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Resumo

A anti-unificacao consiste em determinar uma expressao que represente a estrutura comum
a duas expressoes dadas, denominada generalizagdo dessas expressoes. O desenvolvimento
de procedimentos de anti-unificacao para o célculo de generalizagoes tem adquirido im-
portancia crescente em areas como andlise de programas, deteccao de clones e raciocinio
simbélico. Enquanto os trabalhos iniciais se concentraram na anti-unificacdo sintdtica,
aplicagoes modernas frequentemente exigem raciocinio modulo teorias equacionais. Esta
tese dedica-se a anti-unificacao em teorias absortivas, nas quais determinados simbolos de
operagao “absortivos” satisfazem os axiomas f(ey,z) = €5 and f(z,e5) & &7 para uma
constante “absorvente” relativa e;; exemplos incluem multiplicagao e zero, conjungao e
falso, intersecao e conjunto vazio.

Neste trabalho sao apresentadas ferramentas conceituais e um algoritmo correto para
anti-unificagdo modulo teorias absortivas, formalizado por meio de um conjunto de re-
gras de inferéncia que transformam configuragoes, estruturas que codificam problemas
de anti-unificacao e solugoes parciais. Sao demonstradas propriedades de preservacao das
configuragoes sob a aplicagdo das regras de inferéncia, garantindo a correcao do algoritmo.
Uma contribui¢ao central deste trabalho ¢ o refinamento da analise de completude de um
algoritmo apresentado na 12¢ International Joint Conference on Automated Reasoning
(2024). Sao identificadas generaliza¢oes adicionais nao consideradas anteriormente, as
regras de inferéncia sao melhoradas, e demonstra-se como as solugdes correspondentes
podem ser calculadas a partir das configuragoes finais.

Esta tese também aborda teorias que podem incluir simbolos funcionais absortivos,
comutativos e absortivo-comutativos, que, para abreviar, chamamos de teorias absortivo-
comutativas. Propoe-se um novo conjunto de regras de inferéncia, acompanhado da prova
de correcao do algoritmo resultante, estendendo a aplicabilidade da abordagem a estrutu-
ras de termos mais expressivas encontradas em cenarios praticos. Além disso, é tratado o
caso restrito de anti-unificacao para generalizagoes lineares, nas quais cada varidvel ocorre
no maximo uma vez nas solucoes. O algoritmo é adaptado para o caso linear absortivo e
comutativo, provando-se sua correcao e completude. No caso linear puramente absortivo,

o algoritmo computa um conjunto minimo e completo de generalizacoes.

Palavras-chave: Anti-unificacdo, Generalizagao, Teoria Equacional, Teoria Absortiva.
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Resumo Estendido

Motivagao A anti-unificacdo (AU), também chamada de generaliza¢do, é um problema
fundamental no raciocinio indutivo que consiste em encontrar uma expressao simbdélica
que capture a estrutura comum entre duas expressoes dadas. Esse problema pode ser
visto informalmente como o dual da unificagdo: enquanto a unificacdo determina como
identificar duas expressoes da forma mais geral possivel, a anti-unificagdo busca a ex-
pressao mais especifica que contenha as semelhancas compartilhadas entre ambas. Na
literatura, essas expressoes mais especificas sdo conhecidas como generalizadores menos
generais (em inglés, least general generalizations, ou lggs).

Por exemplo, no contexto sintatico, em que nenhuma propriedade algébrica, como a
comutatividade ou a associatividade, é considerada, sejam f um simbolo de funcao binéaria,
a,b, c constantes e x,y varidveis. Entdo x e f(w,y) sdo generalizacoes das expressoes
f(f(a,a),c) e f(f(b,b),c). Além disso, a expressao f(f(z,z),c) é a generalizacdo mais
especifica possivel, contendo a estrutura comum as expressoes acima.

O interesse pela anti-unificacdo tem crescido substancialmente devido a sua ampla
gama de aplicagoes académicas e industriais em ciéncia da computacao, tais como Apren-
dizado de Maquina (Machine Learning), Raciocinio Automatizado e Légica Formal. Essas
aplicagoes incluem: deteccao de cddigo duplicado e analise semantica de fragmentos de
codigo [20]; paralelizagao de estruturas de c6digo por meio de esquemas recursivos [14], vi-
sando melhorar a manutenibilidade e eficiéncia computacional; deteccao de erros e reparo
automatico de programas, reduzindo custos de manutencao através de ferramentas como
Staticfixer [32], Fixie [45], REVISAR [44], REX [37] e Getafix do Facebook [13]; com-
pressao por aprendizado de bibliotecas (Library Learning), em que a AU permite abstrair
automaticamente padroes recorrentes de cédigo em fungoes reutilizaveis via Babble [22];
Programagao por Exemplos (PBE) [30], que usa AU sintdtica para generalizar especifi-
cagoes de programas a partir de exemplos de entrada; e Programacao Logica Indutiva
(ILP) [29], que gera programas por meio da generalizagdo de exemplos de treinamento e
de conhecimento prévio.

Embora a anti-unificacao sintatica seja suficiente para aplica¢oes basicas, cendrios

industriais avancados — como andlise de codigo, reparo automatico e aprendizado de
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bibliotecas — exigem raciocinio médulo teorias equacionais para capturar equivaléncias
semanticas. Nesses contextos, a AU pode admitir multiplas generaliza¢gdes menos gerais,
o que leva ao célculo de um conjunto minimo completo de generalizagdes menos gerais (o
conjunto de todos os lggs). A existéncia e o tamanho desse conjunto permitem classifi-
car as teorias equacionais como unitdrias (uma tnica solugao para cada par de termos),
finitdrias (um nimero finito de solugdes para cada par, havendo pelo menos um par com
mais de uma solugdo), infinitdrias (algum par admite infinitas solugdes) ou nuldrias (para
algum par, nenhum conjunto minimo completo de lggs pode ser computado). Essas clas-
sificacOes motivaram pesquisas extensas em AU sobre uma ampla variedade de estruturas
matematicas e computacionais.

Essas investigagoes abrangem diversos dominios, incluindo termos apresentados como
grafos [19], termos de ordem superior [15,18,24,33], linguagens variddicas (i.e., linguagens
que admitem fungoes de aridade varidvel) [16,34], termos nominais [17,42,43], aproxima-
¢oes modulares [10, 35,36, 38] e teorias equacionais de primeira ordem [1,2,21,23, 25,26,
39,41].

Avangos significativos foram alcangados na AU médulo teorias equacionais. Inici-
almente formulada para linguagens sintaticas de primeira ordem por Plotkin e Rey-
nolds [39,41], a AU foi posteriormente estendida para teorias com axiomas que descrevem
propriedades algébricas e suas combinagdes. Por exemplo, Burghardt [21] tratou a AU
mo6dulo uma teoria equacional arbitraria usando graméticas. Maria Alpuente et al. [1,2]
analisaram a AU em teorias com operadores comutativos (C) e associativos (A) e suas
combinagoes, demonstrando que essas teorias sao finitarias. Por outro lado, Kutsia e
Cerna [26] determinaram que teorias contendo dois ou mais operadores unitarios sdo de
tipo nuldrio. Eles também provaram a nularidade para as seguintes combinagoes: (AU)>?
(CU)>1, (ACU)! e (AU)(CU). Em [25], apresentaram um algoritmo que computa um con-
junto infinito de solugbes para as teorias (I), (AI) e (CI). Além disso, Cerna [23] mostrou
a nularidade para semianéis e para as combinagoes (UI)>!, (AUT)>!, (CUI)>! (ACUI)>L.
Aqui, a notacao (-)! denota teorias com exatamente um operador do tipo considerado,
enquanto (-)>! denota teorias com mais de um operador desse tipo.

Esta tese trata da anti-unificacdo em teorias absortivas, nas quais certos simbolos
de operagao satisfazem os axiomas f(er,z) =~ 7 and f(x,e5) = €5, para uma constante
absorvente relativa €;. A absorcao ¢ uma das propriedades fundamentais presentes em
diversas estruturas algébricas, incluindo semigrupos, monoides, semianéis e algebras boo-
leanas. Exemplos concretos incluem: os inteiros com o méximo divisor comum (mdc) e o
numero 1 como constante absorvente; o conjunto das partes de um dado conjunto com a
interse¢ao (N) e o conjunto vazio; os inteiros com a multiplicagdo e o zero; e os conjuntos

de predicados com a conjunc¢ao e o valor falso.



As propriedades absortivas induzem comportamentos semanticos complexos, pois um
unico termo pode possuir infinitas representacoes equivalentes. Isso torna o calculo de
conjuntos minimos completos de generaliza¢cbes menos gerais uma tarefa altamente nao
trivial, exigindo o controle rigoroso de espagos de solu¢oes potencialmente infinitos. De-
terminar o tipo de um problema de AU — unitério, finitdrio, infinitario ou nulario—
requer raciocinio e técnicas de prova rigorosas. Consequentemente, a anti-unificacao em
teorias absortivas apresenta desafios tedricos profundos e relevancia pratica.

Nesta tese, desenvolvemos os fundamentos formais da AU em teorias absortivas e
propomos quatro algoritmos corretos que computam generalizagoes para: (i) teorias com
apenas simbolos absortivos; (ii) teorias que combinam simbolos absortivos e comutativos,
e suas variantes lineares, nas quais o objetivo é encontrar generalizagoes em que cada
variavel ocorre no maximo uma vez. Em particular, os algoritmos para as variantes
lineares sao demonstrados completos, enquanto, no caso puramente absortivo, o algoritmo

é capaz de produzir conjuntos minimos completos de generalizacoes.

Contribuicoes As contribuigoes deste trabalho, que serao apresentadas em detalhe na

descricao dos capitulos, sao listadas a seguir.

e Desenvolvemos um algoritmo correto para o problema de anti-unificacao
absortiva, introduzindo um procedimento baseado em regras, Aq aunw, definido
sobre configuracoes, uma estrutura para codificar problemas de anti-unificacao. O
algoritmo opera sobre pares de termos ground (termos que nao contém variaveis),
utilizando uma bijecao entre varidveis e constantes que permite computar genera-
lizacOes e maped-las de volta sem alterar as solugoes. Para fortalecer o arcabouco,
também definimos conjuntos de abstragdo e substituicoes de abstragao, que permitem
o calculo de generalizagbes mais especificas do que as obtidas apenas por Aq au-
A abordagem é sustentada por provas de terminac¢ao e por um lema de preservagao
para configuragoes, garantindo a correcao do processo. Em conjunto, esses resulta-

dos estabelecem uma base rigorosa para a anti-unificacao absortiva.

o Realizamos uma andlise critica da completude na anti-unificagao absortiva
apresentada em [9], identificando falhas e limitagdes em sua formulagao. Mostra-
mos que a combinacgdo de A aunr com substituigoes de abstracao é insuficiente,
pois generalizacoes essenciais podem ser omitidas. Para resolver isso, propusemos
um método de refinamento que acreditamos poder completar o algoritmo. Embora
tenhamos formulado a declaracao de completude que desejamos alcangar e apresen-
tado um esbogo da prova, alguns pontos desse esboco ainda precisam ser finalizados.
Esse refinamento computa generalizagoes adicionais que sao essenciais para atingir

a completude.
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o Introduzimos um algoritmo para o problema de anti-unificacdo absortiva li-
near, no qual cada variavel em uma generalizacdo ocorre, no maximo, uma vez.
Propoe-se o algoritmo A, e, que € correto. Além disso, utilizamos a substitui-
cdo de abstracao linear, que gera generalizagoes lineares mais especificas do que as
produzidas apenas por A, qungt- Juntos, A, auaet € @ substituicdo de abstragdo
linear atingem a completude, permitindo o calculo do conjunto minimo completo de
generalizacoes absortivas lineares para qualquer par de termos. Esse resultado re-
presenta o primeiro tratamento sistematico da variante absortiva linear e demonstra
que a restricdo de linearidade permite obter conjuntos de generalizagoes minimais

de forma eficiente.

« Estendemos o estudo para a anti-unificacao absortiva comutativa, abrangendo
teorias que incluem simbolos absortivos, comutativos e absortivo-comutativos. Nesse
contexto, propomos dois algoritmos: Agc.aunr, que computa generalizagoes na te-
oria combinada, e A,q auae¢s que computa generalizagoes lineares. Provamos a
terminagao e a correcao de Ayc.aunre estabelecemos a correcao e a completude de
Ascavnet- Essa é a primeira formulacao sistematica da anti-unificagdo absortiva
comutativa, ampliando significativamente a aplicabilidade do arcabouco a teorias

equacionais mais expressivas.

o Caracterizamos o tipo do problema de anti-unificagdo em teorias absortivas.
No caso geral (nao linear), o problema é pelo menos infinitdirio, devido ao niimero
potencialmente infinito de generalizagoes incomparaveis. Em contraste, para as vari-
antes lineares, tanto no caso puramente absortivo quanto no absortivo-comutativo,
o problema é finitdrio, o que significa que existe um conjunto finito completo de

generalizacoes.

Organizacao Este trabalho estd estruturado em seis capitulos. O Capitulo 1 introduz
os principais conceitos, notagoes e trabalhos relacionados a anti-unificacdo em teorias de
primeira ordem. O Capitulo 2 apresenta um algoritmo correto para a anti-unificagdo
absortiva, Ag aunr, incluindo as nogoes de configuragoes e substituigoes de abstragao,
com provas de terminacdo e de correcao. O Capitulo 3 aborda os desafios da com-
pletude, identifica limitagoes em trabalhos anteriores e propoe refinamentos rumo a uma
formulacao corrigida de completude. O Capitulo 4 trata da variante linear, introduzindo
A, aunpt € & substituigao de abstragao linear. Juntos, eles alcancam a completude e com-
putam o conjunto minimo completo de generalizagoes lineares absortivas. O Capitulo 5
estende o arcabougo para a teoria absortiva comutativa, introduzindo, respectivamente,
Ascaunr € Ay aunst; que fornecem algoritmos para generalizagoes e generalizagoes line-

ares, com garantias de correcao e completude lineares. Finalmente, o Capitulo 6 resume

vii



os resultados e discute dire¢oes futuras, incluindo a finalizacdo das provas de completude

e a exploragdao de combinagoes com operadores associativos.

Palavras-chave: Anti-unificacdo, Generalizagao, Teoria Equacional, Teoria Absortiva.

viil



Abstract

Anti-unification is the problem of finding an expression that captures the common struc-
ture of two given expressions. The resulting expression is called a generalization of them.
The development of anti-unification procedures, applied for computing generalizations
of expressions, has become increasingly important in applications such as program anal-
ysis, clone detection, and symbolic reasoning. While early work focused on syntactic
anti-unification, modern applications often require reasoning modulo equational theories.
This thesis focuses on anti-unification in absorptive theories, where certain “absorptive”
operation symbols satisfy the axioms f(ef,z) ~ ¢ and f(x,ef) = ey for a relative “ab-
sorbing” constant e¢; e.g., multiplication and zero, conjunction and false, intersection and
empty set.

This thesis presents foundational tools and a sound algorithm for absorptive theories,
defined through a set of inference rules that transform configurations that are structures
encoding anti-unification problems and partial solutions. Preservation properties of the
configurations transformed by the inference rules are established, ensuring the soundness
of the algorithm. A key contribution of this work is the refinement of the completeness
analysis of an algorithm presented at the 12th International Joint Conference on Auto-
mated Reasoning (2024). Additional generalizations not previously considered are iden-
tified, the inference rules are enhanced, and it is shown how the corresponding solutions
can be computed from the final configurations. This thesis also addresses theories that
may include absorptive, commutative, and absorptive-commutative function symbols, for
short, absorptive commutative theories. A new set of inference rules is presented, and
the resulting algorithm is proved sound. This extends the applicability of the approach
to more expressive term structures encountered in practice. Additionally, the restricted
variant of anti-unification to linear generalizations, where each variable appears at most
once in the target solutions, is addressed. The algorithm is adapted for the linear ab-
sorptive commutative invariant, showing its soundness and completeness. In the linear
pure absorptive variant, the proposed algorithm computes a minimal and complete set of

generalizations.

Keywords: Anti-unification, Generalization, Equational Theory, Absorptive Theory.
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Introduction

Anti-unification (AU) or Generalization is a fundamental problem in inductive reason-
ing that involves finding a symbolic expression capturing the common structure between
two given symbolic expressions. This problem can be informally seen as dual to unifi-
cation; while unification determines how to identify two expressions in the most general
form, AU seeks the most specific expression that contains the shared similarities between
two expressions; in literature, these most specific expressions are known as least general
generalizations (1ggs).

For instance, in the syntactic setting—where no algebraic properties such as com-
mutativity or associativity are considered—Ilet f be a binary function symbol, a,b, c be
constants, and x, y be variables. Then z and f(w, y) are generalizations of the expressions
f(f(a,a),c) and f(f(b,b),c). Moreover, the expression f(f(z,z),c) is the most specific
generalization possible, containing the most common structure of the expressions above.

Interest in AU has grown substantially due to its diverse industry and academic ap-
plications across computer science, such as Machine Learning, Automated Reasoning,
and Formal Logic. These applications include: detecting duplicate code and performing
semantic code analysis for code fragments [20]; parallelizing code structures through recur-
sion schemes [14] to enhance software maintainability and computational efficiency; bug
detection and automated program repair, which reduces maintenance costs through tools
like Staticfizer [32], Fizie [45], REVISAR [44], REX [37], and Facebook’s Getafiz [13];
Library Learning Compression, where AU enables automated abstraction of recurrent
code patterns into reusable library functions via Babble [22]; Programming By Examples
(PBE) [30], which uses syntactic AU to generalize program specifications from input ex-
amples; and Inductive Logic Programming (ILP) [29], which generates programs through
generalization of training examples and background knowledge.

While syntactic anti-unification is sufficient for basic applications, advanced industrial
scenarios—such as code analysis, program repair, and library learning—require reasoning
modulo equational theories to capture semantic equivalences. In such contexts, AU admits
multiple minimal generalizations, which leads to the computation of a minimal complete

set of generalizations (the set of all 1ggs). The existence and size of this set allows



us to classify equational theories as unitary (a single solution for every pair of terms),
finitary (a finite set of solutions for every pair of terms, with at least one pair admitting
more than one solution), infinitary (some pair of terms admits infinitely many solutions),
or nullary (for some pair of terms, no minimal complete set can be computed). These
classifications motivated extensive research into AU across a wide range of mathematical
and computational structures.

Such investigations span diverse domains including first-order theories [1, 2,21, 23,
25,26, 39, 41], terms-graphs [19], higher-order terms [15, 18, 24, 33], unranked (variadic)
languages [16,34], nominal terms [17,42,43], and modulo approximations [10,35, 36, 38].

Significant developments have been made in AU modulo equational theories. Initially
formulated for first-order syntactic languages by Plotkin and Reynolds [39,41], AU has
been extended to theories with axioms describing algebraic properties and their combina-
tions. For instance, Burghardt [21] considered AU modulo an arbitrary equational theory
using grammars. Alpuente et al. [1,2] analyzed AU in theories with commutative (C) and
associative (A) operators and their combinations, determining that these theories were
finitary. On the other hand, Kutsia and Cerna [26] determined that the type for theories
including two or more unital operators is nullary. They also prove the nullarity for the
next combinations of theories: (AU)>! (CU)>!, (ACU)!, and (AU)(CU) and in [25] they
provides an algorithm that computes an infinite set of solutions for theories (I), (AI),
and (CI). Additionally, Cerna [23] showed the nullarity for semirings and the combina-
tions (UT)>!, (AUI)>!, (CUI)>!,(ACUI)>!. Here, the notation (-)! denotes theories with
exactly one operator of the given type, and (-)>! denotes theories with more than one
operator of that type.

