 1)ξ]
. (5.29)

Numerical evaluation of Eq. (5.25) agrees with the result obtained from the eigenfunction
superposition method in Eq. (5.19).
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On the horizontal segment (0 ≤ x ≤ 1, y = 0), the shear stress is

τw,1 = τyz(x,0) =
∞

∑
m=1

∞

∑
n=1

αmn

βmn λmn

∂ϕmn

∂y
(x,0) (1 − e−λmnt) . (5.30)

On the vertical segment (x = 1, 0 ≤ y ≤ 1/
√
3), the shear stress is

τw,2 = −τxz(1, y) = −
∞

∑
m=1

∞

∑
n=1

αmn

βmn λmn

∂ϕmn

∂x
(1, y) (1 − e−λmnt) . (5.31)

On the inclined segment (0 ≤ x ≤ 1, y = x/
√
3), the shear stress is

τw,3 =
1

2
τxz (x,

x√
3
) −
√
3

2
τyz (x,

x√
3
)

= 1

2

∞

∑
m=1

∞

∑
n=1

αmn

βmn λmn

[∂ϕmn

∂x
(x, x√

3
) −
√
3
∂ϕmn

∂y
(x, x√

3
)] (1 − e−λmnt) . (5.32)

From Eq. (5.11), one obtains

τ̄ = 1

1 +
√
3
[∫

1

0
τw,1 dx + ∫

1/
√
3

0
τw,2 dy +

2√
3
∫

1

0
τw,3 dx] . (5.33)

Each of the three integrals in (5.33) can be expressed in analytic form, but the resulting
expressions are omitted for brevity. In the steady-state limit t→∞, one finds

τ̄∞ =
√
3

6 (1 +
√
3)
≈ 0.1057. (5.34)

Fig. 5.4 shows the corresponding steady-state shear-stress distribution along the duct. Line
segments depict relative shear magnitude, their lengths proportional to the local shear-stress
intensity.

Figure 5.4: Steady-state shear stress distribution in a hemi-equilateral triangular duct.
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5.4.2 Right-angled isosceles triangular duct

Now consider the right-angled isosceles triangular duct, whose cross-section is given by
Γ = {(x, y) ∈ R2 ∶ 0 < x < 1, 0 < y < 1−x}, as illustrated in Fig. 5.5. The eigenfunctions and
associated eigenvalues of Eq. (5.4) in this domain are given by [166]

ϕmn = sin [(m + n)πx] sin(nπy) − (−1)m sin [(m + n)πy] sin(nπx), (5.35)

and
λmn = [(m + n)2 + n2]π2, (5.36)

where m,n ∈ Z+. The first six eigenvalues are λ11 ≈ 49.3480, λ21 ≈ 98.6960, λ12 ≈ 128.3049,
λ31 ≈ 167.7833, λ22 ≈ 197.3921, and λ13 ≈ 246.7401. The nodal domains corresponding to
these eigenfunctions are shown in Fig. 5.6.

x

y

1

Figure 5.5: Right-angled isosceles triangular duct.

The coefficients αmn and βmn, from Eqs. (5.6) and (5.36), are

αmn =
1

π2

1 − (−1)m
n(m + n)

[1 − (−1)n (m + n)
2 + n2

(m + n)2 − n2
] , βmn =

1

4
. (5.37)

It is worth noting that Eq. (11) in Ref. [166] contains a typographical error: the factor (−1)m

appearing in the second term should read (−1)n.

Substituting into Eq. (5.7), the velocity field becomes

w =
∞

∑
m=1

∞

∑
n=1

4

λmnπ2

1 − (−1)m
n(m + n)

[1 − (−1)n (m + n)
2 + n2

(m + n)2 − n2
]ϕmn (1 − e−λmnt) , (5.38)
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(a) (b) (c)

(d) (e) (f)

Figure 5.6: Dirichlet eigenfunction nodal domains for the isosceles right triangle: (a) λ11,
(b) λ21 (c) λ12, (d) λ31, (e) λ22 and (f) λ13.

and the corresponding flow rate is

Q =
∞

∑
m=1

∞

∑
n=1

4

λmnπ4

[1 − (−1)m]2
n2(m + n)2

[1 − (−1)n (m + n)
2 + n2

(m + n)2 − n2
]
2

(1 − e−λmnt) . (5.39)

In the long-time limit, this series converges to

Q∞ ≈ 6.5224 × 10−3. (5.40)

The velocity field given by Eq. (5.38) is illustrated at selected times in Fig. 5.7.

From Eqs. (5.10) and (5.40), with A = 1/2 and P = 2 +
√
2, it follows that

Po ≈ 13.1526. (5.41)

Alternatively, the steady solution derived by Proudman [167] reads, in our variables,

w∞ =
y (1 − x − y)

2
+
∞

∑
n=1

sin [2N(1 − x)] sinh(2Ny) − sinh [2N(1 − x)] sin(2Ny)
2N3 sinh(2N)

, (5.42)
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Figure 5.7: Velocity field in the right-angled isosceles triangular duct: (a) t = 0.005, (b)
t = 0.01, and (c) t = 0.1. The colour scale is normalized by the steady-state maximum
velocity, wmax ≈ 0.0295.

where
N = (2n − 1)π

2
. (5.43)

Integration of Eq. (5.42) over the triangular domain yields the steady flow rate

Q∞ =
1

48
−
∞

∑
n=1

coth(N)
8N5

, (5.44)
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whose numerical value matches that obtained from Eq. (5.39).

On the horizontal segment (0 ≤ x ≤ 1, y = 0), the shear stress is

τw,1 = τyz(x,0) =
∞

∑
m=1

∞

∑
n=1

αmn

βmnλmn

∂ϕmn

∂y
(x,0) (1 − e−λmnt) . (5.45)

On the vertical segment (x = 0, 0 ≤ y ≤ 1), the shear stress is

τw,2 = τxz(0, y) =
∞

∑
m=1

∞

∑
n=1

αmn

βmnλmn

∂ϕmn

∂x
(0, y) (1 − e−λmnt) . (5.46)

On the inclined segment (0 ≤ x ≤ 1, y = 1 − x), the shear stress is

τw,3 = −
1√
2
[τxz (x,1 − x) + τyz (x,1 − x)]

= − 1√
2

∞

∑
m=1

∞

∑
n=1

αmn

βmnλmn

[∂ϕmn

∂x
(x,1 − x) + ∂ϕmn

∂y
(x,1 − x)] (1 − e−λmnt) . (5.47)

From Eq.(5.11), the mean wall shear stress is

τ̄ = 1

2 +
√
2
[∫

1

0
τw,1 dx + ∫

1

0
τw,2 dy +

√
2∫

1

0
τw,3 dx] . (5.48)

Although each integral in Eq. (5.48) can be evaluated analytically, the explicit formulas are
lengthy and are therefore not displayed here. Taking the limit t→∞ gives

τ̄∞ =
1

2 (2 +
√
2)
≈ 0.1464, (5.49)

and the corresponding steady distribution along the three sides is shown in Fig. 5.8.

5.5 Conclusion

This study presented new exact analytical solutions for the startup of Poiseuille flow in
hemi-equilateral and right-angled isosceles triangular ducts. By employing the eigenfunction
superposition method, we derived series solutions for the transient velocity field, volumet-
ric flow rate, and wall shear stress distribution, thereby extending the classical steady-state
solutions to the time-dependent regime. The analytical expressions obtained here provide
valuable benchmarks for validating numerical simulations and for investigating transient
phenomena in non-circular ducts.

Together with the equilateral-triangle case previously solved by Wang [151], these results
complete the set of triangular cross-sections that admit trigonometric eigenfunctions of the
Laplacian under Dirichlet boundary conditions.
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Figure 5.8: Steady-state shear stress distribution in a right-angled isosceles triangular duct.

64



Chapter 6

Revisiting Darcy–Brinkman flow through
an elliptic tube

This chapter is a reproduction of the following publication:

Lopes, A. B.; Far, M. E. F.; Silva, V. C. Revisiting Darcy–Brinkman Flow Through an Elliptic
Tube. Transport in Porous Media, Vol. 153, No. 1, pp. 13, 2025.

6.1 Introduction

Fully developed laminar flow through tubes of uniform cross-section under a constant
pressure gradient, commonly referred to as Poiseuille flow, has long been a central problem
in fluid mechanics. Exact solutions are of considerable interest in engineering applications
and continue to serve as benchmarks for both theoretical analysis and numerical validation,
with a comprehensive summary for over 30 geometries available in the seminal reference
by Shah and London [33]. The extension to porous media, however, remains relatively less
explored, particularly in the context of Darcy–Brinkman flow. While Poiseuille flow leads to
a Poisson equation, the inclusion of a linear drag term in Darcy–Brinkman flow results in a
nonhomogeneous Helmholtz equation. As a consequence, analytical solutions are available
only for a limited set of canonical geometries, including parallel plates, rectangular ducts,
circular tubes, and concentric annuli, as compiled in the technical report by Ramacharyulu
[168]. Other contributions include exact solutions for elliptic tubes [169], semi-circular
tubes [170], sector-shaped tubes [171], and, more recently, equilateral triangular tubes [172].

Although the velocity field in an elliptic tube was derived by Narasimhacharyulu and
Pattabhiramacharyulu [169], the corresponding Poiseuille number was not. This remains the
only Darcy–Brinkman case among those cited without an exact expression for this hydrody-
namic parameter, which is of utmost importance in practical applications. The present work
revisits the elliptic geometry and completes the analytical description by deriving, for the
first time, an exact series expression for the Poiseuille number.
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Figure 6.1: Cross-section of the elliptic tube.

Elliptic geometries and their variants arise naturally in heat exchangers, microfluidic sys-
tems, and biomedical flows. In the context of Poiseuille flow, recent theoretical contributions
include works on semi-elliptic tubes [173, 174, 175], confocal semi-elliptic annuli [79], and
quarter-elliptic tubes [144]. For Darcy–Brinkman flow, aside from the classical solution by
Narasimhacharyulu and Pattabhiramacharyulu [169], the most notable theoretical contribu-
tions are those by Haji-Sheikh and Vafai [176] and Wang [177], who employed the Ritz
method to compute approximate solutions for elliptic and super-elliptic cross-sections, re-
spectively.

6.2 Formulation

We consider the steady, fully developed flow of an incompressible fluid through a tube
filled with a Darcy-Brinkman medium. The tube has elliptical cross-section with semi-axes
L and bL, where b is the aspect ratio. The flow is driven by a constant axial pressure gradient
−G, and the axial direction is z. The fluid has density ρ and dynamic viscosity µ; the satu-
rated porous matrix has effective viscosity µe and permeability K. Lengths are scaled by L,
and velocity by GL2/µe. The cross-section of the elliptic tube is shown in Fig. 6.1.

The non-dimensional axial velocity w(x, y) satisfies the Darcy-Brinkman equation

∇
2w − s2w + 1 = 0, (6.1)

where s = L/
√
µeK/µ is the porous medium parameter.

We introduce elliptic coordinates (ξ, θ) via the conformal mapping [178]

x + iy = c cosh(ξ + iθ), (6.2)
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where c =
√
1 − b2 is the dimensionless linear eccentricity. In these coordinates, Eq. (6.1)

becomes
2

c2(cosh2ξ − cos 2θ)
(∂

2w

∂ξ2
+ ∂

2w

∂θ2
) − s2w = −1, (6.3)

and the wall corresponds to the ellipse ξ = ξ0, with ξ0 = tanh−1 b.

The boundary conditions are the no-slip condition

w∣ξ=ξ0 = 0, (6.4)

along with the symmetry conditions

∂w

∂ξ
∣
ξ=0

= ∂w
∂θ
∣
θ=0

= ∂w
∂θ
∣
θ=π

2

= 0. (6.5)

The non-dimensional volumetric flow rate, scaled by GL4/µe, is

Q = 2c2∫
ξ0

0
∫

π
2

0
w (cosh2ξ − cos 2θ)dθ dξ, (6.6)

and the Poiseuille number is given by

Po = 8A3

P 2Q
, (6.7)

where
A = πb, (6.8)

is the non-dimensional area, and

P = 4E (1 − b2) , (6.9)

is the wetted perimeter. In Eq. (6.9), E(k) is the complete elliptic integral of the second
kind [179].

6.3 Solution

The solution to Eqs. (6.3)–(6.5) was first obtained by [169], and is given by

w = 1

s2

⎡⎢⎢⎢⎢⎣
1 + 2π

∞

∑
n=0

(−1)n+1A(2n)0

Ce2n(ξ0,−q)F2n

Ce2n(ξ,−q) ce2n(θ,−q)
⎤⎥⎥⎥⎥⎦
, (6.10)

where
ce2n(θ,−q) = (−1)n

∞

∑
r=0

(−1)rA(2n)2r cos(2rθ), (6.11)
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and
Ce2n(ξ,−q) = (−1)n

∞

∑
r=0

(−1)rA(2n)2r cosh(2rξ), (6.12)

are even and modified Mathieu functions, respectively [180]. Here, A(2n)2r are Fourier coeffi-
cients,

F2n =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

2π, n = 0,

π, n ≥ 1,
(6.13)

and the Mathieu parameter is

q = c
2s2

4
. (6.14)

We note that Eq. (17) in [169] contains a typographical error: the first occurrence of
Ce2n(ξ,−q) should read Ce2n(ξ0,−q). The velocity field is thus known. We now derive
exact expressions for the flow rate and Poiseuille number.