This thesis focuses on anti-unification in absorptive theories, where certain absorptive
operation symbols satisfy the axioms f(ef,x) ~ e and f(z,e5) = ey for a relative
absorbing constant €;. Absorptive is one of the fundamental properties used in various
algebraic structures, including semi-groups, monoids, semi-rings, and Boolean algebras.
Concrete examples include integers with the greatest common divisor (ged) and one as
the absorbing constant; the powerset of a given set with intersection (N) and @; integers
with multiplication and zero; and sets of predicates with conjunction and false.

The absorptive properties induce complex semantic behaviors, as a single term may
have infinitely many equivalent representations. This makes computing complete sets of
least general generalizations highly non-trivial, requiring careful management of poten-
tially infinite solution spaces. Determining the type of an AU problem—whether unitary,
finitary, infinitary, or nullary—demands rigorous reasoning and proof techniques. Con-
sequently, anti-unification in absorptive theories presents both rich theoretical challenges

and practical relevance. In this thesis, we develop the formal foundations of AU in ab-



sorptive theories and propose four sound algorithms that compute generalizations for
theories with only absorptive symbols, for theories combining absorptive and commuta-
tive symbols, and for their respective linear variants, in which the focus is on finding
generalizations where each variable occurs at most once. In particular, the algorithms for
the linear variants are shown to be complete, while in the pure absorptive setting, the

algorithm is capable of producing minimal complete sets of generalizations.

Contributions

The contributions of this work, which will be introduced in detail in the description of

the chapters, are listed below.

o We develop a sound algorithm for absorptive anti-unification problem by
introducing a rule-based procedure, Ay auny, defined over configurations, a struc-
ture for encoding anti-unification problems. The algorithm operates on pairs of
ground terms, using a bijection between variables and constants that allows com-
puting generalizations and mapping them back without altering the solutions. To
strengthen the framework, we also define abstraction sets and abstraction substi-
tutions, which enable the computation of more specific generalizations than those
obtained by Ag aunr alone. The approach is supported by proofs of termination
and a preservation lemma for configurations, ensuring the soundness of the process.

Altogether, this establishes a rigorous foundation for absorptive anti-unification.

o We critically analyzed the completeness in absorptive anti-unification ap-
proach presented in [9], identifying flaws and limitations in its formulation. We
show that the combination A, aune With abstraction substitutions is insufficient,
as essential generalizations may be missed. To address this, we proposed a refine-
ment method that is believed to complete the algorithm. Although we formulate
the statement of completeness that we want to achieve and provide a sketch of the
proof, some points in the sketch remain to be finalized. This refinement computes

additional generalizations that are essential to achieving completeness.

o We introduce an algorithm for linear absorptive anti-unification problem, in
which each variable in a generalization occurs at most once. An algorithm, A, s yuets
is proposed, which is sound. In addition, we make use of the linear abstraction sub-
stitution, which generates more specific linear generalizations than those generated
by A, auset- Together, A, yunp¢ and the linear abstraction substitution achieve
completeness, allowing the computation of the minimal complete set of linear ab-

sorptive generalizations for any pair of terms. This marks the first systematic treat-



ment of the linear absorptive variant and demonstrates that the linear restriction

enables the derivation of efficient and minimal sets of generalizations.

o We extend the study to absorptive commutative anti-unification, covering the-
ories that include absorptive, commutative, and absorptive-commutative symbols.
Within this setting, we propose two algorithms: A.c.aunwe, Which computes general-
izations in the combined theory, and A, synee, Which computes linear generaliza-
tions. We prove termination and soundness for A.c.aunr, and establish soundness
and completeness for A - ayape- This provides the first systematic account of ab-
sorptive commutative anti-unification, significantly broadening the applicability of

the framework to more expressive equational theories.

o We characterize the type of the anti-unification problem in absorptive theo-
ries. In the general (non-linear) case, the problem is at least infinitary, due to the
potentially infinite number of incomparable generalizations. In contrast, for the
linear variants, both purely absorptive and absorptive commutative, the problem is

finitary, meaning that a finite complete set of generalizations exists.

Organization

This work is structured into six chapters. Chapter 1 introduces the main concepts, no-
tation, and related work on anti-unification for first-order theories. Chapter 2 presents
a sound algorithm for absorptive anti-unification, Aq aunr, including configurations and
abstraction substitutions, with proofs of termination and soundness. Chapter 3 ad-
dresses the challenges of completeness, identifies limitations in prior work, and proposes
refinements toward a corrected completeness formulation. Chapter 4 treats the linear
variant, introducing A, syyp¢ and the linear abstraction substitution. Together, they
achieve completeness and compute the minimal complete set of linear absorptive gen-
eralizations. Chapter 5 extends the framework to absorptive commutative theory, and
introduces, respectively, Aqc-aune and Ao ayet, providing algorithms for generalizations
and linear generalizations with soundness and linear completeness guarantees. Finally,
Chapter 6 summarizes the results and discusses future directions, including completing

the completeness proofs and exploring combinations with associative operators.



Chapter 1
Background

This chapter introduces the main concepts, notation, and formal definitions used through-
out the thesis. It provides a comprehensive overview of anti-unification in first-order the-
ories, presenting different types of anti-unification problems, their classifications (unitary,
finitary, infinitary, nullary), and foundational results in the literature. In addition, this
chapter surveys existing algorithms and approaches for computing least general general-

izations in syntactic and equational settings, highlighting their strengths and limitations.

1.1 First-Order Syntax

The table above includes the conventions used for the main objects.

Letters Use
a,b,c,d constant
e, f,g,h function
ia j, k’, [ index
m,n natural number
o,p,4q pOSitiOn
8, T, U,V term
w,T,Y, 2 variable
~v,m,0, i, p,o, 7 | substitution

Table 1.1: Conventions

At first, we introduce the language and the main notions of universal algebra in a
syntactic level and some of the semantic notions that are the base of the whole document,

many of them are taken from Baader and Nipkow [12].

Definition 1.1.1 (Signature). A signature F is a set of function symbols, where each
f € F is associated with a non-negative integer n, the arity of f. The function symbols

with arity 0 are called constant symbols.



Definition 1.1.2 (Term). Let F be a signature and V be a countable set of variables
such that F NV = . The set T(F,V) of all the F-terms over V is inductively defined as

« VCT(F,V) (ie., every variable is a term),

o for all n > 0, all f with arity n, and all #;,...,t, € T(F,V), we have that
f(t1,... . t,) € T(F,V).

Definition 1.1.3 (Head, Depth). The next operators are defined over T (F,V):

1. The head of a term t is defined inductively as

head(x) = =,
head(f(t1,...,tn)) = f,

for all x € ¥V and n > 0.

2. The depth of a term ¢ is defined inductively as

depth(xz) = 0,
depth(a) = 0,
depth(f(t1,...,tn)) = 1+ max{depth(t,),..., depth(t,)},

for all x € V, a constant symbol and n > 1.
Definition 1.1.4 (Positions). Let s and ¢t be terms in 7 (F, V).

1. The set of positions of the term t is a set pos(t) of strings over the alphabet of

positive integers, which is inductively defined as follows:

o If t =2 €V, then pos(t) := {e}, where € denotes the empty string.
o Ift = f(t1,...,t,), for n > 0, then

pos(t) = {e} U LfJ{zlp | p € pos(t;)}

2. For p € pos(t), the subterm of t at position p, denoted by t|,, is defined by induction
on the length of p:

tle = t,

f(tla"-7tn)|i.q = tz'q

The set of subterms of t is defined as subt(t) = {t|, | p € pos(t)} and the set of
proper subterms of a term t is defined as subtp(t) = subt(t) — {t}.
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3. For p € pos(t), we denote by t[s], the term that is obtained from t by replacing the

subterm at position p by s, i.e.,

t[sle = s,

Fltre e t)slg == Fltrs.o tilslon o tn).

4. The size size(s) of a term s is the cardinality of pos(s).

5. By wvar(s) we denote the set of variables occurring in s, i.e.,

var(s) := {x € V| there exists p € pos(s) such that s|, = z}.

Note that, for p = i.q, p € pos(t) implies that ¢ is of the form ¢ = f(t,...,t,) with
i <n, and q € pos(t;).

Definition 1.1.5 (Position Ordering). The position ordering is the prefix ordering over
sequences of positions; i.e., for a given term ¢, and p,q € pos(t), it is defined as p C ¢ if
there exists a non-empty p’ such that p.p’ = ¢. It is a partial order on pos(t). We say that

the positions p, ¢ are parallel p||q if p and ¢ are incomparable with respect to L.

Let ¢t be a term and p,q € pos(t). If p T g then ¢|, is a subterm of t|, (i.e., t|, €
subt(t|,)); if p C g, it is a proper subterm of t|, (i.e., t|, € subtp(t],)).

Definition 1.1.6 (Ground Terms). A term t € T(F,V) is called ground if var(t) = 0.
The set of all ground terms is denoted as T (F, () or just T (F).

Definition 1.1.7 (Linear Term). A term ¢t € T (F,V) is called linear if each z € var(t)

occurs at most once in ¢.

Definition 1.1.8 (Binding). A binding is a pair (z,t), where x € V and t € T(F,V) and
denoted as {z — t}.

Definition 1.1.9 (Substitution). A substitution is a function o : V — T (F,V) such that

o(x) # x for only finitely many xs. The following definitions are related to substitutions:

1. The (finite) set of variables that o does not map to themselves is called the domain

of o

dom(c) ={zx €V |o(x) #zx}

if dom(o) = {x1,...,x,}, then o can be described as a set of bindings as

o={r1 = o(r1),..., 2, — o(x,)}



2. The range of o is the set ran(o) := {o(z) |z € dom(o)} and the variables in the

range of o consist of the variables occurring in ran(o)

Vran(o) = |J wvar(o(z)).

z€dom(x)
Every substitution o can be extended to a mapping 6 : T(F,V) — T(F,V) as follows

g(x) = o(x), fzeV,

o(f(tr, - tn)) = f(E(t),...,0(tn)),

for n > 0. To simplify the notation, ¢ will be used to denote its extension 6. In
addition, we write to instead of o(t). The identity substitution, the substitution that
maps every variable to itself, is denoted by id. A substitution is called ground if all terms

in its range are ground.

Definition 1.1.10 (Renaming). A renaming is a substitution o such that, restricted to its

domain, is bijective and ran(c) C V. A renaming o is called disjoint if ran(o) N dom(c) =

0.

Example 1.1.11. The substitutions o = {z — w,y — z} and p = {x — y,y — x} are

examples of renaming; the first substitution is disjoint, but the second one is not. O

Definition 1.1.12 (Substitution Composition). The composition o1 of two substitutions
o and 7, denoted by juxtaposition, is defined as zo7 := (xo)7. Notice that o7 is a mapping
of Vinto T (F,V), and is a substitution since zoT = z holds for z € V—(dom(o)Udom(r)).

Notice that the set representation in bindings of the composition between the substitu-
tions o ={x1 = t1,...,z, =t} and 7 = {y; — S1,...,Ym — Sm} can be obtained from
{1 = t17,.. .,y = t,T, 41 = S1, ..., Ym > Sm} by removing all the bindings {y; — s;}’s
with y; € {z1,...,2,} and {x; — t;7}’s with x; = t;7.

Definition 1.1.13 (Restriction of a Substitution). The restriction of a substitution o
respect to a finite set of variables V', denoted by o|y is a substitution defined as oy (z) :=

zo for x € V and 0|y (z) = x otherwise.

Definition 1.1.14 (Linear Substitution). A substitution o is called linear if each term ¢

in its range, t € ran(o), is a linear term.

1.2 Algebra, Congruence and Equational Theories
Definition 1.2.1 (F-algebra). Let F be a signature. An F-algebra A consist of:

8



« a carrier set (domain) A, and

« a mapping that associates with each function symbol f of arity n a function f# :
A" — A (for all n > 0).

Definition 1.2.2 (F-homomorphism). Let F be a signature, and let A and B be F-
algebras with carriers A and B, and mappings f* and fZ, respectively. A F-homomorphism
from A to B is a mapping ¢ : A — B such that for alln > 0, f ofaritynand aq,...,a, € A

we have ¢(fA(ay, .., an) = fE(@(ar), .., d(an).

Definition 1.2.3 (Congruence). Let A be a F-algebra. An equivalence relation = on
its carrier A is called congruence on A if it is compatible with the interpretation of all

symbols of F, i.e., for all n > 0, all f of arity n and all a; = by,...,a, = b, in A we have

fA(al, . ,an) = f'A(bl, . >bn>
The quotient algebra A/ = has as carrier the set of equivalent classes [a]= :={b € A |
a = b} and interprets f4/=([a1]=, ..., [an]2) == [fA(a1, ..., an)]=.

Definition 1.2.4 (Equation). Let s,t € T(F,V), an equation is an unordered pair {s, ¢}

denoted as s ~ t.

Definition 1.2.5. An equation s ~ t holds in the F-algebra A(A | s = t) if for all
F-homomorphism ¢ from 7 (F,V) to A, we have ¢(s) = ¢(1).

Definition 1.2.6. Let F be a signature and E be a set of equations.
1. The F-algebra A is a model of E (A = E) if every equation of E holds in A.
2. The class of all models of E is called F-variety defined by E. it is denoted U(FE).

Definition 1.2.7 (Semantic Consequence). Let E be a set of equations, the equation
s &~ t is a semantic consequence of E (E |= s & t) if it holds in all models of E, i.e., for
all A € B(E) we have that s ~ t holds in A.

Definition 1.2.8 (Equational Theory). Let E be a set of equations, the relation
~pi={(s,1) € T(F,V) x T(F.V) | E s~ 1}

is called the equational theory induced by E or E-theory. If (s,t) €x~p we denoted as
s ~p t and we say s and t are E-equivalent. The equations in E are called azioms of the

E-theory. A symbol f is called an E-symbol if it occurs in the axioms of the E-theory.

Obviously s ~ t € E implies that s ~p t. Additionally, the relation ~ is a congruence
relation on 7 (F, V). Thus, we can build the quotient algebra T (F,V)/ ~g.

9



Example 1.2.9. Let f be a binary function symbol and a,b be constants. The set of
axioms {f(z,y) ~ f(y,z)} induces the commutative theory C. Notice that f is a C-
symbol, the terms f(a, f(b,a)) and f(f(b,a),a) are C-equivalent, and the equivalent class
of f(a, f(b,a)) modulo C is the set

[f(a, f(b,a))l~e = {f(a, f(b,a)), f(a, f(a,b)), f(f(b,a),a), f(f(a,b),a)}.

&

Definition 1.2.10 (Absorptive Theories). Consider the theory with a nonempty finite

set of associated pairs of a binary function f; and a constant ey, satisfying the axioms

{fk‘(gfk’x) ~ 6fk’fk’(x7€fk) ~ 6fk}7 for 1 <k <mn.

Such a theory is called an absorptive theory, for brevity, a-theory. fi and €y, are called
absorptive symbol and absorbing constant, respectively. Pairs (fy, ey, ) are called related

absorptive symbols, for each 1 < k < n. We denote by Abs the set of absorptive symbols

{fh BRI fn}

Definition 1.2.11 (C, A, I, U, Ui, a, D Axioms and Theories). The theories considered in
this work are theories specified by signatures that, in addition to non-interpreted symbols,
include commutative (C), associative (A), idempotent (I), unital (U), unital with inverses
(Ui), and distributive (D) symbols:

e (C) A commutative theory is a theory in which there is a function symbol f satisfying

the commutative axiom {f(z,y) =~ f(y,z)}.

e (A) An associative theory is a theory in which there is a function symbol f satisfying
the associative axiom {f(f(z,v),2)) = f(x, f(y,2))}.

o (I) An idempotent theory is a theory in which there is a function symbol f satisfying

the idempotent axiom {f(z,x) ~ x}.

o (U) A unital theory is a theory in which there is a function symbol f and its related

constant ey satisfying the unital axioms {f(z,ef) = z, f(ef, x) = x}.

o (Ui) A unital with inverses theory is a theory in which there is a function symbol

f, its related constant ey and the related unary function i satisfying the axioms
{f(z.er) mep, fleg, @) ey, f(ir(x),2) = ep, [(z,if(x)) = ey}
o (D) A distributive theory is a theory in which there are two function symbols f and

g satisfying the distributive of symbol f over the symbol g axioms below.

{f(z,9(y,2)) = g(f(z,y), f(z,2)), fl9(x,y), 2) = g(f(x,2), f(y,2)) }-

10



Notation. To simplify the notation for theories that satisfy multiple algebraic properties,
such as those in Definition 1.2.11, this work adopts the notational convention used in [27].
When we want to emphasize the symbols of the E-theory, we write F(S), where S is
a set of tuples of E-symbols. These tuples of E-symbols are sorted, the first element
of each tuple is the head symbol of the related axioms and is called the main symbol,
while the other elements of the tuple are the related symbols or special constants of
the respective axioms. If we work with combinations of theories E,..., E, with their
respective sets of tuples of E;-symbols (1 <i <mn) Si,...,S,, such that S; and S; ( for
i # 7,1 <1,7 <n)donot share a tuple with the same main symbol, we use the convention
(E1(S1)) -+ (En(Sn)). Moreover, if Sp,..., S, share all the same main symbols in their
tuples, we write Fj --- E,(S), where each tuple in S consists of the main symbol and its
respective related symbols in the respective order. Some of the analyses of theories and
their properties rely on the number of symbols that fulfill the corresponding equational
axioms. To express this, we use a specific notation: for a given theory E, we write E*
to denote E(S) when S includes a single element. Similarly, E~! represents F(S) when
S includes a finite set with at least two tuples. When we refer to E without additional
notation, we mean the equational theory E(S), where S is a finite set that may have one

or more elements.
Example 1.2.12. We illustrate this notation with the theories below.

o AC({(f),(9)}) denotes a theory with two AC-symbols f and g.

« (ACH(N})
o AU({(f,er)}) describe the monoids.

)
)(C({(9)})) denotes a theory with an AC-symbol f, and a C-symbol g.

o AUa({(f,ef,cf)}) describes the binoids.
o ACUi({(f,er,if)}) describes the Abelian groups.

o (AaUD({(f,er,€er,9)}))(ACU{(g,cf)}) describes the semiring theory (usually writ-
ten as (AaUD({(x,0,1,4)}))(ACU{(+,0)})). For short, we denote this theory
by SRNG({f,es,g,e¢}) and the commutative semirings (adding the commutative
axiom for the symbol f) by CSRNG({f,es,g,¢¢}).

o U! describes a theory with only one U-symbol and its respective unit and U>! or

simply U describe a theory with at least two U-symbols and their respective units.

e (a)(aC)(C) abbreviates a theory with at least one a tuple of symbols, at least one
aC tuple of symbols, and at least one C-symbol. We call this theory the absorptive

commutative theory.
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The focus of this work is the study of anti-unification in the theories a and (a)(aC)(C). <

Definition 1.2.13 (Reduction Relation —). Let E C T(F,V) x T(F,V) be a finite set
of equations. The reduction relation —FC T(F,V) x T(F,V) is defined as

s =P tiff 3{s',t'} € B, p € pos(s), o substitution such that s |,= o(s') and t = s[a(t')],.

Definition 1.2.14 (E-normal form). A term ¢ is an E-normal form if there does not
exist t' € T(F,V) such that t =¥ /. The set of terms in E-normal form is denoted as
Te(F,V) and the set of ground terms in in F-normal form as Tg(F).