Rather than substituting Eq. (6.10) directly into Eq. (6.6) to evaluate the non-dimensional
volumetric flow rate, we proceed differently. Multiplying both sides of Eq. (6.3) by cosh2ξ−
cos 2θ and integrating θ from 0 to π/2 and ξ from 0 to ξ0, we obtain

2

c2 ∫
ξ0

0
∫

π
2

0
(∂

2w

∂ξ2
+ ∂

2w

∂θ2
)dθ dξ − s

2Q

2c2
= −π sinh2ξ0

4
, (6.15)

from which follows that

Q = 1

2s2
[πc2 sinh2ξ0 + 8∫

ξ0

0
∫

π
2

0
(∂

2w

∂ξ2
+ ∂

2w

∂θ2
)dθ dξ] . (6.16)

Applying Green’s theorem to the double integral in Eq. (6.16), we obtain

∫
ξ0

0
∫

π
2

0
(∂

2w

∂ξ2
+ ∂

2w

∂θ2
)dθ dξ = ∫

π
2

0

∂w

∂ξ
∣
ξ=ξ0

dθ, (6.17)

where the symmetry conditions in Eq. (6.5) have been used. Hence,

Q = π

2s2
[c2 sinh2ξ0 +

8

π ∫
π
2

0

∂w

∂ξ
∣
ξ=ξ0

dθ] . (6.18)

Substituting Eq. (6.10) into Eq. (6.18) yields

Q = π

2s2

⎡⎢⎢⎢⎢⎣
c2 sinh2ξ0 +

16

s2

∞

∑
n=0

(−1)n+1A(2n)0 Ce′2n(ξ0,−q)
Ce2n(ξ0,−q)F2n

∫
π
2

0
ce2n(θ,−q)dθ

⎤⎥⎥⎥⎥⎦
, (6.19)

where Ce′2n(ξ,−q) is the derivative of the modified Mathieu function with respect to ξ. From
the Fourier expansion (6.11), we find

∫
π
2

0
ce2n(θ,−q)dθ =

(−1)nπA(2n)0

2
, (6.20)
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which leads to the exact expression

Q = π

2s2
[c2 sinh2ξ0 −

8π

s2

∞

∑
n=0

(A(2n)0 )
2 Ce′2n(ξ0,−q)
Ce2n(ξ0,−q)F2n

] . (6.21)

Then
Po = π3b3

2 [E (1 − b2)]2Q
. (6.22)

This result has not been reported before.

Direct evaluation of Eq. (6.21) requires the computation of modified Mathieu functions
and their derivatives, which is known to be numerically delicate due to their oscillatory
nature and stiffness [181]. To ensure numerical stability and accuracy, we employed high-
precision symbolic–numerical routines in Maple 2025. The coefficients A(2n)0 were obtained
by numerical integration, based on Eq. (6.20).

It is useful to observe that, for a clear viscous fluid (s = 0) flowing through an elliptic
tube,

Po = 2π2(1 + b2)
[E (1 − b2)]2

. (6.23)

For a circular tube (b = 1), Eq. (6.22) becomes

Po = 2s2

1 − 2I1(s)
sI0(s)

, (6.24)

as reported by [177], where In(s) is the modified Bessel function of the first kind of order n.
Both expressions (6.23) and (6.24) follow as limiting cases of Eq. (6.22).

6.4 Results

Once the analytical expressions of interest were obtained, isovelocity curves were plotted
to provide a clearer physical interpretation of the phenomena involved. Fig. 6.2 shows the
normalized velocity contours for b = 0.5 and increasing values of the porous-medium param-
eter s, as obtained from Eq. (6.10). As s increases from 1 to 10, the velocity profile becomes
more flattened, with sharper gradients near the boundary and a nearly uniform core. This
behavior reflects the increased damping associated with the porous matrix. In all cases, the
contours conform to the elliptic geometry, and the innermost contours shrink significantly
with increasing s. The transition to a plug-like profile is evident, consistent with the known
behavior of Darcy–Brinkman flows in confined geometries.

69



(a)

(b)

(c)

Figure 6.2: Normalized velocity contour lines for b = 0.5 and (a) s = 1, (b) s = 5, and (c)
s = 10. Contours levels from the outermost to the innermost are 0.1, 0.3, . . ., 0.9.

Since the exact expression for Q in Eq. (6.21) is an infinite series, we truncate at N = 64,
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which yields ten-digit stability across (s, b). Convergence was checked by doubling the
number of retained terms. For small s (e.g. s ≤ 10), N = 8 already suffices, but we adopt
N = 64 uniformly.

0 10 20 30 40 50 60 70 80 90 100
101

102

103

104

s

Po

b = 1
b = 0.75
b = 0.5
b = 0.25

0 1 2 3 4
15

20

25

30

Figure 6.3: Poiseuille number, Po, versus s for four elliptic tubes. Lines are finite-element
results; circles are analytical values from Table 6.1.

Because [176] and [177] report only 4–5 significant digits, we validate the series by
a finite-element computation in FreeFEM [102], solving Eq. (6.3) subject to Eqs. (6.4)
and (6.5). Quadratic Lagrange (P2) elements are employed on dyadically refined struc-
tured meshes 128 × 128, 256 × 256, and 512 × 512, with Richardson extrapolation [182]
to 1024 × 1024; area integrals use FreeFEM’s Gaussian quadrature. Fig. 6.3 summarizes
the comparison: Po is plotted against s for four aspect ratios, with lines from the Richard-
son–extrapolated FEM solution and circles from the series (Eqs. (6.22), (6.23) and (6.24));
the inset highlights the small-s regime, where the agreement is likewise excellent. Table 6.1
reports Po for selected (s, b), listing the series value and, in parentheses, the extrapolated
FEM value. In the great majority of cases the two values coincide to all ten reported digits;
when differences occur they are usually confined to the last one or two digits. The largest
observed relative difference is 1.19 × 10−4 (about 0.012%) at (s, b) = (100,0.25); elsewhere
the differences are smaller.

6.5 Conclusions

We complete the isothermal Darcy–Brinkman analysis for elliptic tubes by deriving an
exact series for the flow rate, which yields the Poiseuille number directly. The derivation
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hinges on the Mathieu-function representation and a Green-identity reduction that converts
area integrals to boundary terms. The expression recovers the classical clear-fluid elliptic
result and the circular Brinkman limit, and it is consistent with the finite-element solutions
reported here. Beyond settling the outstanding analytical case, the formula offers a high-
accuracy benchmark for numerical methods and asymptotic approximations in porous-duct
flows.
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Chapter 7

Numerical Implementation

In this section, we present the FreeFEM implementation associated with each paper in
order to clarify the procedures adopted and to highlight the actual technical effort involved,
including steps that might not be immediately apparent from the published results.

7.1 FreeFEM

FreeFEM [102] is an open-source finite element software dedicated to the numerical so-
lution of systems of partial differential equations. It is built around a high-level language
with a C++ syntax that allows users to define weak (variational) formulations in a way that
closely mirrors their mathematical expressions, facilitating a direct translation from theory
to implementation. Governing equations, boundary conditions, and coupling terms can be
introduced directly at the variational level, without requiring explicit assembly of system
matrices. This feature makes FreeFEM particularly well suited for problems involving non-
standard operators, customized boundary conditions, or parameter-dependent formulations.

One of the main advantages of FreeFEM is its extensive support for mesh generation and
manipulation. The software allows for the construction of meshes directly from geometric
descriptions and also supports the import of meshes generated by external tools, ensuring
compatibility with other computational softwares, such as Gmsh [183]. Furthermore, adap-
tive mesh refinement and remeshing procedures are natively available, enabling the user to
improve the resolution of localized phenomena such as boundary layers, singularities, and
sharp gradients. As an open-source platform, FreeFEM offers integration with external li-
braries and fast numerical solvers, including interfaces to advanced linear algebra packages
and parallel computing frameworks.

Due to these characteristics, FreeFEM has been widely adopted in academic re-
search [184, 185, 186]. For these reasons, it is employed in the present work as the pri-
mary computational environment. The algorithm implemented in FreeFEM is guided by the
following steps: geometric definition, mesh generation, finite element discretization, time in-
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tegration, and post-processing. Selected fragments of the computational script are presented
below to illustrate the main implementation steps.

7.1.1 Definition of the computational domain

The boundary of the computational domain is defined parametrically using the border
keyword. Each border corresponds to a segment of the boundary and is described as a func-
tion of a specified parameter, in this case t ∈ [0,1] meaning that the time variable follows
a path from 0 to 1 and reversing its orientation t ∈ [1,0] would correspond to an evolution
from 1 to 0.

border C01(t=0,1){ x = 1 - t; y = 0; label = 1; }

border C02(t=0,1){ x = 1; y = (1 - t)/sqrt(3); label = 2; }

border C03(t=0,1){ x = t; y = t/sqrt(3); label = 3; }

Applying the formulation to a triangular cross section, for illustrative purposes, whose
boundary is described by the following parametric border segments, these border definitions
describe a closed contour formed by straight line segments that together form an equilateral
triangular cross section with vertices at (0,0), (1,0), (1,

√
3/3). The parametric representa-

tion facilitates future modifications or extensions, if needed.

In addition, is notable that the contour is defined with a clockwise orientation, determin-
ing the direction of the outward normal vector according to FreeFEM’s convention. The
correct orientation is essential for the evaluation of boundary integrals and for the imposi-
tion of boundary conditions in the variational formulation, while the integer labels associated
with each border segment allow for the assignment of independent boundary conditions to
different portions of the boundary.

7.1.2 Mesh generation

Once the boundary is defined, the mesh is generated using the command buildmesh,
which internally employs a Delaunay–Voronoi triangulation algorithm. The Delaunay-
–Voronoi algorithm is a method for generating meshes by connecting points to form tri-
angles. It is based on maximizing the minimum angle of the triangles in the mesh. By doing
so, it avoids the formation of long and narrow elements, leading to improved mesh quality
and improved numerical stability.

mesh Th = buildmesh( C01(40) + C02(40) + C03(40) );

The integer arguments inside the border definition specify the number of discretization
points on each border segment, controlling the mesh density and the divisions in each bound-
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ary. The resulting mesh object Th contains the connectivity, nodal coordinates, and element
information required for the finite element assembly.

The geometric quantities of the domain, such as the total area and the perimeter, are
evaluated directly from the mesh Th and later used for obtaining the Poiseuille number.

7.1.3 Numerical integration

The finite element formulation involves the evaluation of domain integrals. Since these
integrals generally cannot be computed analytically on arbitrary meshes and curved geome-
tries, numerical quadrature rules are employed.

A quadrature rule is a numerical technique used to approximate integrals when an exact
evaluation is not feasible. Instead of computing the integral directly, the idea is to evaluate the
function at a finite number of carefully chosen points f(ξℓ) inside the domain and combine
these values using predefined weights ωℓ. In this way, the continuous integral is replaced
by a finite weighted sum, which can be efficiently computed by a CPU. Quadrature rules
are widely used in numerical methods, particularly in the finite element method, to evaluate
integrals arising from variational formulations.

∫
D
f(x)dx ≈

L

∑
ℓ=1

ωℓf(ξℓ). (7.1)

A quadrature rule is said to be exact for polynomials of degree up to r if (7.1) reproduces
exactly the integral of any polynomial f of degree at most r.

In finite element formulations, the integrands typically involve products of basis func-
tions and their gradients. These quantities are polynomial functions when standard Lagrange
elements are used. By choosing an appropriate Gaussian quadrature rule, these integrals can
be evaluated either exactly or with negligible numerical error, ensuring that the accuracy of
the solution is preserved.

The integrals appearing in the variational formulation are decomposed into sums of inte-
grals over individual mesh elementsK ∈ Th. Each elemental integral is mapped to a reference
element, where standard quadrature rules are applied. The choice of the quadrature order is
consistent with the polynomial degree of the basis functions in order to preserve the accuracy.

In the present implementation, numerical integration is handled internally by the
FreeFEM library, which automatically selects appropriate quadrature rules for each form.

7.1.4 Finite element space

The finite element approximation space Vh is defined as a space of continuous piecewise
quadratic functions (P2) over the mesh Th using the keyword fespace to define the finite-
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dimensional space necessary to find the solution.

fespace Vh(Th, P2);

Vh u, v, uold;

The unknown field u and the test function v are declared as elements of this space, while
uold stores the solution from the previous time step, in this case, it is already stored as
uold= 0.

7.1.5 Variational formulation

The weak form of the transient Poisson equation is implemented inside the problem
area. The problem is defined by introducing a variational form that incorporates both the
spatial discretization and the temporal advancement within a single formulation.

problem vPoisson (u, v)

= int2d(Th)(u*v/dt + grad(u)’ * grad(v))

- int2d(Th)(f * v)

- int2d(Th)(uold*v/dt)

+ on(1, u=0);

Dirichlet boundary conditions are enforced weakly through the variational formulation
by prescribing a vanishing velocity at the boundary. The remaining formulation follows the
classical Galerkin approach, as the trial and test functions are chosen from the same finite
element space.

7.1.6 Time integration loop

At each time step, the solution obtained at the previous instant is stored and employed
as initial data for the subsequent iteration. In the present implementation, the time advance-
ment is carried out within the variational formulation itself, as the temporal discretization is
embedded in the function vPoisson. As a result, a Poisson-type problem is solved repeat-
edly at each time step, advancing the solution in time through an implicit time discretization
scheme.

for (int n = 0; n < Nt; n++)

{

uold = u;

vPoisson;

}

At each iteration, the linear system associated with the variational problem is solved, and
the updated solution is stored for the next time step.
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7.1.7 Post-processing

Integral quantities of interest are evaluated directly from the numerical solution using
Freefem’s quadrature integration.

Uh ff = 1;

real perim = int1d(Th,1)(ff);

real area = int2d(Th)(ff);

real vaz = int2d(Th)(u);

real maxu = u[].max;

real fre = 8*area^3/perim^2/vaz;;

The volumetric flow rate is computed by numerical integration of the velocity field over the
cross-section, while the geometric area is obtained directly from the mesh, both using the
int2d command. In contrast, the wetted perimeter requires integration along the boundary
and is therefore computed using the int1d command applied to the domain border. These
quantities are used to evaluate the Poiseuille number (fRe).

In addition, the maximum value of the velocity field is extracted using the FreeFEM
instruction u[].max, which provides the peak nodal velocity for comparison with the max-
imum velocity found analytically.

The numerical solutions developed in the context of this dissertation are employed as a
validation and investigation tool for cases where analytical treatment is unavailable. In all
papers presented in this work, the consistency between analytical and numerical solutions
was verified, although this validation step was not always explicitly reported in the final
manuscripts. The level of detail dedicated to numerical validation on each paper depended
on the scope of each contribution and journal context, particularly when the primary focus
was placed on theoretical developments or analytical advances.

7.2 Discussion

7.2.1 Poiseuille flow through parabolic segment and lens-shaped ducts

In Chapter 3, the Poisson equation with homogeneous Dirichlet boundary conditions
is solved for each considered geometry, including both parabolic and parabolic–lens cross
sections. For this purpose, a dedicated mesh generation procedure is carried out for every
geometry and for the corresponding values of the geometric parameter The parameter α is
varied over a wide range, from α = 0.03 up to α = 104, which corresponds to the practical
operational limits of the available machine.

The mesh generation is performed independently for each configuration, with the objec-
tive of obtaining meshes containing approximately 8×105 quadratic (P2) triangular elements.
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This upper limit is dictated primarily by the available random access memory (RAM) of the
computational platform used to solve the problem.