Birkhoff’s Theorem in [12] states that the reflexive, symmetric, and transitive closure

of the relation —¥ (+~+f) coincides with the semantic consequence relation ~p.

Definition 1.2.15 (Type Equation). An equation s = t is called: regular if it holds that
var(s) = var(t); collapse if s € T(F,V), t € V and t € var(s); subterm collapsing if
s € T(F,V) and t € subt(s).

Example 1.2.16. The equation of the axiom of the C-theory in Definition 1.2.11 is regular
since both sides contain the same variables. The equation of the axiom of the I-theory
in Definition 1.2.11 is a collapse equation since the right-hand side of the equation is a
variable that belongs to the left-hand side. All equations of the a-theory in Definition
1.2.10 are subterm collapsing equations since one of the sides of all the axioms is €y,

which is a subterm of the other side in each equation. &

1.3 Anti-Unification

Definition 1.3.1 (E-Generalization, <g). The generalization relation of the E-theory
holds for terms r, s € T(F,V), written r <g s, if there exists a substitution ¢ such that
ro ~g s. Whenever r <g s, we say that r is more general than s modulo F or r is an
E-generalization of s. The set of all E-generalizations of s and t is denoted as Gg(s,t).

By <g and ~p, we denote the strict and equivalence relations induced by <g.

Remark. For any pair of terms, a variable is always a generalization: the trivial general-

1zation.

Definition 1.3.2 (Associated Substitutions). Let r be an E-generalization of s and t.
The substitutions ¢ and p, such that ro ~p s and rp ~g t are called as associated

substitutions of r.
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Example 1.3.3. Observe that the term f(f (b, x),y) is an a-generalization of the terms e/
and f(f(b,c),a), for f an a-symbol. Indeed, 0 = {z — cf,y — a} and p = {x — ¢,y — a}
satisfy f(f(b,x),y)o = f(f(b,ef),a) =q s and f(f(b,x),y)p = f(f(D,c),a). In this case,
o and p are the associated substitutions of f(f(b,x),y). O
Definition 1.3.4 (Least General Generalization, 1gg). Let s,t € T(F,V). A term
r € Gr(s,t) is a least general generalization, in short 1gg, of s and ¢ if there does not exist
" € Gg(s,t) such that r <, 7.

Example 1.3.5. Following Example 1.3.3, the term f(f(b,x),a) is an 1lgg of ¢; and
f(f(b,c),a), since any instantiation of f(f(b,z),a) leads to terms that are not general-
izations, that is, there does not exist r € Gy(ey, f(f(b,¢),a)) such that f(f(b,x),a) < r.
Notice that the generalization f(f(b,x),y) given in Example 1.3.3 is not an 1gg.

Definition 1.3.6 (Complete and Minimal Complete Set of E-generalizations). Let s and
t be terms and G C Gg(s,t), G is a complete set of E-generalizations of the terms s
and t if for each r € Gg(s,t) there exists ' € G such that r <g 7. If in addition, for
r,r’ € G, r <g r’ implies r = r/, then we say that G is minimal and G is called the

minimal complete set of E-generalizations and is denoted by mcsgg(s,t).

Example 1.3.7. From Example 1.3.3, the minimal complete set of a-generalizations of
the terms €7 and f(f(b,c¢),a) is

mesgo(ep, f(F(b;¢),a)) = {f(f(z,¢),a), f(f(b,x),a), F(f(b,c),2)}.

<&

Definition 1.3.8 (Anti-Unification Type). The anti-unification type of an E-theory may

have one of the following forms:
o Unitary: mesgg(s,t) exists for all st € T(F,V) and is always singleton.

o Finitary: mcsgg(s,t) exists and is finite for all s,¢ € T(F,V), and there exist
s\t € T(F,V) for which 1 < [mesgg(s',t)| < .
o Infinitary: mesgg(s,t) exists for all s,t € T(F,V), and there exist s',t' € T(F,V)

such that mcsgg(s',t') is infinite.

o Nullary: for some s,t € T(F,V), mcsgg(s,t) does not exist.

Remark. This work considers just anti-unification of ground terms. We can establish a
bijection between variables and constants and calculate the 1gg’s for any pair of terms
under this mapping. The terms obtained form a complete set of generalizations by map-
ping the results back to the original variables. This approach does not affect the solutions

and allows for a more manageable analysis of the problem.

13



Definition 1.3.9 (Linear E-generalization). An E-generalization r of terms s and t is

called a linear E-generalization if r is a linear term.

Example 1.3.10. Note that the term f(x,y) is a linear a-generalization of ¢ and f(a, a).

While f(z,z) is a a-generalization that is not linear. <&

The Definition 1.3.9 extends to linear least general generalizations, complete sets, and
minimal complete sets of linear F-generalizations as expected. The task of computing
linear F-generalizations of a pair of terms is referred to as the linear variant of anti-

unification.

Definition 1.3.11 (More General Relation for Substitutions). Let E be an equational
theory and V' be a set of variables. The substitution o is more general modulo 2 on V
than the substitution 0 if there exists a substitution ¢ such that zod ~g z0 for all x € V.

In this case, we write (0 <g 0)]|v.

Definition 1.3.12 (Nested Weight). Let s be a term, and f be an absorptive symbol.

The nested weight of s regarding f is defined recursively as follows:

nesg(s) =0, if head(s) # f:

ness(f(s1,52)) =1+ max{ness(s1),ness(sa)}, otherwise.

Definition 1.3.13 (Decomposable Position). Let s and ¢ be ground terms. A decompos-
able position of s and ¢ is a position p € pos(s) N pos(t) such that head(s|,) = head(t|,),
for all ¢ C p. The set of all the decomposable positions is denoted as decpos(s,t).

Definition 1.3.14 (Positions in a Decomposable Context). Let s and ¢ be ground terms.

The set P(s,t) of positions in a decomposable contezt of s and t is defined as follows:
P(s,t) = {p € pos(s) N pos(t) | for all ¢ C p,q € decpos(s,t)}.

Definition 1.3.15 (Expansible-Solvable Positions). Let s and ¢ be ground terms. The

set of expansible-solvable positions of s and t is defined as follows:
ES(s,t) = {p € P(s,t)| there does not exist p’ with p C p’ and p" € P(s,1)}.

Example 1.3.16. Let s = ¢(g(b,a), f(g4,¢4)) and t = g(g(b,b), f(g(a,a),e,)) be two

ground terms. Then, the set of decomposable positions is:
decpos(s,t) = {e,1,1.1,2,2.2}.

Using Definitions 1.3.14 and 1.3.15, the set of positions in a decomposable context and

the set of expansible-solvable positions of the terms s and t are:
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P(s,t) ={e,1,1.1,1.2,2,2.1,2.2} and ES(s,t) = {1.1,1.2,2.1,2.2}.

Definition 1.3.17 (Expansible, Trivially-Decomposable and Solvable Positions). Let s
and t be ground terms and p € ES(s,t). We classify these positions as below.

e pis an expansible position regarding symbol f if {head(s|,), head(t|,)} C {ey, f}.
Additionally, an expansible position p is lateral-ezpansible if the cardinality of the
set is two, and both-ezpansible, if the set is equal to {ef}. If p is a lateral-expansible
position, the subterm s|, or t|, with head f is called the non-absorbing term at

position p.
 pis a trivially-decomposable position if head(s|,) = head(t|,).

 pisa solvable position if head(s|,) # head(t|,), and they are not absorptive related

symbols.

Example 1.3.18. Considering the same terms s and t of Example 1.3.16 and its respec-
tive set of expansible-solvable positions ES(s,t) = {1.1,1.2,2.1,2.2}. We classify each

expansible-solvable position below following Definition 1.3.17.

p=1.1: 5|, =0, t|, = b. Since head(s|,) = head(t|,), 1.1 is a trivially-decomposable

position.

p=12: s|, = a, t|, = b. The heads differ and are not absorptive related symbols.

Then 1.2 is a solvable position.

p=21: s|, =€y t|, = g(a,a). Since head(s|,) = ¢, and head(t|,) = g are related

absorptive symbols, 2.1 is an lateral-expansible position regarding symbol g.

p =22 s|, = ¢4 t|, = ¢, Since head(s|,) = head(t|,) = €,, 2.2 is a trivially-

decomposable position and a both-expansible position regarding symbol g. &

Lemma 1.3.19. Let s and t be ground terms. Then all positions in the set ES(s,t) of
expansible-solvable positions are pairwise parallel. That is, for all p,q € ES(s,t), if p # q,
then p IZ q and q [ p.

PROOF: Let p,q € ES(s,t) and suppose p # q. We show that p [Z ¢ and ¢ [Z p. Assume,
for contradiction, that p C ¢. Since ¢ € ES(s,t) C P(s,t), it follows that ¢ € P(s,t) and
is a proper prefix of p. This contradicts the definition of £S(s,t), which requires that no
proper prefix of p belongs to P(s,t). The argument is symmetric if we assume that g C p.

Therefore, we have that p || g. O
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Definition 1.3.20 (Collapsible Term and Subterm). A non-ground term ¢ is called col-
lapsible if there exists a variable y € var(t) such that t{y — e} ~, e, for some absorbing
constant ;. In this case, we say that ¢ is collapsible at variable y, or that ¢ is y-collapsible.

Furthermore, a subterm s’ of s is called a collapsible subterm of s, if s’ is a collapsible

term.

Example 1.3.21. Let f be an a-symbol and the term r = g(f(h(f(z, f(y,a))),y),x).
The subterms r|; = f(h(f(x, f(y,a))),y), rh11 = f(z, f(y,a)), and 71112 = f(y,a)

are collapsible subterms of r, since each of them collapses to £ under the substitution

{y — ¢s}. Moreover, all of them are y-collapsible. O

This work utilizes a special constant: the wild card (). This constant plays a crucial
role in the algorithm, and its use is explained in Chapter 2. Intuitively, the symbol %

serves as a placeholder that may represent any ground term.

Definition 1.3.22 (Anti-Unification Triple, AUT). Let z € V and s,t € T (F), an anti-

unification triple a, for short AUT, is a triple of the following forms:

1. either s £, x or x 2, ¢ (wild AUT);
2. the triple is of the form s £, t where head(s) # head(t) and they are not related

absorptive symbols (solved AUT);
3. s £, t and it is neither wild nor solved (unsolved AUT).

All of the forms mentioned above can be called AUT. The variable z is called the label
of the AUT a (label(a)), the term on the left-hand side of the AUT a is denoted by lhs(a),
and the term on the right-hand side of the AUT a is denoted by rhs(a).

When we want to anti-unify s and ¢, we say that we have an anti-unification problem
s 2 t or just a problem. Any generalization of s and t is called a solution of this anti-

unification problem.

Example 1.3.23. Let f be a binary symbol, a,b,e; be constants, and z,y,z € V. The
triple x 2, f(a,a) is a wild AUT, the triple @ 2, b is a solved AUT, and the triple
er £, f(a,b) is an unsolved AUT. &

For a set A of AUTSs we can extend the size operator as:

size(A) == size(lhs(a)) + size(rhs(a)).

acA

and the set of labels of A is defined as
labels(A) := {label(a) | a € A}.
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Definition 1.3.24 (Valid Set of AUTs). A set A of AUTS is valid if |labels(A)| = |A].

Example 1.3.25. The sets {a =, f(b,b),e; =, f(a,b)} and {x £, b, f(a,b) £, x} are
examples of a valid set of AUTs. The sets {a =, b, f(a,a) =, b} and {x £, x,x =, a}
are not valid sets of AUTS, since the first one has two AUTs with the same label and the

second includes the triple « £, %+ which is not an AUT. &

Definition 1.3.26 (Nested a-symbols of an AUT). Let a be an AUT, and py, ..., px all
the lateral-expansible positions of lhs(a) and rhs(a). Assume that py,...,py are lateral-
expansible positions regarding the symbols f1, ..., fi, respectively, and that r{,...,ry are

their respective non-absorbing terms. The number of nested a-symbols of a is defined as:

nes(a) =

SF mesy () ifk>1,
0 if a has no lateral-expansible position.

Example 1.3.27. Consider the AUT a = g(g;, f(a,c)) =, g(f(f(a,a),b), ;). First,
note that the lateral-expansible positions of [hs(a) and rhs(a) regarding to f are 1,2.
Furthermore, it holds that nes¢(f(f(a,a),b)) = 1+max{nes¢(f(a,a)), nesg(b)} = 2. and
ness(f(a,c)) =14+ maz{ness(a), ness(c)} = 1. It follows that

nes(a) = nes;(f(f(a,a), b)) + nes; (f(a,c)) = 3.
&

The notion of nested a-symbols can be extended naturally to a valid set of AUTs A

as follows:

nes(A) :=>_ nes(a)

Definition 1.3.28 (Merged Set of AUTs). Let A be a valid set of AUTSs, A is merged
if there do not exist different AUTs in A, a; and ag, such that [hs(a;) = lhs(az) and
rhs(a;) = rhs(as).

Example 1.3.29. The sets {a £, b, f(a,a) £, b} and {b £, f(b,a)} are merged sets of
AUTSs, while the set {a £, b,a £, b} is not merged. O

Definition 1.3.30 (Left and Right Substitutions). Let A be a finite valid set of AUTS.

The left substitution o'y and right substitution o”; related to A are defined as follows:

o'y = {label(a) > [hs(a) | a € A} and 0"y = {label(a) — rhs(a) | a € A}.
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Definition 1.3.31 (Set of Left and Right Wild AUTs). Let A be a finite valid set of
AUTs. The set of left wild AUTs A' and the set of right wild AUTs A" related to A are

defined as follows:
Al ={ac A|ais wild and lhs(a) # «} and A" = {a € A | ais wild and rhs(a) # %}.

The set A" = A — (A'U A") is called the set of non-wild AUTs related to A.

Example 1.3.32. Let A = {a £, x,b £, x,x =, f(a,c),e; £, £;} be a valid set of
AUTs. The left and right wild AUTs are:

Al ={a 2, %02, x}and A" = {x 2, f(a,c)}.

The set of non-wild AUTs related to A is A" = {e; £, ;1. &

Definition 1.3.33 (Substitution Generalization of a Valid Set of AUTs). Let A be a
valid set of AUTs over E, where F is either the absorptive or the absorptive commutative
theory. A substitution ~ is a substitution generalization of A if there exist substitutions
pi and p,, such that dom(vp;) = dom(vyp,) = labels(A) and such that every AUT a € A

satisfies the following conditions:
o label(a)yp; ~g lhs(a) and label(a)yp, ~ rhs(a) if a is not wild,
o label(a)yp ~p lhs(a) if a € A,
o label(a)yp, ~g rhs(a) if a € A".

We call the substitutions p; and p, as associated substitutions of 7. For short, we will

write “v is a generalization of A”. The set of substitution generalizations of A is denoted

as Gg(A).

Notice that in Definition 1.3.33, for each wild AUT of the form s £, x (resp. * =, t), only
the non-wild term s (resp. t) is required to be generalized by  through the corresponding
substitution p; (resp. p,). The action of the substitution p, (resp. p;) on the generalization

x7y is unrestricted, since the corresponding side of the AUT is the constant .

Example 1.3.34. Consider A = {g(a,b) £, g(a,c),e; =, f(c,d),a £, c} be a set of
valid AUTs over a({f}). The substitution v = {x — g(a,w),y — f(ws,d),z — w3} is a
substitution generalization for A. Observe that for p; = {wy — b, wy — €, w3 — a} and
pr = {w1 = ¢, wy — a,ws — ¢}, we have that xyp; =, g(a,b), yyp ~a €, 27p1 ~q a, and
TYpr ~a g(a, c), Yypr =a f(c;d), 27pr = C. %
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Example 1.3.35. Consider A = {x =, h(b), f(a,b) £, x} be a set of wild valid AUTSs over
a({f}). The substitution v = {x — h(w),y — f(21,22)} is a substitution generalization
for A, since for py = {w — a, 2z — a,z9 — b} and p, = {w — b, z; — b, 25 — a} we have
that xyp, =~ h(b) and yyp, =, f(a,b). O

Definition 1.3.36 (Meta-terms). Let F be a signature, V be a countable set of variables,
and N be a countable set of non-terminal symbols of arity 0, such that these three sets
are pairwise disjoint. For ¥ C FUV and N C N, the set T(X, N), defined inductively

as in Definition 1.1.2, is called the set of meta-terms.

Definition 1.3.37 (Regular Tree Grammar). A regular tree grammar & is a quadruple
of the form (Sy; N;3; R), where the symbol Sy € N is called the starting non-terminal,
N is the finite set of non-terminals, > C F UV, and R is the set of productions rules of
the form 7" — ¢ where T € N and t € T (X, N).

Definition 1.3.38 (Grammar Derivability Relation, Language). Let & = (Sp; N; 3; R)
be a regular tree grammar, the grammatical derivation relation — g is a relation over
T (X, N) such that s — ¢ if there exists p € pos(s) and a rule T" — ¢’ such that s|, =T
and t = s[t'],,.

Definition 1.3.39 (Langeuage Generated by £(®)). The language generated by & is the
set of the terms L(&) := {t |t € T(FNX,VNX) and Sy —§ t}, where —§ is the
transitive closure of the relation — . Similarly, for any non-terminal symbol 7" in NV,

the language of terms obtained by a grammatical derivation from T is the set of terms
LGT)={teT(FNS,VNI)|T —¢t}

Given a regular tree grammar (Sy; V;X; R), we will abbreviate production rules in
R by joining rules starting with the same non-terminal, i.e., T"— ¢t and T" — t' are
abbreviated as T — ¢ | t'.

1.4 Related Work

The study of anti-unification over first-order theories began with the works of Gordon
Plotkin and John C. Reynolds in the 1970s [39,41], who introduced algorithms for com-
puting least general generalizations in the syntactic theory (), establishing that the gen-
eralization type for this theory is unitary. Building on these foundations, Huet [31] also
contributed an algorithm for computing lggs in the first-order syntactic setting. Later,
Baader [11] investigated anti-unification in commutative theories, covering settings such
as commutative monoids (ACU), commutative idempotent monoids (ACUI), and Abelian

groups, and proved that anti-unification in these cases remains unitary. More recent
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works consider theories that include symbols satisfying regular equations as axioms. For
instance, Marfa Alpuente et al. [1,2] investigate C, A, and AC theories, providing an
algorithm for computing generalizations and determining the respective type of anti-
unification in each case.

David Cerna and Temur Kutsia [25,26] explore regular theories that include symbols
satisfying collapse equations as axioms. They analyze the theories I, Al, and CI, which
are of infinitary type, and present an algorithm that computes a grammar whose language
generates an infinite set of generalizations for a pair of terms. Additionally, they treat
U~>!, which is nullary, meaning it is not possible to find the minimal complete set of
generalizations for some pairs of terms, along with some combinations, such as (AU)>!,
(CU)>1, and (ACU)>!, which are also nullary. Finally, David Cerna [23] provides a proof
that the theories of semirings and commutative semirings are nullary. Given an infinite
chain of generalizations starting from a term, it is used to demonstrate the nullarity of the
theories (ACU)?, (aACU)(ACU), and aU. Table 1.2 summarizes the theories mentioned
above, including their type and the corresponding authors with references.

In the following sections, we provide a more detailed discussion of the anti-unification
problem and the anti-unification type of some of these theories, specifically C-theory,

I-theory, and U-theory.

’ Theory \ Type \ References ‘
0 1 G. Plotkin [39] and J. Reynolds [41]
A w | M. Alpuente et al. [1];

C w M. Alpuente et al. [1]

AC w M. Alpuente et al. [1]

Ut w | D. Cerna and T. Kutsia [26]
U>! (linear variant) w | D. Cerna and T. Kutsia [26]
U~ (AU)>L, (CU)>L, (ACU)>! 0 | D. Cerna and T. Kutsia [26]
=t oo | D. Cerna and T. Kutsia [26]
(UT)2, (ACUI)? 0 D. Cerna [23]

SRNG, CSRNG 0 D. Cerna [23]

(ACU)?, (aACU)(ACU), aU 0 D. Cerna [23]

Table 1.2: First-order anti-unification
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1.4.1 Syntactic Anti-Unification

This section illustrates an approach to the syntactic anti-unification problem, where the
terms under analysis are not subject to any axioms. This purely syntactic setting repre-
sents one of the simplest theories to analyze and was the first to be studied in the context
of anti-unification.

The original motivation for introducing anti-unification was its application in automat-
ing induction. In his pioneering article An Experiment in Automatic Induction (1971) [40],
Popplestone proposed the idea that generalizations—and in particular, least general gen-
eralizations—of terms (or literals, in his terminology) could be computed and used as a
foundation for inductive inference. He suggested that such generalizations would be useful
in discovering patterns or regularities essential for automating inductive reasoning.

Building upon this insight, Plotkin [39] and Reynolds [41] independently developed the
first formal algorithms for syntactic anti-unification in 1970. Both proposed procedures
for computing a unique 1gg, modulo variable renaming, of two first-order terms.

Later in 1976, Huet formulated an algorithm for computing lggs based on a recur-
sive definition using equations. His method relies on a bijection ¢ from pairs of terms
to variables, ensuring that the resulting generalizations are the least general among

all possible ones. The algorithm is formally defined through a recursive function \ on
T(F,V) x T(F,V) defined as follows:

° A(f(é‘l, R a.fn)v f(tb e 7tn)) = f(>\($1,t1), s 7)‘($natn)) fOl" any f S -'r
o A(s,t) = ¢(s,t), otherwise.

In 2014, Alpuente et al. [1] revisited syntactic anti-unification through a rule-based
algorithm, building on these foundational ideas. Their approach adapted Huet’s structural
methodology but organized the algorithm as a transformation system acting on structured

triples called configurations of the form (A;S;6), where:

o A is the set that contains the AUTs that still need to be solved.
o S is the store, collecting already processed and solved AUTs.

e 0 is a substitution that captures the generalization computed so far.

Since this case does not involve any equational theory, an AUT differs from the one
defined in Definition 1.3.22. In this context, an AUT is a triple of the form s £, ¢, for
arbitrary terms s and ¢. An AUT is considered solved if head(s) # head(t), and unsolved
otherwise. The algorithm consists of the inference rules Decomposition (Dec), Solve (Sol),

and Recover (Rec) presented in Table 1.3.
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Dee {f(s1,.. ., 80) 24 fltr, ..., tn)} WA; S;0)

(=) A —
<{81 i tl"" :yn tn}UA7Su0{x'_>f(yl>7yn)}>
where f is an n-ary symbol, n > 0, and y1,...,y, are fresh variables.
(%) ({s =, t}wA;S;0)

(A;{s 2.t} U S;0)
where s £, t is a solved AUT.
() ({séxti&JA;{séyt}EdS;@

(A {s =, t} U S;0{z — y})

Table 1.3: Generalization rules for syntactic theory.

They set that the algorithm starts from an initial configuration, of the form ({s =,
t}; 0;id), and applies the rules above as long as possible. Moreover, a configuration is
final if no rule can be applied and is of the form (@; S’;#’). It is possible to prove that the
algorithm described above is confluent and produces a unique final configuration modulo
variable renaming. Indeed, if the final configuration is of the form (); S’;€’), then the
computed solution is given by x6 and is an 1gg of s and ¢. We illustrate the algorithm

finding the 1gg of the terms g(a, g(a,c)) and g(b, g(b,a)) in the example below.
Example 1.4.1. The configuration ({g(a,g(a,c)) =, g(b,g(b,a))};0;0) is the initial

configuration associated with the anti-unification problem of the terms g(a, g(a,c)) and
g(b,g(b,a)). Using exhaustively the rules of Table 1.3 over this configuration, we get the

following derivation:

({g(a, g(a,c)) £2 g(b, g(b, a))}; 0;id)

({a 2. b.g(a,c) 2, g(b,a)};0; {z = g(u,v)})
({g(a.c) 2, g(b,a)}i{a £, b} {z = g(u,v)}) =

)

)

)

ﬂ% ﬂ?

F

({a 2, b,c 2. a}i{a £, b} {z = g(u, g(y, 2)),v = g(y, 2)}) =
He 2. a}i{a 2,0} {z — g(u,g(u, 2)),v > g(u, 2),y — u}
(0;{a =, b,c 2. a}; {z = g(u, g(u, 2)),v = glu, 2),y = u}

Sol

ll

Notice that the last configuration of this derivation is the final configuration, then the
computed 1gg for the AUT g(a, g(a,c)) £, g(b,g(b,a)) is given by 28’ = g(u, g(u, 2)),
where @' is the substitution of the final configuration. Indeed, 26’0, = g(a,g(a,c)) and
z00%, = g(b,g(b,a)), where S’ is the final store, ok, and 0%, are the substitutions of
Definition 1.3.30. <&

JAN

To prove that xf is an 1gg of the AUT s =, ¢ for any final configuration derived

from the associated initial configuration, it is necessary to prove that the procedure is
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terminating, sound, and complete. Moreover, to prove that z0 is unique, it is required to
prove that the algorithm is confluent up to renaming. The proofs of these results will not

be presented here, but the respective statements will be stated.

Theorem 1.4.2 (Termination). For all input (A;S;60), the algorithm terminates in a
final configuration of the form (0;S";0").

The proof of Termination can be made over the size(A) as measure; each rule appli-

cation decreases this measure. The soundness and the completeness are stated as follows:

Theorem 1.4.3 (Soundness). Let (A;S;0) be a configuration, and (0;S";0') be a final
configuration after an exhaustive application of the rules of Table 1.3. Then the term x6

is a generalization of lhs(a) and rhs(a), for all a € A.

Theorem 1.4.4 (Completeness). Let (A;S;0) be a configuration, and ~ the substitution

generalization of AUS, then xvy < z0', where 0’ is the substitution of a final configuration

derived from (A;S;0).

Both proofs proceed by induction on the size size(A), combined with case analysis for
each inference rule. Soundness and completeness guarantee that the algorithm computes
a complete set of generalizations. However, since the minimal complete set of syntactic
generalizations contains only one 1gg, it is necessary to determine whether the algorithm
produces generalizations that are not 1ggs. In this case, the algorithm computes a unique

final configuration, up to variable renaming.

Theorem 1.4.5 (Confluence). Let (A;S;0) be a configuration, and let (0;S1;601) and
(0; So; 05) be two final configurations derived from it. Then there exists a renaming of the
labels in S and Ss, as well as of the variables in the domains and ranges of 61 and 605,
such that the two configurations become identical, that is, they contain exactly the same

AUTs in the store and the same bindings in the substitutions.

The proof of confluence reduces to local confluence, since termination is guaranteed.
To establish local confluence, we analyze all cases in which branching occurs due to differ-
ent choices of AUTs in the set of unsolved triples. As a consequence of soundness, com-
pleteness, and confluence, the algorithm computes a unique 1gg for each AUT. Therefore,
the minimal complete set of generalizations is unitary, which implies that the syntactic

anti-unification problem is of unitary type.

1.4.2 Anti-Unification in Commutative Theory

The anti-unification problem over C-theory was studied in [1], where the authors developed

an algorithm that computes generalizations for a pair of terms and proved that this theory
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is finitary. This subsection presents the approach of [1] for anti-unification in C-theory.
In particular, we illustrate some examples of C-generalizations and discuss the proposed
algorithm, along with the lemmas and theorems that establish the type of this theory.
To begin, the following example illustrates a C-generalization of two terms headed by
a C-symbol g. The possible C-generalizations depend on the structural similarity of their
respective arguments. Here, commutativity allows us to swap arguments and determine

common substructures.

Example 1.4.6. Consider the terms g(a, b) and g(b, ¢), where g a C-symbol. Notice that
the term ¢(b, z) is a generalization of the terms s and ¢. Indeed, 0 = {x — a} and

p =1z c} satisty g(b,z)o = g(b,a) ~¢ g(a,b) and g(b,z)p = g(b,c). O

Observe that the type of anti-unification for commutative theory is unitary or finitary,
since each equational class of any term is finite, implying that any complete set of gener-
alizations for any pair of terms is finite. The next example illustrates that there exists at

least a pair of terms where the minimal complete set of generalizations has two elements.

Example 1.4.7 (Anti-Unification in Commutative Theory is not Unitary). Consider the
terms s = g(g(a,b),b) and t = g(a, g(b, a)), where g is a C-symbol. The terms g(g(a,b), z)
and ¢(g(z,v),y) are 1ggs of s and t. Notice that they are not comparable, since if
we assume that g(g(a,b),z) <¢ g(9(z,v),y), this implies that there exists p such that
9(g(a,b), x)u =¢c g(g(z,y),y), but this not possible because 1 does not affect constants.
Similarly, if we assume that g(g(z,y),y)1’ <c g(g(a,b), z) is because there is u' such that
9(9(z,y), )i’ =c g(g(a,b),x), but this is not possible since there does not exist p’ such
that yu' = b and yyu' = x simultaneously. Implying that these 1ggs are not comparable.
Hence, the C-theory is not unitary. O

The approach of [1] introduces an algorithm that computes C-generalizations for any
pair of terms. This algorithm consists of a set of four inference rules, which is terminating
and sound. They prove that this algorithm is also complete but not minimal. In fact,
the algorithm generates a finite set of complete C-generalizations and in some cases com-
putes comparable C-generalizations. The following example illustrates that the algorithm

computes comparable C-generalizations.

Example 1.4.8. Considering the same terms s and ¢ of Example 1.4.7 and applying all
the possible inference rules presented in [1] for the anti-unification problem s = t the
algorithm in [1] computes three branches that generate the C-generalizations g(z1,y1),
9(g(x2,92),y2), and g(g(a,b), xz3). Notice that g(z1,y;) is more general than the other
generalizations. This implies that the algorithm is not computing a minimal set of gen-

eralizations. )
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In summary, the algorithm proposed in [1] computes a finite complete set of C-
generalizations for any pair of terms. Since Example 1.4.7 demonstrates that this theory
is not unitary, it follows that anti-unification in C-theory is finitary. Furthermore, as this
set is not minimal but finite, we can build the minimal complete set of generalizations

from the computed set.

1.4.3 Anti-Unification in Idempotent Theory

As was introduced in Definition 1.2.11 the idempotent theory I is a theory with one or
more function symbols f holding the axiom f(x,z) &~ z. This subsection presents the
approach of [26] for solving the anti-unification in I-theory. They introduce two algorithms
that compute a grammar in which language generates a complete and minimal set of I-
generalizations for any pair of terms. Additionally, they provide a pair of terms where

the minimal complete set of I-generalizations is infinite.

Example 1.4.9. Let f(a,b) and f(b,a) be terms, where f is an I-symbol. Notice that
the term f(f(y,b), f(a,z)) is an I-generalization that is not a syntactic generalization.
Indeed, 0 = {y — a,z — b} and p = {y — b, z — a} satisty f(f(y,b), f(a,2))o = f(a,b)
and f(f(y,0), f(a,2))p ~1 f(b,a). %

The algorithm I-PreGen proposed in [26] is a rule-based algorithm of nine rules, which
generates a computed set of bindings for any anti-unification problem. They use a min-
imized and merged version of these bindings modulo I to build a finite tree grammar &
with the procedure I-Gen as a finite representation of the computed I-generalizations.
Moreover, they prove that both procedures are terminating and that any term of the
language generated by the grammar, say £(®), is an I-generalization of the respective
anti-unification problem and that £(®) is a complete set of I-generalizations, that is,
they prove that I-Gen is sound and complete. The following example illustrates a pair of

terms which language is an infinite set.

Example 1.4.10. Considering the same terms f(a,b) and f(b,a) of the Example 1.4.9.
The algorithm I-Gen of [26] generates a grammar & = (x; {x,y};{f, a,b, z1, 22}; R), where

R— {l‘ — Y,y — f(mam)a Yy — f(f(zlab)af(av 22))’}
y— f(f(zlaa')7f<b7 22))7 y— f(yay)
With & and y are non-terminal symbols. The language £(®) is generated by apply-

ing these rules starting from a until the obtained term has only non-terminal symbols.
Notice that the rule y — f(y,y) can be applied recursively an infinite number of

times, this implies that the generated language set is infinite. The following terms:
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F(f(z21,0), fla, 22)), f(f(z1,0), f(b;22)), F(F(f(21,0), f(a; 22)), F(f(21,0), fa, 22))), and
f(f(f(z1,a), f(b,29)), f(f(21,a), f(b,22))) are some of the I-generalizations generated by
the language £(®). These I-generalizations are pairwise incomparable, since any instan-
tiation of the variables z; and z; leads to terms that are not I-generalizations of f(a,b)
and f(b,a). &

The next step is to prove that for any terms s and ¢, the language generated by the
grammar computed by I-Gen is minimal. For this purpose, they prove that the way
that the language is generated does not allow the production of an infinite chain of I-
generalizations and that two different generalizations of the language generated are not
comparable over the relation <;. Considering these facts together with the fact that
the Example 1.4.10 generates a language that is infinite, they conclude that idempotent

generalization is infinitary.

1.4.4 Anti-Unification in Unital Theory

The goal of this subsection is to present the approach of [26] to the anti-unification
problem in unital theory, as defined in Definition 1.2.11. In particular, we discuss the anti-
unification problem when the theory includes at least two U-symbols. For this purpose,
we assume that all terms are taken from the set T(f, g, ey, €4, V), where both f and g are
U-symbols, and ey and e, are their respective unit constants. The axioms of this theory,
like those of idempotent theory, are collapse equations. Moreover, each equivalence class
[t]~, contains an infinite set of elements, implying that, in some cases, a pair of terms

may have an infinite set of U-generalizations.

Example 1.4.11. Let e and e, be terms, where e; and e, are unit constants, respectively,
related with the U-symbols f and g. The term f(x,g(z,y)) is a U-generalization of ey
and e, with associated substitutions o = {z — es,y — e;} and p = {x = ¢4,y = ef}. &

Observe that there are an infinite set of U-generalizations for the terms e; and e, of
the Example 1.4.11. Indeed, if we apply the substitution p = {x — f(z,g(x,y))} to
the U-generalization f(x,g(z,y)), we obtain the term f(f(x,g(z,v)),9(f(z,9(x,vy)),v))
which is a U-generalization of e; and e, through the same substitutions o and p. We can
apply p recursively, and each resulting term will be a U-generalization of ey and e;. The

authors in [26] characterize this kind of U-generalizations with the definition below.

Definition 1.4.12 (Reduced U-Generalization). Let r be a U-generalization in U-normal
form of s and ¢, and let o; and o9 the normal associated substitutions of ». We say that

r is a reduced generalization form if the following conditions hold:

1. For x € wvar(r), we have that zo; %y xoy
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2. For all z,y € var(r) either z =y, or for some 0 € {01,042}, 20 %y yb.

Example 1.4.13 (Reduced U-Generalization). Consider the anti-unification problem
mentioned in the Example 1.4.11. The term f(x, g(z,y)) is a reduced U-generalization of
s and t with the associated substitutions o and p mentioned in Example 1.4.11. While the
term f(z, g(y, z)) is not, since the associated substitutions oy = {z — ef,y — ey, 2 — e,}
and o9 = {x — ef,y — €4, 2 — e,} does not hold the first item of Definition 1.4.12. In-

deed, zoy =~y xoy and zoy Xy 209. &

With this characterization, it is possible to show that we can build a more specific
reduced U-generalization from any U-generalization of the terms ey and e4. Indeed, they

prove the following lemma:

Lemma 1.4.14. For every U-generalization v in U-normal form of ey and e, there exists

a substitution p such that rp is a reduced U-generalization of ey and eg.

The proof sketch consists of building the substitution p from the U-generalization r
and the respective associated substitutions o1 and o5. They use the fact that any reduced
U-generalization of e; and e, contains exactly two distinct variables and consider the cases
where 1 and o, violate some of the conditions of Definition 1.4.12. After this, they prove

the lemma below.

Lemma 1.4.15. Let r be a reduced U-generalization of ey and ey. Then there exists a

reduced U-generalization r' of ey and ey such that r <y r'.

The proof consists of showing that any instantiation of the form {x — f(z,g(x,y))}
for x € {x,y} = var(r) produces a more specific reduced U-generalization of e; and e,.

Considering Lemma 1.4.14 and 1.4.15, from any U-generalization r of a complete set
G of ey and ey, we can build g such that rp is a reduced U-generalization, and from this
generalization there exists 7’ such that rp <y 7’ with 7/ also a reduced generalization, and
since G is a complete set, there exists r” € G such that " <y r”. This implies that it is
not possible to build the minimal complete set of generalizations for the terms ey and e,.
Therefore, the unital anti-unification is nullary.

It is important to remark that also in [26], they prove that the linear variant of the
anti-unification problem in the theory U>! is of finitary type. Notice that the only linear
1gg of ey and ey is a variable, say x, since another linear U-generalization of e; and e, is

more general than a variable. We illustrate an example of this below.

Example 1.4.16. Consider the linear U-generalization f(z,g(y,z)) of e; and e,. We
have that f(x,g(y,2)){z — ef,y — e,} =y z, this implies that f(x,g(y,2)) Zv z. &
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This means that in the linear variant, it is possible to build the minimal complete set
of linear U generalizations of ey and ey, this minimal complete set is only a variable. They
provide an algorithm sound and complete in [26], this algorithm computes a complete (no
minimal) finite set of linear U-generalizations. We illustrate an example in which the

minimal complete set of linear U-generalizations contains at least two generalizations.

Example 1.4.17 (Anti-Unification for Linear Variant in Unital Theory is not Unitary).
Let s = g(f(a,a),a) and t = g(a,a) be terms with f and g U-symbols. The terms
r1 = g(f(z,a),a) and ro = g(f(a,z),a) are linear U-generalizations of s and ¢. Observe
that it is not possible to find substitutions o and oy such that r10q7 ~y 9 and re09 ~y 11,

then r; and ro are incomparable. Moreover, these terms are linear 1ggs of s and t. <&

As was illustrated in the Example 1.4.17 there is a pair of terms with at least two
incomparable 1ggs. This implies that the linear variant of U-theory is finitary. In general,
it is possible to build this set by removing the more general linear U-generalizations from
the complete set of linear U-generalizations computed by the proposed algorithm.

Notice that by restricting the problem to linear generalizations we reduce the anti-
unification type from nullary to finitary. This fact aligns with intuition, but such restric-
tions do not always reduce the type. For instance, the following example provided by

Temur Kutsia and David Cerna behaves differently.