Since the adopted discretization strategy is based on subdividing each boundary segment
into a prescribed number of intervals, the final number of elements in the mesh cannot be
determined a priori. To address this issue, preliminary mesh-generation runs are performed
for three representative cases: the geometry with the smallest area, the geometry with the
largest area, and an intermediate configuration. Based on the resulting element counts, an
empirical scaling law of the form

n(α) = A −Bαp, (7.2)

was adopted, where n denotes the number of subdivisions imposed on each boundary seg-
ment, α is the geometric parameter, and A, B, and p are fitting constants determined from
preliminary mesh-generation runs.

It is worth noting that the linear systems arising from the finite element discretization
are solved using a direct solver for all problems presented in this work, providing an exact
solution of the algebraic system and a sufficient level of accuracy. Nevertheless, if one were
willing to relax exactness requirements, the resulting linear systems could alternatively be
solved using iterative methods, such as the Conjugate Gradient (CG) or GMRES algorithms.
Iterative solvers offer greater flexibility with respect to problem size, as they require sig-
nificantly less random access memory than direct solvers as they rely primarily on sparse
matrix–vector products. As a consequence, they allow the use of meshes with a larger num-
ber of elements, at the expense of introducing a controllable error prescribed by convergence
tolerance.

The script for running this problem can be found in Listing A.1.

7.2.2 Revisiting Poiseuille flow through lens-shaped and figure-eight
ducts

For this work, we solved the Poiseuille problem, subject to the no-slip boundary condi-
tion at the walls, now considering circular lens and figure-eight geometries. These domains
are generated from the intersection of two circular disks with equal radius, where the rel-
ative distance between the disk centers governs the shape of the cross section. For small
separations, the intersection yields a convex lens-shaped domain bounded by circular arcs,
in contrast to the parabolic lens geometry analyzed in our previous work. In a limiting con-
figuration, the geometry reduces to a circular cross section, and for larger separations, the
domain transitions into a figure-eight shape, consisting of two lobes connected through a
narrow region.

As in the previous cases, quadratic finite elements (P2) were employed and the mesh is
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(a) Mesh for α = π/3. (b) Mesh for α = 2π/3.

Figure 7.1: Finite element meshes generated in FreeFEM.

displayed on Figure 7.1. However, these geometries introduce a clear numerical difficulty
related to the presence of sharp geometric corners, points formed at the intersection of the
circular boundaries in the figure–eight configuration. At these locations, the boundary reg-
ularity deteriorates, which adversely affects both mesh generation and the accuracy of the
numerical solution, even when higher-order elements are used.

To mitigate this issue, we exploited the inherent symmetry of the domain and solved the
problem only on a single quadrant. Symmetry boundary conditions were imposed along both
the coordinate axes,

∂u

∂x
= 0 and

∂u

∂y
= 0, (7.3)

This approach significantly reduces the influence of the geometric singularities on the
mesh quality and enhances the robustness of the finite element solution.

As shown in Figure 4.4, the Poiseuille number exhibits a markedly different behavior
before and after π

2 . This change is directly linked to the geometric transition of the cross
section, evolving from a lens to a circular shape and subsequently to a figure-eight geometry.
In the latter regime, the so-called dip phenomenon arises, characterized by the presence of
two distinct local maxima of the velocity field, each located within one of the lobes. The
finite element method captures this behavior with high accuracy, and both the maximum ve-
locity values and their respective locations were verified against the corresponding analytical
solution.

The script associated with this problem is shown in Listing A.2.
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7.2.3 Startup of Poiseuille flow in triangular ducts

In this chapter, we now turn our attention to the transient Poiseuille flow in two well-
defined duct geometries that are particularly favorable for triangular mesh generation, the
hemi-equilateral and the right-angled isosceles triangle (Fig. 7.2). In contrast to the steady
configurations analyzed previously, the present study focuses on the transient Poiseuille
problem given in Eq. 2.34. As a result, the velocity field is time-dependent, producing a
distinct solution at each time step. A nondimensional time step of ∆t ≈ 10−3 was adopted,
and temporal variations become practically negligible after an initial transient, for t ≈ 0.2.

(a) Hemi-equilateral triangle mesh. (b) Right-angled isosceles triangle mesh.

Figure 7.2: Triangular meshes generated in FreeFEM.

In addition to the velocity field, we compute the wall shear stress, defined as the mean
normal derivative of the velocity along the boundary,

τw = −
1

P ∮∂Ω
(∂u
∂x
nx +

∂u

∂y
ny) ds (7.4)

where n = (nx, ny) denotes the outward unit normal vector and P is the wetted perimeter.
In the numerical implementation, this expression is evaluated as

real shear = int1d(Th,1)( -(dx(u)*N.x + dy(u)*N.y) )/P;.

Here, dx(u) and dy(u) represent the spatial derivatives of the velocity field, projected onto
the corresponding components of the outward normal vector, and integrated along the trian-
gular boundary segment identified by the prescribed boundary label. It is worth emphasizing
that, for boundary segments parallel to the coordinate axes, one of the normal components
vanishes, and consequently the associated contribution to the shear stress is zero. In the trian-
gular case, only one boundary segment has a normal vector with both nonzero components,
due to the chosen orientation of the geometry.

An additional numerical aspect concerns the choice of finite elements. Since quadratic
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(P2) elements are employed, the velocity gradient along the boundary is piecewise linear,
ensuring continuity of the shear-stress field. If linear (P1) elements were used instead, the
derivative would be piecewise constant, leading to discontinuities in the shear-stress distri-
bution and a characteristic staircase-like profile.

The numerical implementation is provided in Listing A.3.

7.2.4 Revisiting Darcy–Brinkman flow through an elliptic tube

We conclude the analysis by considering a different governing equation, specifically a
nonhomogeneous Helmholtz equation arising from the addition of a linear drag term in the
Darcy–Brinkman model. In this problem, the computational domain is elliptical and defined
by a geometric aspect factor b.

To solve this problem, a coordinate transformation was employed to map the elliptical
domain expressed in Cartesian coordinates (x, y) onto a rectangular domain in the Elliptic
coordinate system (ξ, θ). With this change, the governing equation of the problem becomes

2

c2(cosh2ξ − cos 2θ)
(∂

2w

∂ξ2
+ ∂

2w

∂θ2
) − s2w = −1. (7.5)

This transformation enables the construction of a structured triangular mesh with a well-
controlled number of elements, as illustrated in Figure 7.3. In addition, domain symmetries
were again exploited. In the elliptic coordinate system, these symmetries are represented by
the derivatives

∂w

∂ξ
∣
ξ=0

= ∂w
∂θ
∣
θ=0

= ∂w
∂θ
∣
θ=π

2

= 0. (7.6)

(a) Structured mesh (elliptic coordinates). (b) Unstructured mesh (Cartesian coordinates).

Figure 7.3: Comparison between meshes represented in different coordinate systems.

This strategy allows us to circumvent the plug-like velocity behavior characteristic of
elliptical geometries, which would otherwise require a very fine mesh to be accurately re-
solved.

Despite these advantages, the coordinate transformation introduces a Jacobian that must
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be consistently accounted for in the computation of integral quantities, such as the volu-
metric flow rate. This Jacobian explicitly depends on both Cartesian coordinates x and y
and therefore this spatial dependence prevents the Jacobian from being factored out of the
integrals and requires its pointwise evaluation within the numerical quadrature.