Example 1.4.18. Consider the anti-unification problem of terms f(a, h(a)) and f(b, h(b))
over the theory induced by the axiom {f(f(x,h(z)),h(x)) =~ f(x,h(x))}. Notice that
this problem has only one 1gg, the term f(z,h(z)), but when we restrict our attention
to the linear variant, the problem becomes nullary. In fact, it is not possible to con-
struct a minimal complete set of generalizations for the terms f(a,h(a)) and f(b, h(b)),
since all non-trivial linear generalization is either of the form f(z,y), or can be gen-
erated recursively by applying the substitution {x — f(x,h(z))}, where z is a fresh
variable, to the term f(x,h(y)). Then, for any complete set we can find an infinite
chain of linear generalizations. Indeed, any infinite chain is formed by some sequence

of terms x, f(x,y), f(x, h(y)), f(f(x, h(2)), h(y)), f(f (f (z, h(w)), h(2)), h(y)), . .., imply-

ing that the linear variant of this theory is nullary. &
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Chapter 2

A Sound Algorithm for Absorptive
Anti-Unification Problem

This section introduces the two processes developed to compute generalizations for terms
over the equational theory a: the A, aunr algorithm in Section 2.1 and the set of abstrac-
tion substitutions ¥ in Section 2.2. First, we introduce Aq sy, a rule-based algorithm
over configurations, a structure that encodes anti-unification problems. After that, the
notions of abstraction sets and abstraction substitutions are defined as tools for com-
puting more specific generalizations than those generated by Aqaunr. Finally, Section
2.3 presents a proof of the soundness of the two procedures using the termination and

preservation configuration, which is also proved in this chapter.

2.1 Generalization Algorithm for a-Theories

Absorptive is a fundamental property in many algebraic structures, such as semirings,
rings, and Boolean algebras, where the additive unity acts as an absorbing constant for
the product. Although prior work on anti-unification over a-theories has focused on rich
algebraic settings (e.g., semirings [23]), this study explores pure a-theories with one or
more a-symbols, as introduced in Definition 1.2.10, as part of a broader investigation into

anti-unification in subterm-collapsing theories.

Definition 2.1.1 (Configuration). A configuration, denoted as C, is a quadruple of the
form (A;S; D;0), where:

e A is a valid set of non-wild AUTs (active set);
o S is a valid set of solved AUTs (store);
e D is a valid set of AUTs that are either wild or of the form ¢ L ¢ #, for some label

x and €7 an absorbing constant (delayed set);
o 0 is a substitution (computed substitution);
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and such that the following conditions are satisfied:

1. Vran(0) = labels(A) U labels(S) U labels(D);
2. labels(A), labels(S), labels(D), and dom(#) are pairwise disjoint;
3. all terms occurring in a configuration are in their a-normal forms.

Remark. Notice that 6 is idempotent by conditions 1 and 2 in the definition above.

Each configuration component stores the information required to compute specific
generalizations for a set of term pairs. The active set contains the AUTs with the problems
to be solved. The store has the AUTs containing a pair of terms in which the most specific
generalization is a variable. The delayed set stores the AUTs related to the subterms in
expanding an absorbing constant. The computed substitution is a substitution mapping

the labels of the AUESs to their respective generalizations.

Remark. Since the goal of the algorithm is to compute generalizations from a given set
of pairs of terms, we associate a configuration to these problems, the initial configuration
of the form (A;0;0;.), where A is a valid set of AUTs, each AUT associated a label
to a pair of terms. In addition, ¢ the starting substitution is a disjoint renaming, with
ran(t) = labels(A) and dom(t) a set of fresh variables. The stated substitution ¢ is built
this way to guarantee the configuration definition.

For the rest of the work, we only consider configurations derived from initial configu-

rations.

Example 2.1.2. Consider the following quadruple ({a £,, b,e; =, c}; 0; 0; ), where
0 = {x; — g(wy,ws), y1 — g(wy,ws)}, and x; and y; denote the labels of the previous
configurations from which this configuration was derived. This is indeed a configuration,
since every set of AUTS is valid, Vran(f) = {wy, ws} coincides exactly with the set of all
labels, the labels are pairwise distinct, and the variables in the domain of the computed

substitution are not labels of the configuration. <&

Definition 2.1.3 (Substitution Generalization of a configuration). Let C = (A;S; D;0)
be a configuration. The substitution v is called the substitution generalization of C if
v € Go(AU S U D) and the set of substitutions generalizations of C is denoted as G,(C).

Example 2.1.4. Let C = ({h(a) £, h(b)}: {=; 2, d; {x 2. h(ep)}i {w o oo, Fy, )
be a configuration. The substitution v = {x — h(2'),y — v,z — h(f(y,2))} is a
substitution generalization of C. Indeed, note that the associated substitutions of v are
pp={2" = a,y — e — e} and p, = {2/ — b,y — d,2/ — £}, it holds that for all
the non-wild AUTs a € AU S, label(a)yp, =, lhs(a) and label(a)yp, =, rhs(a), and for
the wild AUT it holds that h(f(y', 2'))pr =a h(ey). <&
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Table 2.1: Generalization A, aunr rules for a-theory.

(Dé) <{f(81775n>éxf(t177tn)}u—JAasaD70>
{s1 2y ty ooy Sn =y ta ) U A S; D3 0{z = flyr, -y un)})
where f is an n-ary symbol, n > 0, and vy, ..., y, are fresh variables.
(S_Ll>) <{Séwt}LﬂA;S§D;9>
(A;{s £, t} U S; D 0)

where s £, t is a solved AUT.
(e (0;{s 2. t,5 £, t} W S; D;6)

(0: {s £, t} US; D;0{x = y})
(E%B;) <{5f éac gf}HjA;S;D;0>

<A; S {éTf éz &Tf} U D76>
where € is an absorbing constant.

For the following rules, f is an absorptive symbol and ¥y, y» are fresh variables:

({er &0 f(t1,12)} WA; S; D; 6)

(=) z A .

({er S iU A S {x =y, U D 0{x — f(y1,v2)})
(P _ {er =2 f(tz ta)} W A; S5 D; 0)

({er S YU A S {x =y, 1} U D 0{z — f(y1,92)})
(Eggl) - <{f(51a32) éz 8f}LJ—rJAQ S; D; 0>

({s1 =y s UA; S {82 =, xp U D0{z = f(y1,52)})
(28 ({f(s1,52) 22 g7} W A; S; D; 6)

({s2 £y, er Y UA; Si{s1 2, s} UD;0{x — f(y1,92)})

Definition 2.1.5 (Algorithm A, aunir). Aaavnr 1S a rule-based algorithm over config-
urations. A aunr consists of an exhaustive application of the rules presented in Table
2.1 (the symbol W stands for disjoint union) in any possible manner, i.e., it is possible to

apply a rule to any AUT in its active set, and in some cases, it is possible to use two or

more rules to the same AUT creating branches.

By C = C’ we denote the application of some inference rule of Table 2.1 to C resulting

in C". By C =* C' we denote a finite sequence of inference rule applications starting at

C and ending with C’. In both cases we say C’ is derived from C.

Each rule transforms configurations into configurations (see Lemma 2.1.11). A detailed

explanation of each rule introduced in the Table 2.1 is presented below ).

(Dec): Decompose

{f(s1,- - 80) 2o [t tn)} & A; S5 D; 0) 25
({51 200 180 2, 1} UAS; D3 0{z o fln, 0 9)),
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where f is an n-ary symbol, n > 0, and 1, ..., ¥y, are fresh variables.

FExplanation: The Decompose rule applies when the terms in the selected AUT share
the same head symbol. In this case, the generalization variable x, which initially stands
for a generalization of the terms f(si,...,s,) and f(t,...,t,), is refined in 6 to the
more specific term f(yy,...,y,). Each y; is a fresh variable intended to generalize the

corresponding pair of subterms s; and ¢;, for 1 <i < n.

Example 2.1.6. Consider g and f binary function symbols, a and ¢ constants with
f and ey related absorptive symbols. We want to compute a generalization for the
terms g(ep,a) and g(f(h(ef),a),er). The associated initial configuration is given by
Hg(es,a) 22 g(f(h(eg),a),e4)};0;0; {z' — x}). Notice that it is possible to apply the
rule (Dec) since head(g(ef,a)) = g = head(g(f(h(cy),a),er)), and obtaining the following
configuration ({ey £,, f(h(ef). a),a =y, e} 0:0:{z" = f(yr,92),x = f(y1,92)})- o

Remark. From now, the subset of bindings of the computed substitution related to the

initial configuration will be omitted.

(Sol): Solve
({s £, t} W A; S5 D;0) = (A;{s £, t} U S; D; 0),

where s £, t is a solved AUT.

Ezxplanation: The Solve rule is applied when the heads of the terms in the selected
AUT are different and unrelated under the theory a. Since it is not possible to compute
a more specific generalization than the current label z, the rule simply moves the AUT

to the store.

Example 2.1.7. Considering the configuration obtained in Example 2.1.6, a solve rule
is applied over the second AUT, since head(a) # head(es), then this AUT is solved and

the rule move it to the store generating the following configuration:

({er 2u f(hlen)) )} {a =y, er}i 0 {z = g(y1,12)})-

(Mer): Merge
0:{s £, t,s £, 1} W S; D;0) = (0;{s £, t} US; D;6{x > y}),

FExplanation: Since the goal is to compute the most specific generalization, the Merge

rule ensures that all solved AUTs in the store corresponding to the same pair of terms
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are associated with the same generalization variable. This rule is applied only when the

active set is empty.

Example 2.1.8. Let a,b, ¢ be constants and g a binary function symbol. Consider the
configuration (; {a =, b,b £, c,a =, b};0;{z — g(g(w,y),2),w = g(w,y)}). Since
there are two AUTs: a £, b and a £, b in the store, where the left and right terms in the

respective triples are identical then the (Mer) is applied, generating the configuration

0;{b 2, c,a 2, b} 0;{z — g(g(z,),2), w' = g(z,y),w — z})

(ExpB): Expansion Absorptive in Both Sides

({ef 2o et WA; S, D;0) 22
<A; S; {€f éx €f} U D; Q>,

where €7 is an absorbing constant.

FEzxplanation: The rule expansion absorptive in both sides handles a special case of
expansion, where the absorbing constant appears on both sides of the selected AUT.
Specifically, it moves the AUT ¢ L. ¢ s from the active set to the delayed set. This rule,
along with the abstraction set introduced in Section 2.2, will be used to capture specific

generalizations for certain pairs of terms, as illustrated in Example 2.2.21.

Example 2.1.9. Let g be a function symbol of arity 3, and € and f be related absorptive
symbols. Notice that either (ExpB) rule or (Dec) rule can be applied to the configuration

({er 2werti{er 2y a0 = ek 0i{z = g(w,y,2)}),
generating branching into the respectively configurations :
i {er =y a0 2. ephi{er 2o ephi{z o g(w,y,2)})

(0:{es 2y a.b 2. ep}s 05 {w = glep,y, 2), w i £ }).

(ExpLA1): Expansion for Left Absorptive 1

<{5f éyl tl} U A; S; {* éyg t2} U D; Q{;p — f(y1,y2)}>,
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where f is an a-symbol and 1, ys are fresh variables.

FExplanation: This expansion rule applies when the selected AUT contains an absorbing
constant, say €, on the left-hand side. The rule can be interpreted as a shorthand for two
steps: first, replacing €7 with one of its equivalent forms, such as f(ef,*); and second,
decomposing the resulting AUT f(s;, %) 2, f(t1,t2) into the AUTs g7 £, t; and x £,, to.
This results in the more specific generalization f(y;,y2) being added to the substitution
for x. After decomposition, the AUT labeled with y; is placed in the active set, while the
one labeled with 1, is placed in the delayed set.

(ExpLA2): Expansion for Left Absorptive 2

({er 20 f(t1,12)} W A; S5 D5 0) ==
({ef 2y ta} UA; S {x 2, 1} UD; 0{z = f(y1,92)}),
where f is an a-symbol and y;, y» are fresh variables.
Ezplanation: This rule is analogous to (ExpLA1l), with the key difference that the
selected expansion of € is the term f(%,e7). The subsequent decomposition produces the

AUTs * éyl t1 and € éyQ ty. In this case, the rule places the AUT labeled by y; into the
delayed set, and the AUT labeled by ys into the active set.

Example 2.1.10. Following the configuration obtained in Example 2.1.7. Applying (Ex-
pLA1) or (ExpLA2) over the left AUT in the configuration is possible. This application

of these rules leads to the following configurations respectively:
<{€f é21 (sf)} {CL —y2 Z':f} {* —2 a} {ZL‘ = g(f('zla 22>7y2)7y1 = f(zla 22)}>7

({er =a abi{a 2y, ek {x =2 hiep) o = g(f (2, 21),12) 00 = flas,2)}).

(ExpRA1): Expansion for Right absorptive 1

({F(s1,2) 2227} ® A; S; D;0) 2
(5124 £} UA:S: {322y, ) UD:6a = Flyn,m)}),

where f is an absorptive symbol and v, ys are fresh variables.
(ExpRA2): Expansion for Right Absorptive 2

({f(s1,52) 24 €5} W A; S; D; 0) =57
{s2 & =y ErFUAS; {s1 = ow XU Dz — fly,y2)}),
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where f is an absorptive symbol and 1, 32 are fresh variables.

Explanation: The two rules of Expansion for Right absorptive are analogous to the
rules for Expansion for Left Absorptive, with the difference that the absorbing constant
ey occurs on the right-hand side of the selected AUT.

The four rules of expansion, (ExpLAl), (ExpLA2), (ExpRA1l) and (ExpRA2) are
called the lateral expansion rules. In addition, the rules presented above are summarized
in the Table 2.1.

Lemma 2.1.11 (Preservation Configuration). Any quadruple C' = (A’; S'; D';0') obtained

after a rule application over a configuration C = (A; S; D;0) is a configuration.
PRroOOF: The proof is made by case analysis for each rule of Aq aunie-

e (Dec): the label of the selected AUT in A is moved to dom(#') and is not any-
more a label of C’, additionally the introduced AUT has labels of fresh variables,
thus labels(A"), labels(S"), labels(D') and dom(') are pairwise disjoint. In the
other hand, the new added term in the range of the substitution has exactly the
fresh variables introduced as labels of the new AUTs, implying that Vran(0') =
labels(A") U labels(S") U labels(D").

o (Sol): the selected AUT in A is moved to the store of C’, as there was no introduction
of variables, and any set of AUTs is valid then all the properties of configurations
stands for C’.

o (Mer): The selected AUT in the store is deleted in the store and the label of this
AUT is added to the domain of ¢, implying that labels(A’), labels(S), labels(D')

and dom(0') are pairwise disjoint. The variable introduced in the Vran(6’) is one of
the labels of an AUT in S’ then Vran(0") = labels(A’) U labels(S") U labels(D’).

« (ExpB): the selected AUT in A is moved to the delayed set of C’, since there was no
introduction of variables, and as any set of AUT of C’ is valid, then all the properties

of configuration holds for C’.

o (ExpLA1): the label of the selected AUT in A is added to the dom(6’), additionally
the labels in the introduced AUT are fresh, thus labels(A’), labels(S’), labels(D’)
and dom(0') are pairwise disjoint. In the other hand, the new added term in the

range of the substitution has exactly the fresh variables introduced as labels of the
new AUTs, implying that Vran(0) = labels(A’) U labels(S") U labels(D’).

« (ExpLA2), (ExpRA1l), (ExpRA2) are analogous to the (ExpLAl) case. O
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Definition 2.1.12 (Final Configuration). A configuration C is called a final configuration
if its active set is empty and its store is merged. We usually denote a final configuration

by Cf.

Lemma 2.1.13 (Final Configuration Characterization). A configuration C is a final con-

figuration if and only if no inference rule of Aqaune can be applied to C.

PROOF: Suppose that C is a final configuration, i.e., C has an empty active set and a
merged store; as the active set is empty, then the only possible rule that can be applied
is (Mer), but from the Definition 1.3.28, this is not possible; then no inference rule can
be applied to C.

Now we assume that no rule of Table 2.1 can be applied to C, since the rules cover all the
cases for any pair of terms in an AUT in the active set, then it should be empty, and as
(Mer) rule can not be applied then the store should be merged, it means that C is a final

configuration. O

Theorem 2.1.14 (Termination). Aq auwnr @S terminating for any configuration C and it

outputs a finite set of configurations.

PROOF: Let C = (A;S;D;6). We define p(C) := (size(A), size(S)) as termination mea-
sure and compare these pairs lexicographically. This ordering is well-founded since the
size of a set of AUTs is a natural number. By case analysis from any rule application
C = (', every rule application decreases the number of symbols in A except (Mer) rule,
which preserves the size of the active set and decrease the number of symbols in the
respective store, implying that ¢(C) >, ¢(C') in each case. Thus, every sequence of
rule applications terminates. Furthermore, any configuration can be transformed by rules
from Table 2.1 in finitely many ways. Thus, by Konig’s Lemma [12], the output is a finite

set of configurations. O

Definition 2.1.15 (Set of Final Configurations). Let C be a configuration. We define

the set of final configurations reached from C as

Aaqavnie(C) = {Cs | C =" Cy, such that C; is a final configuration}

From termination, Theorem 2.1.14 and Lemma 2.1.13, the set A, aune(C) is finite for
each configuration C. Each final configuration, C; € Az aunr(C), contains the information
for building generalizations of any equation in an AUT a of the active set A’ of any

configuration C’ in the derivation from C to C;: C =* €’ =" C;. Indeed, from the
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Soundness Theorem 2.3.2 presented in the next section, we observe that label(a)fy is a
generalization of lhs(a) and rhs(a), where 6y is the computed substitution of Cy.
We illustrate how A, aunr computes each final configuration and its respective gener-

alization in the two examples below.

Example 2.1.16. Consider terms g(e¢,a) and g(f(h(ef),a),er) of Example 2.1.6. The
associated initial configuration is C = ({g(cs,a) £, g(f(h(ef),a),e5)};0;0; {2’ — z}).
Applying exhaustively A, aune Over this configuration, we get the following two deriva-

tions that lead to two final configurations:

Derivation 1 : Hgler,a) 2, g(f(hef), a),e5)}; 0;0; {2 > x}) 2=
({es 21 flhleg), ) a2y, erk; @ 0; {z = glwi,wy)}) ==
({er 241 hleg),a Zu, er}i 05 {x 2, a;
{z = g(f(y1,92), wa), w1 = f(y1,90)}) ="
(0 {es 24 hlep),a S, erts {x =y, alb;
{z = g(f(y1,92), w2), w1 = f(y1,92)})-

The second derivation is generated after an application of the (ExpLLA2) in the configu-

ration derived from decomposition:

Derivation 2 : Hgler,a) 2, g(f(h(ef), a),e5)}; 0;0; {2 v x}) 25
({er 2ur F(hleg) ) a By ep}; 0:0; {a = glwn, wa)}) ==
({er 2y a,a 2y g5} 0; {x 2y h(ep) };
{z— g(f(y3,y4) 2), w1 = f(ys,ya)}) 7
0:{er 240 a,a 20y 5} {x 2y hleg) b
{z = g(f(Ys, ya), w2), w1 = f(ys, ya)})-

Then the set of final configurations of C is given by

<@; {gf éy1 h(Ef)aa éwz Ef}; {* éy2 a}; 91>a }

Aa— NIFC -
sows(C) { 0 {7 21 0,0 20 25} {5 24 hies)}:00)

where
Or = {z = g(f(y1,y2), w2), w1 = f(y1,90)}
0 = {x = g(f(ys,ya),w2), w1 — f(ys, ya)}-

Applying the computed substitutions 6; and 65 in the label of the initial configuration, we
obtain z60; = g(f(y1,v2), ws) and x0y = g(f(ys,ys), w2). These terms are generalizations

of their respective terms. O
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Example 2.1.17. Let g be a 3-ary function symbol and f and e related absorptive sym-
bols. Consider the pair terms g(ey,er,a) and g(ef,b,ef). The associated initial configu-
ration C = ({g(cs,er,a) £, gles, b,es)};0;0;0), applying A ausr over this configuration

generates two derivations and leads to the final configurations as follows.