To further enhance the accuracy of the numerical results of the Poiseuille number, a grid
study was conducted using Richardson extrapolation [182]. Three structured meshes were
generated with increasing refinement levels, consisting of 128 × 128 (M3), 256 × 256 (M2),
and 512 × 512 (M1) elements, yielding a constant refinement ratio of r = 2.

The Poiseuille number (Po), which is the primary quantity of interest, was computed
for each mesh configuration. Assuming the solutions are in the asymptotic range, the grid-
independent value (Poext) was estimated using the solutions from the two finest meshes (M1

and M2) according to the extrapolation formula

Poext = Po1 +
Po1 − Po2

rp − 1
, (7.7)

where Po1 and Po2 correspond to the values obtained on the 512×512 and 256×256 meshes,
respectively, and p represents the order of convergence of the numerical scheme. This pro-
cedure yielded results with accuracy up to eight decimal places, which were subsequently
compared against the analytical solution.

The numerical implementation is provided in Listing A.4.
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Chapter 8

Conclusion

This dissertation investigated the finite element modelling of different configurations of
internal flows in various duct geometries. The governing equations were formulated as a
Poisson equation for the axial velocity field, with an unsteady contribution or a Brinkman
correction depending on the problem and solved using a Galerkin finite element approach.

A complete variational formulation was derived and discretized in space using contin-
uous triangular elements. The numerical implementation was carried out in the FreeFEM
environment, which allowed direct construction of geometries borders, automatic mesh gen-
eration based on Delaunay–Voronoi triangulation, and easy boundary conditions implemen-
tation. The implicit Euler scheme was adopted for time integration, providing stable conver-
gence towards the steady-state solution.

The numerical results demonstrated that the proposed formulation accurately captures the
velocity field locally and globally as well as its transient evolution. Mesh refinement analysis
reaffirmed the convergence of the method, and the computed integral quantities with quadra-
ture, such as volumetric flow rate and Poiseuille number, showed consistent behaviour with
reference solutions. The finite element method was proved to be particularly advantageous
for handling geometries defined by implicit equations or parametric boundaries, which are
difficult to treat using structured grid approaches.

The finite element methodology outlined in this section underpins all investigations pre-
sented in this dissertation. A brief summary of the contributions of each paper is summarized
as:

Chapter 3

• Development of new analytical and numerical solutions for steady Poiseuille flow in
parabolic segment and parabolic lens-shaped ducts, geometries that are previously un-
explored in the literature.

• Derivation of asymptotic solutions using perturbation methods for small aspect ratios,
providing explicit approximate expressions for the velocity field, volumetric flow rate,

84



and friction factor–Reynolds number product in the thin-duct limit.

• Construction of exact analytical solutions in parabolic coordinates for a special case
of intermediate aspect ratio, using a change of coordinates that makes the application
of separation of variables feasible.

• Application of the Maclaine–Cross approximate formula to determine the limiting be-
haviour of the friction factor–Reynolds number product for large aspect ratios.

• Numerical investigation using the finite elements method for all aspect ratios, includ-
ing a analysis of mesh convergence and validation against analytical and asymptotic
solutions.

• Identification and characterization of the monotonic and non-monotonic dependence
of the volumetric flow rate and friction factor–Reynolds number product on the aspect
ratio for both parabolic segment and lens-shaped ducts.

• Construction of polynomial correlations for the friction factor–Reynolds number prod-
uct in both the small and large aspect ratio limits, achieving relative errors below prac-
tical thresholds.

• Extension of the analytical development and results beyond the fluid mechanics frame-
work, highlighting its applicability to a broader class of physical problems governed
by the Poisson equation with homogeneous Dirichlet boundary conditions.

Chapter 4

• An explicit analytical formulation is derived for the volumetric flow rate.

• Closed-form values of the Poiseuille number are obtained at specific geometric angles,
including the figure-eight configuration.

• A general analytical representation of the Poiseuille number is established, together
with an efficient computational strategy based on a trigamma-series expansion which
demonstrated to be rapidly convergent.

• A full-domain formulation is developed to quantitatively characterize the existence
and transition of the figure-eight regime, allowing a description of the flow behavior
over the entire parameter range.

• A uniform 6/6 Padé approximant is constructed to provide an accurate global approxi-
mation of the Poiseuille number, achieving a maximum relative error of approximately
0.012% over the full parameter domain.

Chapter 5
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• Derivation of new exact analytical solutions for the transient Poiseuille flow in two
triangular ducts not previously treated in the literature: the hemi-equilateral triangle
and the right-angled isosceles triangle.

• Application of the eigenfunction superposition method to non-separable geometries,
enabling the construction of a series representation of transient solutions in triangu-
lar domains that admit complete trigonometric eigenfunctions under homogeneous
Dirichlet boundary conditions.

• Explicit determination of wall shear stress distributions as a function of time along
each side of the triangular cross sections, together with analytical expressions for the
mean wall shear stress in the steady-state limit.

• Validation of the steady solutions by comparison with reference results available in the
literature, confirming the accuracy of the proposed formulations.

• Completion of the family of triangular duct geometries admitting exact transient so-
lutions based on trigonometric eigenfunctions, complementing the previously known
equilateral triangle case.

Chapter 6

• Establishment of a new formulation that allows the direct computation of the volu-
metric flow rate and the Poiseuille number for Darcy–Brinkman flow in elliptic tubes,
filling a gap in the available analytical results.

• Identification and correction of a typographical inconsistency in the classical solution
for the elliptic-tube velocity field, ensuring the mathematical consistency of the previ-
ous analytical formulation.

• Recovery of canonical limiting cases, including the clear fluid Poiseuille problem so-
lution and the circular Darcy–Brinkman tube.

• High-precision evaluation of the analytical series using symbolic–numerical computa-
tion, addressing the numerical stiffness of Mathieu functions and ensuring convergence
across the entire range of porous-medium parameters and aspect ratios.

• Independent validation of the analytical results through finite element simulations with
Richardson extrapolation and due mesh convergence, achieving agreement at the level
of up to ten significant digits.

• Documentation of a high-accuracy benchmark solution for the verification of numer-
ical solvers and asymptotic approximations in Helmholtz-type equations with homo-
geneous Dirichlet boundary conditions.
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8.1 Future work

The methodology developed in this dissertation provides a flexible basis for several ex-
tensions and complementary investigations. Some of the directions outlined below are al-
ready being pursued as part of ongoing work:

• Couette and Rayleigh–Stokes flows. The treatment of the pure Couette flow in
non-circular geometries, such as the isosceles triangular duct, constitutes a natural
extension of the present study. In addition, the transient response of a viscous fluid
subjected to impulsive boundary motion, the Rayleigh–Stokes problem, can be in-
vestigated using the same Freefem script by simply modifying a boundary condition
and the source term. These classical problems models phenomena encountered in
micro-electromechanical systems (MEMS) startup flows, industrial dip-coating pro-
cesses and extruders [187, 188, 175].

• Non-Newtonian fluid models. The extension of the present transient formulation to
non-Newtonian fluids represents an important step toward practical applications. By
introducing constitutive models such as the Maxwell and Oldroyd-type fluids, its pos-
sible to study elastic effects and additional time scales, leading to a more complex
transient dynamics and modified velocity distributions. Regarding industrial applica-
tions, specifically, the Maxwell fluid is widely used to predict the behavior of molten
plastics in large-amplitude oscillatory shear flow [189, 190]

• Heat transfer analysis. The coupling of the momentum equation with the energy
equation enables the investigation of forced convection in non-circular ducts. This
extension allows for the solution of the thermal boundary value problems classified
by Shah and London [33]. Specifically, it is possible to address two heat flux cases
(H1 and H2 conditions). The combined analysis of velocity and temperature fields
is essential for determining the Nusselt number. This parameter is relevant to the
design of compact heat exchangers and thermal management in electronic systems. It
is particularly applicable to modeling phase-change components, such as evaporators
and condensers, as well as in solar thermal collectors [35, 191, 192].

• Slip-flow regimes and partial slip boundary conditions in ducts. The extension
of the present formulation to slip-flow regimes allows the investigation of rarefied or
micro-scale flows in which the no-slip boundary condition is no longer valid. By in-
corporating partial slip or Navier slip boundary conditions at the duct walls, it becomes
possible to capture the velocity jump at the fluid-solid interface. Accurate modeling
of this regime is critical in modern engineering applications, such as the design of
hard disk drives, where the lubrication film thickness is on the order of nanometers.
Furthermore, slip effects play a dominant role in gas transport through nanoporous
shale reservoirs and in the thermal management of micro–electromechanical systems
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(MEMS), where velocity discontinuity at the wall significantly alters the pressure drop
and mass flow rate compared to continuum predictions [193, 194, 195].

• Three-dimensional extensions and multidisciplinary applications. Although the
present work focuses on two-dimensional cross-sectional formulations, the methodol-
ogy can be naturally extended to three-dimensional configurations. Furthermore, the
underlying mathematical structure of the Poisson equation governs fundamental phe-
nomena beyond fluid mechanics. Consequently, the numerical solutions developed can
be directly mapped to other physical domains, such as determining electrostatic poten-
tial distributions in dielectrics, modeling steady-state diffusion with reaction terms,
and solving gravitational potential problems [105], thereby broadening the applicabil-
ity of the work.
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Appendix A

Codes

A.1 Poiseuille flow through parabolic segment and lens-
shaped ducts

1 f o r ( r e a l a l p h a = 0 . 5 ; a l p h a <= 2 . 0 ; a l p h a +=0 .001) {
2

3 / / P a r a m e t e r s
4 func f = 1 . ;
5 c o u t . p r e c i s i o n ( 1 0 ) ;
6 a l p h a = 1 / a l p h a ;
7

8 / / Mesh
9 i n t o u t = 1 ;

10

11 b o r d e r C01 ( t = −1 , 1 ) {x= t ; y= −( t ^2 −1) * a l p h a ; l a b e l = o u t ; }
12 b o r d e r C02 ( t = −1 , 1 ) {x=− t ; y =( t ^2 −1) * a l p h a ; l a b e l = o u t ; }
13

14 i n t n11 = 2500 − 1000*pow ( a lpha , 0 . 1 5 ) ;
15

16 mesh Th = bu i ldmesh ( C01( − n11 ) + C02( − n11 ) ) ;
17 p l o t ( Th ) ;
18

19 / / Fespace
20 func Pk = P2 ;
21 f e s p a c e Uh ( Th , Pk ) ;
22 Uh u ;
23

24 / / Macro
25 macro g rad (A) [ dx (A) , dy (A) ] / /
26

27 / / Problem
28 v a r f v P o i s s o n ( u , uh )
29 = i n t 2 d ( Th ) ( g r ad ( u ) ’ * g rad ( uh ) )
30 + i n t 2 d ( Th ) ( f * uh )
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31 + on ( out , u =0)
32 ;
33 mat r ix < r e a l > P o i s s o n = v P o i s s o n ( Uh , Uh , s o l v e r = s p a r s e s o l v e r ) ;
34 r e a l [ i n t ] Po i s sonBoundary = v P o i s s o n ( 0 , Uh ) ;
35 u [ ] = P o i s s o n ^−1 * Po i s sonBounda ry ;
36 p l o t ( u ) ;
37

38 / / P l o t
39 Uh f f = 1 ;
40 r e a l per im = i n t 1 d ( Th , 1 ) ( f f ) ;
41 r e a l vaz= i n t 2 d ( Th ) ( u ) ;
42 r e a l a r e a a = i n t 2 d ( Th ) ( f f ) ;
43 r e a l f r e = 8* a r e a a ^ 3 / per im ^ 2 / vaz ;
44 r e a l maxi = u [ ] . max ;
45

46 c o u t << a l p h a << " " << maxi << " " << vaz / a r e a a << " " << f r e << e n d l ;
47 }

Listing A.1: FreeFEM implementation of the parabolic segment and lens-shaped ducts.

A.2 Revisiting Poiseuille flow through lens-shaped and
figure-eight ducts

1 f o r ( r e a l d e g r e e s = 1 2 0 . 3 ; d e g r e e s <= 1 7 9 . 8 ; d e g r e e s += 3 . 1 ) {
2 / / P a r a m e t e r s
3 func f = 1 . ;
4 c o u t . p r e c i s i o n ( 1 3 ) ;
5

6 r e a l a l p h a = d e g r e e s * p i / 1 8 0 ;
7 r e a l ca = cos ( a l p h a ) ;
8 r e a l s a = s i n ( a l p h a ) ;
9

10 b o r d e r C01 ( t = pi , a l p h a )
11 {
12 x = s i n ( t ) / s a ;
13 y = ( − ca + cos ( t ) ) / s a ;
14 l a b e l = 1 ;
15 }
16

17 r e a l y top = ( − ca − 1) / s i n ( a l p h a ) ;
18

19 b o r d e r C02b ( s = 1 , 0 )
20 {
21 x = 0 ;
22 y = y top *(1 − s ) ;
23 l a b e l = 3 ;
24 }
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25

26 b o r d e r C02a ( s = 1 , 0 )
27 {
28 x = 0 + sa * s / s i n ( a l p h a ) ;
29 y = 0 ;
30 l a b e l = 2 ;
31 }
32

33 i n t nn = 2 0 ;
34 mesh Th = bu i ldmesh (
35 C01 ( nn )
36 + C02b ( nn )
37 + C02a ( nn )
38 ) ;
39

40 / / Fespace
41 func Pk = P2 ;
42 f e s p a c e Uh ( Th , Pk ) ;
43 Uh u ;
44

45 / / Macro
46 macro g rad (A) [ dx (A) , dy (A) ] / /
47 / / Problem
48 v a r f v P o i s s o n ( u , uh )
49 = i n t 2 d ( Th ) ( g r ad ( u ) ’ * g rad ( uh ) )
50 + i n t 2 d ( Th ) ( f * uh )
51 + i n t 1 d ( Th , 2 ) ( uh *0)
52 + i n t 1 d ( Th , 3 ) ( uh *0)
53 + on ( 1 , u =0)
54 ;
55 mat r ix < r e a l > P o i s s o n = v P o i s s o n ( Uh , Uh , s o l v e r = s p a r s e s o l v e r ) ;
56 r e a l [ i n t ] Po i s sonBoundary = v P o i s s o n ( 0 , Uh ) ;
57 u [ ] = P o i s s o n ^−1 * Po i s sonBounda ry ;
58

59 / / Pos t − p r o c e s s i n g
60 r e a l maxi = u [ ] . max ;
61 i n t i d x = u [ ] . imax ;
62 Uh cx = x , cy = y ;
63 r e a l xatmax = cx [ ] ( i d x ) ;
64 r e a l yatmax = cy [ ] ( i d x ) ;
65

66 Uh f f = 1 ;
67 r e a l per im = i n t 1 d ( Th , 1 ) ( f f ) ;
68 r e a l vaz= i n t 2 d ( Th ) ( u ) ;
69 r e a l a r e a a = i n t 2 d ( Th ) ( f f ) ;
70 r e a l f r e = 8* a r e a a ^ 3 / per im ^ 2 / vaz ;
71

72 / / P l o t
73 c o u t << " " << d e g r e e s << " " << a r e a a << " " << per im << " " << maxi <<
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" " << vaz << " " << f r e << " coord = (" << xatmax << ", " << yatmax
<< ")" << e n d l ;

74 p l o t ( u , n b i s o =10 , f i l l = f a l s e , v a l u e = t r u e , cmm="A" , w a i t =0) ;
75 }

Listing A.2: FreeFEM implementation of the lens-shaped and figure-eight Poiseuille
problem.