Derivation 1 : <{g(£f,8f, a) 2, g(es,b,60)};0;0; {2 > 2}) 2=
<{€f —w1 5f78f w2 b a = w3 6f} @ @ {ZE = g<w17w27w3)}> %
Hep 2uy bya 0y e5 30,0 {x = g(ef, wa, ws),wy = £5}) == L2

(0:{ey £u, bya £, e} 05 {z — gles, wa, w3), wy = ep}).

Derivation 2 : ({g(sf,ef,a) 2, 9(ep,b,e5) ) 0;0;0) ==
{er 2 gf,é?f 2, ba2, e 0,0 {x v glwr, wy,ws)}) ==
({eg 2us bya 2y 5} 0 {ep 2uy e} {z = glwi, we, ws)})
(0: {er 2, ba 20y e} {er Sun rti {z e glwi, wa,wy)}).

Sol X 2
e

The set of final configurations:

(0;{ef Zu, bya = w3 ert; 0;61),

Aa—AUNIF C) =
= { (0 {es =y ba = 2 €1} {er 2w er}i02) }

where

= {x— g(ef, wa, w3), w1 > €4},

={z — g(w,wq, w3)}.

Notice that the terms 26, = g(ey, wo, w3), and z0; = g(ws, we, w3) are generalizations of

g(es.er,a) and g(eg, b,ey). <&

Remark. Notice that each rule application introduces fresh variables concerning all pre-

viously computed configurations.

2.2 Abstraction Set and Substitutions

We construct the abstraction set and abstraction substitutions from the store and delayed
sets of the final configurations derived by A, aunre algorithm. Let (A; (; );¢) be an initial
configuration and (0; S; D;0) € Aqavnr((A;0;0;¢)). While for a € A, the term label(a)d
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may be more specific than the syntactic generalization of [hs(a) and rhs(a) as was illus-
trated in Examples 2.1.16 and 2.1.17, any use of the a-theory while computing label(a)0 is
completely dependent on the presence of a-symbols and absorbing constants within lhs(a)
and rhs(a). Absorptive theories allow the introduction of additional structure beyond
what is present in the initial AUTs. For example, A, aunr computes the generalization
f(x,y) for the terms ef and f(h(ey), h(h(ey))), yet a-theory allows a more specific gener-
alization, f(x,h(x)). In more extreme cases, infinitely many more specific generalizations

may exist.

Definition 2.2.1 (Abstraction Set). Let ¢ be a ground term in a-normal form, and o be
a substitution whose range is in a-normal form. The abstraction set of t with respect to

o is the set

T(t,o) :={r | ro =, t, ris in a-normal form, and var(r) C dom(o)}.

Observe that ¢t € 1(t,0) since var(t) = 0 C dom(o) and to = t. To obtain an
r € 17(t,0), we abstract some occurrences of some xo’s in t by x, where x € dom(c); this

is the origin of the term “abstraction set”.

Example 2.2.2. Let t = g(ey, f(h(a),b)) and 0 = {x — a,y — f(h(a),b),z +— b}. Then

the abstraction set of ¢ with respect to o is

Tt o) =1t gler,y), gler, f(h(x),0), gler, f(la), 2)), gles, f(h(x), 2))}.
<&

Example 2.2.3. Let h be a unary function symbol and ¢y an absorbing constant. Con-
sider t = h(ef) and 0 = {y — a,z — £¢}. The abstraction set of ¢t with respect to o
is

1(t,0) = {h(es), h(2), h(f (2, 2)), M(f(z,9)), h(f(a, 2)), ...}
Observe that 1(t,0) contains infinitely many terms. Indeed, any term s = h(u), where

u is a z-collapsible a-normal term, and whose variables are restricted to the set dom(o),
belongs to 1(t, o). &

The abstraction set operator can be described in an algorithmic way. This construction
is based on regular tree grammars (see Definition 1.3.37). We assume a finite set of
function symbols F and countably infinite sets V and A of variables and non-terminal
symbols, respectively. Moreover, let &, €, 9 C N be pairwise disjoint subsets such that
we associate to each term r € T,(F) a non-terminal symbol in &, denoted as S”, and

to each absorptive symbol f a non-terminal symbol C; in € and Ny in N, respectively.
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Given a set of non-terminal symbols N C N and a ranked alphabet ¥ C F. Additionally,

we assume that all the substitutions are ground.

Definition 2.2.4 ((¢, 0)-Abstracted Positions). Let t € 74(F), o be a substitution, the set
of (t,0)-abstracted positions P. = {p € pos(t) — {e} | t|, € ran(o)} is the set of positions
of the proper subterms of ¢ which belong to ran(c). The set of (¢, 0)-non-terminals is
defined as ! = {S" € & | r € ran(o) N subt(t)}.

Notice that for any term r € ran(o) N subt(t) there exists p € P U {e} such that
t|, = r. We associate a non-terminal symbol from & to any subterm of ¢ which is in

ran(o).

Definition 2.2.5 ((¢,0)-Maximal Positions). We refer to p € P. as (t,0)-maximal if
there does not exists ¢ with p C ¢ and ¢ € P.. The set of (¢, 0)-maximal positions is

denoted by maxc(t, o).

Example 2.2.6. Let ¢t = g(h(h(a)),h(a)) and 0 = {z — h(h(a)),y — h(a),z — a}.
Notice that ran(o) N subtp(t) = {h(h(a)),h(a),a} then the positions of ¢ where these
subterms occurs are Pt = {1,2,1.1,1.1.1, 2.1}, the maximal positions maxc(t,0) = {1, 2},
and the associated (¢, o)-non-terminals &! = {Sh("(@) gh(a) ga} O

Definition 2.2.7 (o-Lifting). Let t € 7,(F) and o be a substitution. The o-lifting of
t is the metaterm I(t,0) € T(F,N), defined as follows pos(l(t,0)) = (pos(t) — PL) U
mazxc(t, o), and for all p € maxc(t, o), we have I(t,a)|, = St» and for q € pos(t) — P! we
have that head(l(t,0)|,) = head(t],).

Example 2.2.8. Consider the term ¢ and the substitution o of the Example 2.2.6. The
o-lifting of g(h(h(a)), h(a)) is equal to g(S"*@) SMa)) since for 1,2 € marc(t, o) we
have that I(t,0)]; = S [(t o), = SM@ and for € € pos(t) — P! it holds that
head(l(t,0)|.) = g = head(t|). <&

Definition 2.2.9 ((¢,0)-Abstraction Grammar). Let o be a substitution, ¢t € 7,(F). The

(t,0)-abstraction grammar is given by &(t,0) = (Sp; N; 3; R) and defined as follows:

o If there exists an absorbing constant €; € ran(o)Nsubt(t), N = {Sp, T}US! UCt UM,
where €/ = {Cf € € | ey € ran(o) N subt(t)}, ¥ = F U dom(o), and R contains

exactly the following production rules:

— So —> Stif t € ran(o),
So — l(t, o), otherwise;

— S — &4 | Cf, if 57 € B
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— 8" —(r,0) |z, for S" € &, r # ¢y, and all & € dom(o) with zo = r;
— Cy — f(Cy, Ng) | f(Ny,Cy) | @, for all Cf € € and x € dom(o) such that
xTO = £y,

— Ny — g(Nyg, Ny) | R(T,...,T) | x, for all Ny € M, z € dom(o), g € Abs,
and h € F — (Abs U {e;}) with the appropriate number of non-terminals as
arguments (depending on the arity of h).

— T — Ny, for all the N, € 9.
o Otherwise, N = {Sp} UGB! and ¥ = FUV, with V = {z € dom(o) | zo € subt(t)}.

The set R contains exactly the following production rules:
— So — Stif t € ran(o),
So — l(t, o), otherwise;

— 8" —(r,0) |z, for S" € &L, r # ¢y, and all z € dom(o) with zo = r.

Example 2.2.10. Continuing with Example 2.2.8, where t = g(h(h(a))), h(a)), c = {z —
h(h(a)),y + h(a),z — a} and I(t,0) = g(SHM@)) Sh@) "and considering F = {a, g, h}.
The abstraction grammar is &(¢,0) = (So;{So, 5%, S SO L4 g h,x,y,2}; R),

where R contains the following productions:

Sy —> g(Sh(h(a))7 Sh(a))
Gh(h(a)) h(Sh(“)) | x
SMH—s h(SY) |y

S —alz

The language of &(t, o) is finite and contains all the terms listed below:

(
L(&(t,0)) = E
(

The three examples below illustrate the (¢, o)-abstraction grammar &(t, o) which lan-
guage L(&(t,0)) describes all the terms in the abstraction set T(¢, o).

Example 2.2.11. Let t = g(g(h(a),a),b) be a term and o ={z+ h(a),y—a,z+— c} be
a substitution. Notice, we have that P! = {1.1,1.2,1.1.1}, maxc(t,0) = {1.1,1.2}, and
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&' = {SM9) SaY. The I(t,0) = g(g(S"@,S),b) since for 1.1,1.2 € mazc(to) we have
that

U(t, 7)1 = 5" — St
U(t, )12 = 5 = 52,

and for €,1,2 € pos(t) — P. we have that

head(l(t,0)|.) = g = head(t|.),
head(l(t,0)|1) = g = head(t|1),
head(l(t,0)|2) = b = head(t|s)

Furthermore, the abstraction grammar is &(t, o) = (Sy; {So, S, 5%}; {a, b, g, h, z,y}; R),

where R contains the following productions:

SO — g(g<Sh(a)7 Sa)a b)
SMD s h(SY) |z

S —aly
The language of &(¢,0) is finite and contains all the terms listed below:

L(&(t,0)) :{ g(g(z.y),0),  glg(z,a).b),  gla(h(y).y),b), }

Example 2.2.12. Let F = {a,cf,&4, f,9,h}, t = h(ey) and 0 = {x > 7,y — a}. Then
P! = maxc(t,0) = {1}, & = {S°/}, and I(t,0) = h(Sf). The abstraction grammar
is B(h(ey),0) = (So; {S0, 5%, C¢,N¢, Ny, T} {a,er,e4, f, 9, h,x,y}; R) where R contains

the following productions:

So —  h(S%)

S — g | O

Cy — f(CpNp) | (N, Cy) | @

Ny —  aleg| f(Ng, Ng) | g(Ng, Ng) | (T) |z |y
Ny — alep | f(Ny Np) | g(Ng, Ng) | R(T) [ 2 | y
T —  alepleg| f(Ng, Ny) [ g(Ng, No) | B(T) | x|y

The language L£(&(h(cf), o)) has infinitely many terms as T(h(ef), o). Indeed, note
that Sy —e h(S°7) — e h(Cy). Given that Cy recursively calls itself (increasing the
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depth of the output term), there are infinitely many terms ¢’ such that C; —& ¢'. &

Example 2.2.13. Let F = {a,es,¢4, f,9,h}, t = €4, and 0 = {x — 5,y — a}. The
abstraction grammar is &(ey,0) = (Sp; {50, 5, Cy, Np, Ny, T} F U {z,y}; R) where R

contains the following productions:

So — 5%

Ser — e | O

Cy — f(Cr,Np) | f(Ng, Cy) |

Ny —  aleg | f(Ny, Ny) | g(Ng, Ng) [ M(T) [ 2 | y

N, — aler | FNG N} | g(Ngy Ny) [ B(T) | |y
T —  Ny| N,

&

Lemma 2.2.14. Let &(t,0) = (Sp; N;3; R) be the (t,0)-abstraction grammar such that
e € subt(t) Nran(o). Then, the following holds for all Ny,T € N:

¢ £(®(t? U)? Nf) = 7:1(-F7 dom(a)) - {gf}z'
. L(®(t,0),T) = T(F, dom()).

PRrROOF: We prove the soundness and completeness for both languages.
Soundness
We need to prove that s is a a-normal and different from e, if Ny —§ s. We use

induction on the structure of s:

o If s=u2 € dom(o) or s = ¢ # ¢y, i.e., we have the one step derivation Ny —¢ s.
In both cases s € To(F, dom(o)) — {e}.

o If s = g(s1,82), where g € Abs, i.e., Ny —s g(Ny, N,) —& g(s1, s2). By induction
hypothesis we have that s1, sy € To(F, dom(o)) —{e,}. This implies that g(sq,s2) €
Ta(F, dom(0)) = {gg}-

o If s =h(uy,...,upy), where h € F — (Abs U {er}) and arity m > 1. From the def-
inition of Ny, we have that Ny —g h(T,...,T) —& h(ui, ..., uy). To complete
the proof, we need to prove that if T —§ u; then w; € T,(F, dom(o)), i.e., u; is an

a-normal form, for all 1 <7 < m. We use induction on the structure of w;.
— If u; = x € dom(o), u; is an a-normal form.

— If u; is any constant, then u; is an a-normal form.

— If u; = g(vq,v2) with g € Abs, i.e., from definition of 7" we have the derivation
T —e Ny —§ g(v1,v2). By induction hypothesis if N, —§ g(v1,v2) then
g(v1,v2) € To(F,dom(o)) — {e,} C To(F, dom(o)) .
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— Ifu; = h(vy,...,vy), where h € F —Abs with m > 1. By definition of the rules
of T we have the derivation ' —g Ny —s M(T,...,T) —g h(v1,...,0m).
By induction hypothesis, each v; € To(F, dom(o)), for 1 < j < m, which
implies that h(vy,...,vn) € To(F, dom(o)).

Hence, for all 1 < i < m, it holds that u; € T, (F,dom(o)) , then the term
h(uy, ... ,uy)) € To(F, dom(c)) — {er}.
Completeness

We need to prove that if s € T,(F, dom(c)) — {e;} then there exists a derivation of

the form Ny —§ s. We use induction over the structure of s.

If s =2 € dom(o) then we have that Ny — g .

— If s = c # €, we have that Ny —¢ c.

If s = g(s1,s92) for g € Abs, by induction hypothesis there exist derivations
Ny —5 s1 and N, —g 5o then

Ny —re g(Ng: Ng) —5 9(s1, Ng) —>¢ g(s1, 52).
— If s =h(u,...,uy), where h € F — (AbsU{ey}), and m > 1. Since h is not an
absorptive symbol then u; can be any a-normal form, i.e, u; € To(F, dom(o)).
By the definition of N; we have that

Ny —e MT,...,T),

it remains to prove that T generates each u; for 1 < ¢ < m, it means that
T is generating a-normal forms restricted to the variables in the domain of
o. Since T' —¢ N, for all Ny € N, then by induction hypothesis for each
1 <¢< m, we have that T" — N, —§ u, for the respective g, and it holds
that Ny —¢ A(T,...,T) —g h(u1, ..., up).

This implies that there exists Ny —§ s for all s € T(F, dom(0)).

Therefore, from soundness and completeness it holds that L(&(t,0),T) = To(F, dom(o))
and L(&(t,0), N¢) = To(F, dom(o)) — {e}. O

Lemma 2.2.15. Let t € To(F), and o be a substitution. If ¢; € ran(o), it holds that
L(6(t,0),Cy) = e, 0) —{es}-

PROOF: Since e € ran(o) Nsubt(t), &(t,0) = (Sp; {So, TUS, UCL UMN; FUdom(o); R),

where R includes the rules:
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Ser —» Ef | Cf
for all x € dom(c) such that zo = ¢;

Ny — g(Ng,Ny) | M(T,...,T) |z for all Ny € M,z € dom(o), g € Abs,
and h € F — (Abs U {ef})
T — N, for all N, € 9.

We want to prove that s € T(ey,0) — {ef} iff O —5 We prove this using

o) S
induction as follows:

Soundness

We need to prove that for any o, all terminal trees s generated by the non-terminal C}
(i.e. Cy — 5 s), belong to 1(ef,0) — {ef}. For instance, from CY, only x € dom(o) with
ro = ¢y and terminal trees generated by f(Cy, Ny) or f(Ny,Cf) can be generated. We

use induction on the structure of s.

1. If s = =, by the definition of the rule we have that xo = ¢, then x € T(e¢,0) —{e}.

2. If s = f(s1, $2), we have that either C; —¢ f(Ct, Ny) —¢ f(s1,82) or Cp —e
f(Ny, Cp) —¢ f(s1,82), the analysis of these cases is analogous. We prove the
first case: Cy —g f(Cy,Ny) —& f(s1,82). By induction hypothesis we got
that s; € T(¢f,0). Then s; is in a-normal form and s;0 &, ¢y, this implies that
f(s1,82)0 =4 €7 and by Lemma 2.2.14 it holds that s, € To(F, dom(c)). Thus, we
have that f(s1,s2) € T(gy,0).

Completeness
We need to prove that for any term s in the set T(es,0) — {7} there exists a derivation

such that Cy —§ s. We use induction on the structure of s.

o If s =2 € dom(o) with zo = ¢, we have that Cy —¢ z.

o If s = f(s1,52), since s € T(ef,0) — {es} then f(s10,520) =, ¢, this implies that
either s10 ~, € or 530 ~, €¢, where s; and sy are different to €y, since s is an

a-normal form. We analyze the following subcases:

— If 51 € T(ef,0) — {es}, then by induction hypothesis there exists Cy — s1,
implying that
Cyp —e f(Cp, Ny) —g fs1,Nyp),
and since sy € To(F, dom(c)) —{es} by Lemma 2.2.14 there exists Ny —§ so.
Therefore, we have the following derivation:

Cf —® f(Cf,Nf) —>*® f(Sl,Nf) —)::5 f(Sl,Sg).

— If s € 1(ef,0) — {€y}, this case is analogous to the case above.
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— If 51,50 € 1(ef,0) —{ey}, then by induction hypothesis there exist Cy —§ s1
and Cy —g sg, implying that either Cy — f(Cr, Ny) — g f(s1,Ny) or
Cr —e f(Nf,Cf) —g f(Ny,s2). Then we need to prove that Ny produces

all ' € T(ey,0) — {er}. We use induction on the structure of s":

x If &' =2 € dom(o) with xo = e, we have that Ny —¢ .

« If s' = f(s3,s4) such that f(s30,s40) =4 €5, i.e., where s3 € T(e,0) —{e}
or s4 € T(ep,0) — {es} or both. In any case we have that Ny —
f(Ng, Ny). By the induction hypothesis we have that Ny —§ s3 and
Ny —§ s4 and by Lemma 2.2.14 we have that s3,s4 € To(F, dom(0)).
Hence, for any case it holds that Ny produces f(s3, s4).

In any case, for all s € 1(¢,0) there exists a derivation from C} to s using the rules

of the grammar &(ey,0).

Therefore, from the soundness and completeness we have that for all s € T(ef,0) — {e}
iff Sy —s S —s Cf —>4 s, implying that 1(er,0) = L(S(ey, 0)). O

Lemma 2.2.16 (Characterization of 1(¢,0)). Let t € To(F) such that size(t) > 2, o be a
substitution, and maxc(t,o) = {p1,...,px}. Then it holds that:

Tt 0) = {trlpy - - [y [ 7 € Tt 0),1 <P <k} U{a | zo =t}

PROOF: Assume that s € {t[ri]y, - [7klp, | 75 € T(t]p,0),1 <i < k}U{x|zoc =1t} and
we prove that s € 7(¢,0). If s = = by the definition of the set, it holds that s € 1(¢,0).

Otherwise, we have that

50 = t[r1]p, - [Prlpo = triolp, -+ [reolp, ~a tlpp - [Elpe)pe = ¢
Conversely, assume that s € 1(t,0) and we prove that this s belongs to the following set
{tlrlpy - [Tklp | 75 € T(tp,0),1 <i < k}U{x|xzo =t} We proceed by induction on

the structure of s.

Base Case
If s =, then so =t. Hence s € {x | zo = t}.
Inductive step.
Suppose s = h(sy,...,8y) with m > 1. Then ¢t = h(ty,...,t,), where s;0 =, t;, i.e.
s; € T(t];, 0) for all 1 <4 < m. By the induction hypothesis, we have

T(tli, o) = 1(ti, 0)

= {tilralpu - rini gy | 75 € Wil 0), 1< 5 <kG) } U {x] 2o =1},

where k(i) denotes the respective number of maximal positions of ¢;, that is, maxc(t|;,0) =

{pits - pieey ). Thus, either s; = x for some x € 1(t;,0), ie. xo = t;, or 5; =

46



tilrilp, - [rik(i)]pm(i), with 7 € 1(tilp,,0), for each 1 < i < m. Substituting all the

s;’s in the term s, we obtain:
5 = h{tsrils Pkl il kil

= tlruipn - [Piglipy - [Pkl mposn
Observe that mazxc(t,0) = W, {i.q | ¢ € maxc(t;,0)}. Consequently, each position

of the form i.p;; corresponds uniquely to a position p; € {p1,...,pr}. Moreover, since
Tij € T(tilpy,> 0) = T(tlipy» o) = T(t|p, o), we can relabel and write

s=1tr1lp, - [Tklpe,  With rp = 1.
Hence s belongs to the required set. O

Lemma 2.2.17. Let t € T,(F) and o be a substitution. Then, for all S™ € &t , it holds

L(&(t,0),5") =1(r,0).
PRrooF: We use induction on the size of r.

Base Case

If size(r) = 1 then r is a constant and we analyze the following cases:

o If r = ¢, a non-absorbing constant. Since ¢ € ran(o) N subt(t), the abstraction set
is 1(c,0) = {c} U{z | zo = ¢}. Additionally, using the grammar rules we have that
S¢ —e(1,0) € OF S —>(10) T, for all € dom(o) such that xo = c¢. Hence, we
have that £L(&(t,0),5°) = 1(c,0).

o Ifr =¢y. Since ey € ran(o)Nsubt(t), the grammar includes the rules S/ — ¢4 | CY,
and by Lemma 2.2.15 L(&(t,0), 5% ) = T(es,0).

Induction Step

We assume that the lemma holds for any term with at most size n, for n > 1. We
prove the statement for terms r such that size(r) = n + 1 > 2. The grammar includes
the rules S™ — [(r,0) | x, where xo = r. Then, for a terminal tree in £(&(t,0),S"),
possible derivations from the non-terminal S" are either of the form S" — g0 2 or
S" —re(te) L1, 0) —&(t) S+ Suppose that mazxc(r,o0) = {p1,...,pr}. Then, we have
that I(r,0) = r[S7l],, --- [S"l7x],, . Since size(r|,,) < n, by the induction hypothesis, for
all S"lei L(B(t, o), S™vi) = 1(r|,,0), for all 1 < i < k. Therefore, by Lemma 2.2.16,
L(B(t,0),S")=1(r,0). O

Theorem 2.2.18 (Soundness and Completeness of &(t,0)). Let t € T,(F) and o be any
substitution. Then, 1 (t,0) = L(&(t,0)).
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PROOF: This result is an immediately consequence of Lemmas 2.2.16 and 2.2.17. Indeed,
if ¢ € ran(o) we have that Sy — S* and by Lemma 2.2.17 L(&(t,0)) = 1(t,0). Other-
wise, we have that Sy — [(¢,0), the non-terminals of [(t,0) are S” € &, by Lemmas
2.2.17 and 2.2.16 it follows that L(&(t,0)) = 1(t,0). O

The existence of a regular grammar tree that characterizes the abstraction set ensures
that these generalizations can be compactly represented and efficiently manipulated. This
grammar not only guarantees finiteness in the representation of potentially infinite sets,
but also facilitates systematic exploration and reasoning over abstractions within the
configuration.

Let us consider a particular configuration C. Observe that all AUTSs occurring in the
delayed set of C are of the form « £, ¢, t £, % or £f = g5 where ¢t is ground x is a
constant and ¢ is an absorbing constant, indicating that the particular term occurring
in the AUT at this position is irrelevant. We produce more specific generalizations by
composing abstraction substitutions with the computed substitution of C. Each abstraction
substitution associates any label in the delay set of C with a generalization between t and
an interpretation of x as a particular term or a collapsible term when ey =% er. As x
can be any term, we select generalizations of ¢ restricted to the subterms in the solved

problems in C as in the definition 2.2.19 below.

Definition 2.2.19 (Abstraction Substitutions). Let C = (A;S; D;#0) be a configuration.
A substitution 7 is called an abstraction substitution of C if dom(7) = labels(D), and for
each y € dom(7) we have yr € 1,(D, S), where

(s, 0%) if s&,x€D,
1,(D,S) = t, o%) if x£,t€D,
T(éf,O’fg)ﬂT(é?f,O'g) if Ef éy €f€D.
The set of all possible abstraction substitutions of C is denoted by ¥ (D, S). If D = (), we
define (D, S) = {id}.

For each final configuration C = (A;S; D;0) and C; = (0; Sy; Dy;0¢) € Aqaunr(C),
we can build the respective set of abstraction substitution using the abstraction sets for
each © € labels(Dy). For all 7 € W(Dy,Sy), the term label(a)fr is called computed
generalization of the terms lhs(a) and rhs(a) generated by Aq aune and W.

Using the abstraction set and substitutions, we illustrate how to build some of the

computed generalizations for the terms in Examples 2.1.16 and 2.1.17.

Example 2.2.20. From Example 2.1.16, consider the terms g(ef, a) and g(f(h(gy),a),ey)

and the final configuration (0; {e; £,, a,a =, e };{x =,, h(cs)};02), where the com-
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puted substitution 0y = {z — g(f(ys,ys), w2), w1 — f(ys3,y4)}. To compute a more
specific generalization than x0s = g(f(ys,ys), ws) we build an abstraction substitution
from the sets D = {x £,, h(e;)} and S = {e; £,, a,a £,, &;} of the final configuration.
For y3 € labels(D): 1,,(D,S) = 1(h(ef), 0%), where 0% = {y4 — a,wy — &5} which is the
infinite set L£(&(h(e;), %)), we list some of the elements below.

T(h(gf)a {y4 = a, wy — gf}> = {h(5f>7 h(w2)7 h(f(w27 a’))u h(f(f(w27 b)a y4))7 T }

Notice that h(f(ws,a)) € L(G(h(ef),0%)), since from the rules presented in Example
2212, the derivation SO — h(SEf) —6 h(Cf) —& h(f(C’f,Nf)) —>g§ h(f(wg,a))
can be reached. The set of abstraction substitutions for this final configuration is the

infinite set ¥(D, S) including the following substitutions:

{{ys = hlep)} {ys = hlwa)}, {ys = h(f (w2, a))}, {y2 = h(f(f (w2, 0),y4))}}

Applying one of these substitutions, e.g., {ys — h(wsz)} over z6; we obtain the term
g(f(h(ws),ys4),ws), which is an 1gg of the initial terms. Notice that we can apply an
infinite number of abstraction substitutions to xf,, implying that we have an infinite set
of computed solutions. Indeed, this constitutes a set of incomparable generalizations,
since all solutions are generated from the same term g¢(f(ys,ys),ws). The variables in
the range of each generalization are 3, and ws, which cannot be further instantiated to

produce a more specific generalization. <&

Example 2.2.21. Continuing with Example 2.1.17, consider the terms g(ef,ef,a) and
g(es,b,es) and the final configuration (; S; D;6,), where S = {e; 2., b,a =, s},

AL

D ={es =4, ¢}, and 0 = {x — g(w1,ws, w3)}. As D contains only one AUT, then for
the variable wq, 1, (D,S) = T(gf,0%) N T(gf,0%), where o = {wy — &7, w3 — a} and

o = {wy — b, ws — £}, we present some of the elements of each abstraction set below.

Tef, {we = ep, w3 = a}) ={ey, wy, f(wa, wa), f(wa, w3), f(ws, wa), f(f(ws,a),wa),...}
T(5fa {wy = b, ws — 5f}) :{5fa ws, f(ws,ws), f(ws, ws), f(wz, ws), f(f(ws,a), ws),...}

The intersection of these sets is the set of collapsible terms at the variables w, and ws

simultaneously.

Tun (D, S) = {ey, f(wa, w3), f(ws, wa), f(f(ws,a),wa), f(f(h(ws), w3),ws),...}

Observe that the term f(f(h(ws), ws), w2) € T(es,0%) N T(ey, 0%) = T, (D, S), since we
have that f(f(h(ws),ws), wa)ok =4 €f, and f(f(h(ws),ws), ws)o% &2 €. Then ¥(D,S)
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is infinite, it contains, e.g., the substitutions {w; — f(f(ws,a), ws)}, {wy — f(we,ws)},
and {w; — f(f(h(wy),ws3),ws)}. This leads to infinitely many generalizations, e.g.,
9(f(f(ws,a), ws), we,w3), g(f(wa,ws), wa,w3), and g(f(f(h(ws), ws), ws), wa, w3) of the
initial terms. Notice that the generalizations g(ey, wa, w3) and g(f(ws, ws), wa, w3) are
not a-equivalent lgg’s of g(er,er,a) and g(ey,b,ey), and that f(ws, ws) is a generaliza-
tion (different from ;) of e; £ &, that is needed for completeness. This observation

underscores the necessity of the (ExpB) rule. &

The previous examples reveal that, under the absorptive setting, the computation of
generalizations may give rise to an infinite number of incomparable solutions. As shown
in Example 2.2.20, an infinite set of abstraction substitutions can be applied to terms
such as x6,, producing an infinite collection of computed generalizations. Each of these
generalizations is incomparable with the others, since they share the same structural
pattern but differ in the specific instantiations introduced at identical positions within
that pattern by the abstraction substitutions.

These observations indicate that the absorptive anti-unification problem is at least
infinitary. In particular, the generation process gives rise to infinitely many incompa-
rable generalizations, although their production can be finitely represented through the
grammar of abstraction substitutions. This property will be revisited in the context of

soundness and completeness.

2.3 Soundness of A_,,., and Abstraction Substitu-

tions

This section treats the soundness property of the Ay aunr algorithm, and the soundness
of the computed generalizations, i.e., the soundness of generalizations using the set of
abstraction substitutions W. The termination, Theorem 2.1.14, and the preservation
configuration, Lemma 2.1.11, are essential to the soundness proof, as these properties
enforce consistency concerning the use of the labels.

The following lemma presents some preservation properties of the configurations that

will be used for soundness.

Lemma 2.3.1. Let C=(A;S; D;0) andC'=(A"; S'"; D';6') be configurations and C =* C’
be a derivation. Then the following properties hold:

1. labels(AU S U D) U dom(0) C labels(A"US"U D) U dom(¢').
2.DCD

3. There exists n such that 8’ = 0n.
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4. 00" =40".
PRroOOF: We proceed by induction over the derivation length.

Base case

If the derivation has length 0, it means that (A;.S; D;#) is a final configuration. Observe
that (1) and (2) holds. Moreover, taking 7 as the identity substitution (3) holds, and
from Remark 2.1 6 is idempotent and (4) holds.

Induction Step
Consider the derivation C = C"” =* C’' where C" = (A”;S”;D";0"). By induction
hypothesis, the conditions 1 — 4 hold for C".

1. labels(A”" U S" U D") U dom(0") C labels(A’ U S" U D') U dom(#'), we need to prove
that labels(AUSU D) U dom(8) C labels(A" U S” U D")U dom(6"). The proof of the

last statement is obtained by analyzing the rules by case:

o The rules (Dec), (ExpLAl), (ExpLA2), (ExpRA1), and (ExpRA2) move one
label of A to dom(#') and add new labels in A’. The other labels and variables

in the domain remain equal, implying the property needed.

o The rules (ExpB) move a label of A to D’. The other labels and the domain

remain equal, and the property holds.

o The rule (Sol) moves a label of A to S”, then labels(A U S U D) U dom(6) is
equal to labels(A” U S" U D")U dom(6").

o The rule (Mer) moves one label of S to dom(6”) and the other labels and

variables in the domain remain equal, implying the property needed.

Hence, it holds that labels(A U S U D) U dom(0) C labels(A" U S" U D’) U dom(¢').

2. D C D", it remains to prove that D” C D’. We prove this by case analysis of rule

application:

o The rules (Dec), (Sol), (Mer) do not affect the delayed set, then it holds that
DCD"=D.

o Therules (ExpLA1), (ExpLA2), (ExpRA1), (ExpRA2), and (ExpB) add a new
AUT to the set D', then D” C D’. Therefore, we have that D C D',

3. We have that exists n” such that 8’ = 0”n". Observe by rule analysis that 8" = 0n':

o All the rules with the exception of the (Sol) and (ExpB) rules add a substitution
with one binding to @, i.e., #” = 6n' where 1’ depends on the rule.
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« Rules (Sol) and (ExpB) do not modify the computed substitution #, then § =
On' where n' = id.

Implying that 8” = 0n'. Hence 6’ = 6n, where n = n'n".

4. We have that 6’ = 0”0, we need to prove that 8" = 66”. Notice by condition (2)
and Remark 2.1 it holds that 60" = 6(6n) = 6”. Hence, 6’ = (06")§' = 66". O

Lemma 2.3.2 (Auxiliary Soundness of A, aunie). Let C = (A; S; D;0) be a configuration,
and Cy=(0; S¢; Dy; 0) € Aqaunir(C). Then label(a)ly € Gq(lhs(a), rhs(a)), for allac AUS.

PRrROOF: We proceed by induction over the derivation length.

Base case
If the derivation has length 0, by Lemma 2.1.13 we have that (A;S; D; ) is a final config-
uration. Moreover, for all a € S, label(a)f; = label(a) € G,(lhs(a), rhs(a)), since all AUTs

in S are solved.

Induction Step
Now, consider a derivation having the following form:
(4;5;D;0) = (A} 8" D' 0) =" (0; Sy; Dy; 0y) (2.1)
For n > 0. We assume for the induction hypothesis that for derivations of the form
(A", 8" D' 0"y =" (0; Sy; Dy; 04),
the lemma holds and show that the lemma holds for derivations of the form presented in

Derivation 2.1. We continue the proof considering the various options for the transition
from (A;S; D;0) to (A';S"; D5 6).

1. (Dec). Assume that the derivation is of the form:
{f(s1,-r8m) 2y [t tm)} U Ay S; D 0) ==
({s1 24, t1y .oy 8m 20y, tm} U A1 S; D30y =" (0; Sy; Dy; 04)
where ¢ = 0{y — f(x1,...,2,)}. By the induction hypothesis, we know that for all
AUT a € A; US, it holds that label(a)f; € Gq(lhs(a), rhs(a)) and for all 1 < i <m,
z0f € Gq(si,t;). From Lemma 2.3.1, y0; = y(6{y — f(x1,...,2m)})0; and from
definition of configuration y = y. Then y8; = f(z10y,...,x,0¢), this implies that

y9f c ga(f(sl, RN ,Sm>, f(tla RN ,tm))
2. (Sol). Assume that the derivation is of the form:
{s 2, tY U A;S;D;0) 2= (Ay; S'; D; 0) =" (0; Sy; Dy; 0;),
where S’ = {s £, t} US. By the induction hypothesis, for all a € A; U S’ we have
that label(a)f; € Gy(lhs(a), rhs(a)). In particular, it holds that y8; € Gy(s,t).
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3. (Mer) Assume that the derivation is of the form:
0;{s =, t,s 2, t}USy; D;0) =
(0 {s 2. t} US1; D;0{y = z}) =" (0: Sy; Dy3 0;).
By the induction hypothesis, label(a)d; € G,(lhs(a), rhs(a)) for alla € {s £, t} US|,
in particular z € Gy(s,t). From Lemma 2.3.1 y6; = z, implying that y8; € G(s,t).

4. (ExpB). Assume that the derivation is of the form:
({er 2y esy U AL S Di9) =
(A1; S; D 60) =" (I; Sy; Dy; 0y)
where D' = {e; £, £/} U D. From the definition of configuration, we have that
y0; =y, this implies that y0; =y € Ga(ey,e5).

5. (ExpLA1). Assume that the derivation is of the form:
({er 2 F(5,)} U A 85 D; ) ==
({er a1 sYU A S; D5 0')) =" (0; Sy; Dy 6y)
where D' = {x £,, t}UD and ¢ = 0{y — f(x1,25)}. By the induction hy-
pothesis, all the AUTs in S and {g; £,, s} U A, are generalized by 6, thus,
2105 € Ga(ey,s). Moreover, since xo € labels(Dy) then x.0; = o =, t. Notice
that f(x107,200f) = f(x107,22) € Ga(f(ey,t), f(s,t)) and since f(ef,t) ~q €5, We
get that yOr = f(x10y,220;) € Galey, f(s,1)).

6. The analysis of the other lateral expansion rules is analogous to the previous one.[]

While the soundness of Aq aune theorem covers the construction of generalizations
of AUTs present in a given configuration, it does not consider the abstraction set or the
construction of more specific generalizations when generalizing over an absorptive theory.
The abstraction set allows us to consider generalizations between a given term and an

arbitrary term.

Lemma 2.3.3. Let C = (A;S;D;0) and Cy = (0; S¢; Dy; 05) € Agavnir(C). Then for all
x £, t € Dy (resp. for all s =, x € Ds) and 7 € U(Dy, S}), there exists a term r such
that wr € Gy(r,t) (resp. wr € Gy(r,5)).

PROOF: Let n be a ground substitution with dom(n) = var(wr). Then r = wrn. O

Intuitively, Lemma 2.3.3 formalizes the following observation: if s £, % € D; (resp.
x 2, te D%), by Definition 2.2.19, for all 7, it holds that wr € 1,(Dy, Sy) implying
that wr € 1(s, crfgf) (resp. wt € 1(t,05,)). From this, we can deduce that wr =4 s (resp.
wr =q t). Thus, for every wild AUT in the set D} (resp. D7), the wild card can be

interpreted as wToqu (resp. wroy,) and wr € Qa(wTafgf, s) (resp. wt € Go(wT0g,,1)).
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The following lemmas help us prove that every abstraction substitution in W is sound,

as well as the soundness of the computed generalizations.

Lemma 2.3.4 (Nested weight Preserving Rules). Let C be a configuration and C = C'
be a derivation after an application of any non-lateral expansion rule. Then, it holds
that nes(A) = nes(A’), where A and A’ are the active set of the configurations C and C’

respectively.

PROOF: We analyze each possible rule application.

« Rule (Dec). This implies that A is of the form {f(s1,...,8m) =2 f(t1, ..., tm)}UA;

and A" = {s; =,, t1,...,5, =4, tn} UA;. We analyze the two possible subcases
based on the number of lateral-expansible positions in the terms f(sq,...,s,) and
f(tl, N ,tm)Z

— No lateral-expansible position. If there is no lateral-expansible position be-
tween the terms, then nes(f(sy,...,8m) = f(t1,...,tm)) = 0, and each pair
of subterms s; and ¢; also has no lateral-expansible position. This implies that
nes(s; =,, t;) = 0, for all 1 < i < m. Therefore, we have nes(A) = nes(A’).

— At least one lateral-expansible position. By Definition 1.3.17, for every lateral-

expansible position p and every ¢ C p, we have

head(f(s1,...,Sm)lq) = head(f(t1,....tm)lq)-
If p =i.p/, then p’ is an lateral-expansible position of the subterms s; and ;.

It follows that .
nes(f(s1,...,8m) =« f(t1, .. tm)) = Z nes(s; 24, t;).
i=1

Hence, we have nes(A) = nes(A’).