A.3 Startup of Poiseuille flow in triangular ducts

1 / / P a r a m e t e r s
2 c o u t . p r e c i s i o n ( 9 ) ;
3 func f = 1 . ;
4 r e a l d t = 0 . 0 0 1 ;
5 r e a l t 0 = 0 ;
6 r e a l t f = 0 . 2 0 0 ;
7

8 / / Mesh
9 i n t o u t = 1 ;

10

11 / / Hemi
12 b o r d e r C01 ( t =0 , 1 ) {x=1− t ; y =0; l a b e l =1 ;}
13 b o r d e r C02 ( t =0 , 1 ) {x =1; y=(1 − t ) / s q r t ( 3 ) ; l a b e l =1 ;}
14 b o r d e r C03 ( t =0 , 1 ) {x= t ; y= t / s q r t ( 3 ) ; l a b e l =1 ;}
15

16 i n t nn = 5 0 ;
17

18 p l o t ( C01( − nn ) + C02( − nn ) + C03( − nn ) , w a i t = f a l s e ) ;
19 mesh Th = bu i ldmesh ( C01( − nn ) + C02( − nn ) + C03( − nn ) ) ;
20

21 / / Fespace
22 func Pk = P2 ;
23 f e s p a c e Uh ( Th , Pk ) ;
24 Uh u = t0 , v , uo ld ;
25

26 / / Macro
27 macro g rad (A) [ dx (A) , dy (A) ]
28

29 / / Problem
30 problem v P o i s s o n ( u , v )
31 = i n t 2 d ( Th ) ( u*v / d t + g rad ( u ) ’ * g rad ( v ) )
32 − i n t 2 d ( Th ) ( f * v )
33 − i n t 2 d ( Th ) ( uo ld *v / d t )
34 + on ( 1 , u =0) ;
35

36 Uh f f = 1 ;
37 r e a l per im = i n t 1 d ( Th , 1 ) ( f f ) ;
38 r e a l a r e a = i n t 2 d ( Th ) ( f f ) ;
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39 r e a l f r e ;
40 r e a l vaz ;
41

42 f o r ( r e a l t = 0 ; t < t f ; t += d t )
43 {
44

45 uo ld = u ;
46 v P o i s s o n ;
47 p l o t ( u ) ;
48

49 r e a l maxu = u [ ] . max ;
50 vaz = i n t 2 d ( Th ) ( u ) ;
51 f r e = 8* a r e a ^ 3 / per im ^ 2 / vaz ;
52 c o u t << t << " " << vaz << " " << f r e << " " << maxu << e n d l ;
53

54 }
55

56 / / Shea r
57 r e a l s h e a r 1 = i n t 1 d ( Th , 1 ) ( −( dx ( u ) *N. x + dy ( u ) *N. y ) ) ;
58 r e a l s h e a r 2 = i n t 1 d ( Th , 2 ) ( −( dx ( u ) *N. x + dy ( u ) *N. y ) ) ;
59 r e a l s h e a r 3 = i n t 1 d ( Th , 3 ) ( −( dx ( u ) *N. x + dy ( u ) *N. y ) ) ;
60

61 c o u t << ( s h e a r 1 + s h e a r 2 + s h e a r 3 ) / ( per im ) << e n d l ;

Listing A.3: FreeFEM implementation of the transient Poisson problem.

A.4 Revisiting Darcy–Brinkman flow through an elliptic
tube

1 f o r ( r e a l s = 2 0 ; s <=100; s=s +1) {
2 f o r ( i n t n =16; n <=512; n = n *2) {
3

4 / / P a r a m e t e r s
5 func f = 1 . ;
6 r e a l a l p h a = 1 . ;
7 r e a l b = 0 . 5 ;
8 c o u t . p r e c i s i o n ( 1 5 ) ;
9

10 / / Mesh
11 r e a l x0 = 0 ;
12 r e a l x1 = a t a n h ( b ) ;
13 r e a l y0 = 0 ;
14 r e a l y1 = p i / 2 ;
15

16 i n t [ i n t ] l a b = [ 1 , 2 , 3 , 4 ] ;
17 mesh Th = s q u a r e ( n , n , [ x0 +( x1−x0 ) *x , y0 +( y1−y0 ) *y ] , l a b e l = l a b ) ;
18
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19 / / Fespace
20 func Pk = P2 ;
21 f e s p a c e Uh ( Th , Pk ) ;
22 Uh u , uh ;
23

24 / / Macro
25 macro g rad (A) [ dx (A) , dy (A) ] / /
26 func c o e f = ( 1 . 0 − b*b ) / 2 * ( cosh (2* x ) − cos (2* y ) ) ;
27

28 / / Problem
29 problem v P o i s s o n ( u , uh )
30 = i n t 2 d ( Th ) ( ( g r ad ( u ) ’ * g rad ( uh ) ) )
31 − i n t 2 d ( Th ) ( c o e f * uh )
32 + i n t 2 d ( Th ) ( c o e f * ( s ^2 ) *u*uh )
33 + i n t 1 d ( Th , 1 ) ( uh *0)
34 + i n t 1 d ( Th , 3 ) ( uh *0)
35 + i n t 1 d ( Th , 4 ) ( uh *0)
36 + on ( 2 , u =0)
37 ;
38

39 v P o i s s o n ;
40 / / P l o t
41 r e a l vaz = i n t 2 d ( Th ) ( u *(1 − b ^2 ) *2*( cosh (2* x ) − cos (2* y ) ) ) ;
42 r e a l a r e a a = p i *b ;
43 r e a l h = pow(1 −b , 2 ) / pow(1+ b , 2 ) ;
44 r e a l per im = p i *(1+ b ) *(1 + 3*h / ( 1 0 + s q r t (4 − 3*h ) ) ) ;
45 r e a l f r e = 8* a r e a a ^ 3 / per im ^ 2 / vaz ;
46 r e a l maxi = u [ ] . max ;
47

48 / / P l o t
49

50 c o u t << n << " " << b << " " << s << " " << vaz << " " << maxi << " " <<
f r e << e n d l ;

51 p l o t ( u , n b i s o =30 , f i l l =1 , v a l u e = t r u e , cmm="A" , w a i t =1) ;
52

53 }
54 }

Listing A.4: FreeFEM implementation of the Darcy-Brinkman problem.
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