« Rule (Sol). This implies that A = aUA; and A" = Ay, where lhs(a) and rhs(a) have
different head symbols and they are not absorptive related symbols. We have that
nes(a) = 0, which implies that nes(A) = nes(A’).

« Rule (Mer). This implies that A = A’ = (), and then the lemma holds.

« Rule (ExpB). This implies that A is fo the form {g; =, ;} U A; and A’ = A;. We
have that nes(e; £, ), it follows that nes(A) = nes(4’). O

Lemma 2.3.5 (Expansible-Solvable Position Reachability). Let C = (A;S;D;0) be a
configuration, and let p be an expansible-solvable position of lhs(a) and rhs(a), for some
a€ A. Then, the following holds:

o There ezists a derivation C =* ({(lhs(2))|, £, (rhs(a))|,} U A’; 5", D';6').
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o Moreover, if this derivation is such that p is the first lateral-expansible position
reached, then nes({(lhs(a))|, =, (rhs(2))|,} U A’) = nes(A).

PRrOOF: For the first part, consider an a € A. By Definition 1.3.17, for all expansible-
solvable position p of lhs(a) and rhs(a) and for all ¢ C p, we have that head((lhs(a))|,) =
head((rhs(a))l,)-
Let n be the number of function symbols between the root and the symbol at position
p. Then, due to the non-determinism of Ay aune, it is possible to apply the (Dec) rule
exactly n + 1 times, each time selecting the adequate AUT that contains the current
subterm at position p. This yields the derivation:

C 22" (Lihs(a)], 2, rhs(a)|,} U A, S’ D' 0.
For the second part, since it is possible to reach any lateral-expansible position p of lhs(a)
and rhs(a), for every a € A. We can consider the following derivation

C =" ({lhs(a)], =, ths(a)|,} U A; S, D';0)

where p is the first lateral-expansible position reached. In this case, all the rules applied
before reaching p are non-lateral expansion rules. Thus, by Lemma 2.3.4, the nested weight
is preserved. Therefore, we conclude that nes(A) = nes({lhs(a)|, =, rhs(a)[,} U A"). O

Lemma 2.3.6. Let C=(A;S; D;0) be a configuration and Cy € Aqavnr(C) of the form
(0;S¢; Dy;0f). Then, for alla € A and for all lateral-expansible position p of lhs(a) and
rhs(a) regarding symbol g, there exists a unique x € var((label(a)fs)|,) N labels(Sf), such
that:

o (label(a)by)|, is x-collapsible,

« g, 2, ue Sy and var((label(a)fy)|,) — {x} C labels(D}) with all different variables,
if (ths(@)) ]y = &5, or

« us, e, €8y and var((label(a)dy)],) —{x} C labels(D%)) with all different variables,
if (rhs(a))lp = &

PROOF: We use induction on nes(A).

Base Case

If nes(A) = 0, then the lemma holds vacuously, as there does not exist an lateral-
expansible position of lhs(a) and rhs(a) for all a € A.

Induction Step

We assume that the lemma holds for configurations with nes(A) < n and we prove it for
n+1. By Lemma 2.3.5, we can reach the first lateral-expansible position p for some AUT

a € A. We consider the following cases:
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 If we have that (lhs(a))|, = ¢, and (rhs(a))|, = g(s,t). We can apply either the
rule (ExpLA1l) or (ExpLA2). Suppose we have the following derivation (the case
(ExpLA2) is analogous):

C="({g, 2, g(s,)} UA, S D" 0') 2=
({eg £y s}UAL S {x 2, tUD0{y = g(yr,y2)}) =" Cy,

By Lemma 2.3.5, we get that nes(A) = nes({e, =, g(s,t)} U A’). Also, since
nesy(g(s,t)) > nesy(s), we can use the induction hypothesis. Consequently, by the
induction hypothesis, for all AUT a’ of {¢, £,, s} U A’ and all p’ lateral-expansible

position of a’ the lemma holds. We analyze the subcases below.

A

— If head(s) # g then the rule (Sol) can be applied over ¢, =,, s, and then we
have that (label(a)ff)|, = y{y — g(v10s, y20¢)} = g(x, y2), where x is the label
of some AUT of the form ¢, L2 ue Sy, since Sy of Cy is merged. Also, it
holds that var((label(a)fy)|,) — {z} = var(g(z,y2)) — {z} C la,bels(D;;).

— If head(s) = g, by induction hypothesis, for ¢; £, s and p’ = ¢, there ex-
ists a unique = € var(y16y) N labels(Sy) holding the properties of the lemma.
Moreover, as the label associated with position p in label(a) is y, follows that

(label(2)05)|p = y{y = f(y1,92)}05 = (205, 4207) = [(205,y2).
This implies that the variable x € var((label(a)fy)|,) Nlabels(Sy) is unique, and
the term (label(a)f;)|, is z-collapsible, with ey £, u € S;. Additionally, by
Lemma 2.3.1, we have yo € labels(Dy), which implies yo & var(y,0y). Hence,
it follows that the set

var((label(a)0y)[p) — {x} = (var(y16y) U{y2}) — {a} C labels(D5),
with all variables different.

o If we have that (lhs(a))|, = ¢(s,t) and (rhs(a))|, = ¢, We can apply either
the rule (ExpRA1) or (ExpRA2). In this case, we follow the same reasoning as
previous case, and it is possible to conclude that there exists a unique variable
x € var((label(a)fy)|,) Nlabels(Sy), such that the term (label(a)fy)|, is z-collapsible,
with u £, £, € labels(Sy), and it holds that var((label(a)fy)],) — {x} C labels(DY),
with all variables different. U

Lemma 2.3.7. Let C = (A; S; D; 6) be a configuration, and Cy € Aqavnir(C) of the form
(0;Sg; Dy;0f). Then, for all a € A and p trivially-decomposable position of lhs(a) and

rhs(a), we have the following:

e (lhs(a))|, is a constant symbol and (lhs(a))|, = (rhs(a))|,.

o (label(a)y)|, = (Ihs(a))l|p; or (label(a)fy)|, € labels(D}).
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PROOF: Assume that p is a trivially-decomposable position of lhs(a) and rhs(a). We first
prove that (lhs(a))|, is a constant symbol. By Lemma 2.3.5, there exists a derivation
in which the AUT (lhs(a))l, =, (rhs(a))|, appears in the active set of the resulting
configuration. Suppose, for contradiction, that head((lhs(a))|,) = head((rhs(a))|,) = g,
with ¢ is a function symbol of arity m > 1. This implies that the rule (Dec) is applicable
again at position p, producing m new AUTs of the form (lhs(a))|,; =, (rhs(a))l|,, for
1 < i < m. Since m > 1, there exists at least one position p.i such that p C p.z and
p.i € pos(lhs(a)) N pos(rhs(a)), which contradicts the assumption that p is a expansible-
solvable position. Therefore, (lhs(a))|, must be a constant symbol. The same reasoning
applies to (rhs(a))|,, and then (lhs(a))|, = (rhs(a))l,.

For the second part, we analyze the following cases:

o If (lhs(a))|, is any constant, by Lemma 2.3.5 and applying the rule (Dec), we obtain
the following derivation:
C =" {(hs(a))l, £y (rhs(a))l,} U A3 S, D' 0') ==
(A58 D' 6y — (lhs(a))lp}) =" Cr,
Then it holds (label(a)fy)|, = y{y — (lhs(a))|,} = (lhs(a))|,-

« If (lhs(a))|, is an absorbing constant, by Lemma 2.3.5 and applying the rule (ExpB),
we obtain the following derivation:
C =" ({(Ihs(2))|, 2, (rhs(a))], U A'; S, D' ¢') ==
(A 8" {(Ihs(a))l, 2y (rhs(a))],} U D3 0) =" Cy,
Since no rule is applied over the delayed set, it holds that yf; = y and thus
(label(a)0)|, = y € labels(D}). O

Lemma 2.3.8. Let C = (A;S;D;0) be a configuration and Cy € Aqavne(C) of the
form (0;Sy; Dy;05). Then, for all a € A and for all solvable position p of lhs(a) and
hs(a), there exists a unique x € labels(S;) such that (rhs(a))|, 2. (Ihs(a))|, € Sy and
(label(a)by)|, = x.

PROOF: Assume that p is a solvable position of lhs(a) and rhs(a), for some a € A. By
Lemma 2.3.5 and applying rule (Sol), we have the following derivation:
C =" ({(Ihs(a))], = (rhs(a))l,} U A’ S D' 0) =
(A5 {(Ihs(@)l, 2, (rhs(a))l,} U S5 D'38) — €5,
By the Lemma 2.3.2, we have (label(a)fy)|, = y8; € Ga((lhs(a))l,, (rhs(a))],). Since S is
merged, we conclude that there exists a unique AUT (lhs(a))|, £, (rhs(a))|, € Sy with
(label(a)by)|, = =. O
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Theorem 2.3.9 (Soundness of Computed Generalizations). Let C = (A;S; D;0) be a
configuration, and Cy = (0; S§; Dys; 0f) € Aqavumr(C). Then for all T € WU(Dy, Sy) we have
that the substitution (057 )|ipeisausup) € Ga(C).

ProoF: The proof follows as a consequence of the Soundness of Extended Computed
Generalizations (Theorem 3.2.10) and Lemma 3.2.7, presented in Chapter 3. [l
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Chapter 3

On Completeness of Absorptive
Anti-Unification

This section discusses the difficulties in addressing the completeness of Aq aunw. We be-
gin by analyzing the approach to completeness proposed in [9], which is not correct. We
present the errors in both the statement and the proof. Then, we provide a precise formu-
lation of the completeness result, along with a discussion of the main challenges involved
in establishing it. One of the key issues concerns the treatment of abstraction substitu-
tions: certain substitutions that are essential for completeness are not generated by the
current procedure. We illustrate this problem through concrete examples, highlighting
cases where expected generalizations fail to appear, and propose a potential refinement

that incorporates the computation of these additional generalizations.

3.1 Completeness Statement

The classical completeness proof in equational anti-unification consists of finding a more
specific computed generalization than a given generalization of any pair of terms s and .

We set the following statement as the standard of completeness that we aim to achieve.

Statement 3.1 (Completeness of A, aunr and ¥). Let C = (A; S; D; 0) be a configuration
and v € Gq(C). Then, there exist C; = (0;Sy; Dy; 0y) € Aqavmr(C) and 7 € V(Dy, Se,)
such that (’Y ja 9f7)|labels(AUSUD)-

All the approaches in which we attempted to prove completeness in absorptive theory
led to introducing new tools for computing more specific a-generalizations. For example, a
more elaborate definition of configuration, the inclusion of the delayed set into the configu-
rations, and the definition of the abstraction substitutions for capturing a-generalizations

in problems where expansions of €5 were necessary.
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On the other hand, note that the statement of completeness presented in [9] is not
satisfactory, since it refers separately to generalizations r € G,(s,t), for s 2, t € A.
This makes the inductive analysis imprecise in the action of the inference rules applied
by the anti-unification algorithm to achieve a conclusion r» <, xzf'7. Furthermore, the
proof presented in [9] fails during the analysis of the rule (Dec) in the inductive step. The
separate treatment of each subproblem obtained after applying this rule does not allow

for proper “alignment” of the computed generalizations.

3.2 Issues to Achieve a Completeness Proof

To analyze this in detail, the approach in [9] relies on induction over the size of the active
set of a given configuration C, followed by a case analysis of rule application. In particular,
for the rule (Dec), the proof considers an a-generalization r of the form r = g(ry,...,m,)
of the AUT g(s1,...,5,) 24 g(t1,...,t,) in the active set of the configuration C for which
it is necessary to find a computed generalization r’ such that » <, /. In this case, the
rule (Dec) is applied, obtaining a new configuration including in the active set the AUTs
S; éyi t;, for 1 <17 < n. The application of this rule reduces the size of the active set in the
derived configuration, and by the induction hypothesis, there exist n final configurations
Ci = (0; S;; D;; ;) each with a 7; € W(D;, S;) such that r; <, y;6;7;. However, if there exist
variables z € var(r;) N wvar(r;), for i # j, then the term g(y16171, . ..,yn0,7,) may not be
comparable to r. The example below illustrates the improper “alignment” between such

generalizations.

Example 3.2.1. Consider the AUT s £, ¢, where s= g(ey, f(h(ey),a)), t= g(f(a,b),c;).
The associated initial configuration to this problem is C = ({s =, t};0;0; ). Notice that

we can apply rule (Dec) over C generating the following derivation:

(a(ey, Fh(eg). @) 20 g(F(a,),27)}:0:0:0) 25
(s 20 F(@0), (b, @) 2y, 2700 {o = glon. ).

Also, the term r is a a-generalization of the above AUT:

which contains a shared variable z € var(ry) N wvar(ry). Consider the final configuration
Ci= (0;{e; 2., a,a 2, g7}; {* £., b h(es) 2., x};01) where 0, = {y; — f(z1,22),...}
and 7, = {23 = b,2z3 = h(gs)} for the AUT ¢; £, f(a,b), and the final configuration
Co = (D;{e; £, bya 2., er}; {x =.. a,h(ey) ., x};02) where 0y = {yo — f(27,28),...}
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and Ty = {z5 > a, 27 > h(f (26, f(26,2)))} for the AUT f(h(es),a) =,, e;. Observe that
the following holds:

r1 <o y1thm = f(21,0)
o Ra Yol = f(R(f (26, f(26,26))), 28)

Finally, the term g(y10171, y20272) = g(f(21,0), f(R(f (26, f(26,26))), 23)) is not comparable

with the given a-generalization r = g(z, f(h(z),y)) &

To achieve the required “alignment”, it is necessary to ensure that a final configuration
(0; Sg; Dy; 0f) is reached, from which a substitution 7 € U(Dy, S) is such that r <, z6;7.
In this manner, a generalization “aligned” with the arguments of the AUT s =, t, where
s=g(s1,...,8,) and t = g(t1,...,t,), in the active set of the given configuration C would
be obtained.

To address this issue, when there exists a variable z € wvar(r;) N var(r;) with i # j,
the approach in [9] attempts to handle the “alignment” by distinguishing between the two

cases below.

1. There does not exist a position p € pos(s) N pos(t) such that z € Gy(s|,, tl,). In
other words, z generalizes terms which are absorbed during a-normalization of ro
and rp, where ro ~, s and rp ~, t. This implies that replacing occurrences of z
by e, for the appropriate absorptive symbol f, within r results in a more specific

generalization.

2. There exists a position p € pos(s) N pos(t) such that z € Gy(s|,,t],). Thus, z is
structurally smaller than r and, by the induction hypothesis, there exists a final
configuration (0; S*; D*;0%) € Apavse({({sl, =2 t|p};0;0;:)) and 7 € ¥(D*, S¥)
such that z < 2'6*7*. We will use 0*7* to align the generalizations resulting from

the induction hypothesis.

But these two cases fail. The Example 3.2.2 below gives a counterexample for the
first case, and the induction applied in the second case is wrong since the configuration
({s], 2. t],};0;0; ) is not derived from C.

Example 3.2.2 (Counterexample for Case 1). Consider the terms s = g(ef,er) and
t = g(f(a,b), f(a,b)), and let r = g(f(x,z2), f(x,2)) € Ga(s,t), where r| = ry = f(x, 2).
Observe that z € var(r;) N var(re) and applying the substitution proposed for this case,
we obtain that v = g(f(z,2), f(z, 2)){z — s} =a g(es,er), which, however, is not an

a-generalization of s and . &

The issues arising in the case analysis of the rule (Dec) within the completeness proof

of [9] are closely related to the appropriate formulation of the induction hypothesis.
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This observation motivated the introduction of substitution generalization (see Defini-
tion 2.1.3), and led to the formulation of Statement 3.1.

Moreover, achieving completeness requires augmenting the set of abstraction substi-
tutions. Counterexample 3.2.3 shows that the terms generated by the abstraction set do

not cover all the terms required to obtain certain 1ggs.

Example 3.2.3 (1ggs Computed from the Store). Consider the terms g(f(a, g(a,c)),cy)
and g(eys, f(g(c,c),b)). Applying Aqaune over the associated initial configuration C =
({g(f(a,g(a,c)),er) = gley, f(g(c,c),b))};0;0; ), we obtain the following four final con-

figurations:

{ yl 5f7€f —z1 g(C C>} {g(a C) Azz 6}91>,
Ae o (€) = 7{a ! 5f75f =z b} {9(a, C) =y KK = —23 g(C c)}; 0-),
- {g( ) ya EHEF = _25 9(07 C)}v {a =ys F K = _z6 b}’ 93>
A )

) g( ) =ys Ef:Ef ézs b};{a’ éys *, % é27 9(07 C)};H‘l )

Y

where

01 ={z = g(f(y1,92), f(21,22)), - .},

={z = g(f(y1,v2), f(23,21)), .- .},
O3 = {z — g(f(ys,9a), f (25, 26)), - - -},
0y = {2 = g(f(y3,ya), f(27,28)), . - }-

We denote the final store and delayed sets as S; and D;, respectively, for ¢t =1,...,4.

Then the abstraction sets of each variable in the delayed set of the respective final con-

figurations:

Tyz(Dl?Sl> = T(g(a,c),afgl) - {g(a’c>ag(y17c)}’ TZQ('D:L’SI) = T(b’ Ug‘l) = {b}7

Ty2<D2‘ SZ) - T(g(a,c),afg2) = {g<a7c)’g(y17c)}7 Tz3<D2f S2) = T(g(cv C)7Ug1) = {9(07 C)}’
Ty3<D3v Sd) = T(avgfgg) = {a}7 TZG(D37 Sd) = T(bv Jgg,) = b},

Ty3<D47 54) = T(CL’Ufgg) = {CL}, TZ7<D47 54) = T(g(ca C)’UgH) - {g(ca C)}7

The abstraction substitutions obtained are given below.

U(Dy,51) ={{y2— g(a,c), z2 — b}, {y2 — g(y1,¢), 22 — b}},

WDy, 52) = {{y2 = gla, ¢), z3 = glc, o)}, {ya = g(y1,¢), 28 = g(e, )}
(D3, S3) = {{ys — a, 26 — b}},

U(Dy, Sa) = {{ys — a, 27 = g(c, )} },
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Then, the computed generalizations are the following set of incomparable 1ggs:

g(f(yl,g(a,c )7 f(zlab))7 g(f(ylag(y1>c))7 f<217b>>7
g ]L Y1 (J((I ¢ ) f (j((f,(?),24)), (J(f Y1, 9\Y1 ())7 f(g((f-,(!)-,zf.i),
9(f(a,ya), f(z5,0)), 9(f(a,9a), fg(cc), 2s))

<&

Example 3.2.4 (Store Completeness Counterexample). Continuing Example 3.2.3. The
computed set of generalizations for the AUT g(f(a, g(a,c)),es) 24 g(es, f(g(c,c),b)) is in-
complete. Indeed, the terms g(f(y1,z1), f(21,21)) and g(f(y1, g(x2,¢)), f(23,x2)), among
others, are 1ggs not generated by Aq aunr and W.

These 1ggs were not generated because some abstractions of the terms in the delayed
set were missing. For instance, consider the first final configuration derived in Exam-
ple 3.2.3:

<®; {a éyl Ef, €y ézl g(c, C>}; {g(a7 C) éy2 x, * éZ2 b}7 91>

To generate the generalization g(f(y1,x1), f(21, 1)) from this final configuration, it is
necessary to add the substitution 7 = {ys — 21,20 — 21} to ¥(Dy,S;). It is important

to observe that the associated substitutions of g(f(y1,x1), f(z1,21)) are
pr=An —a,z1—=epx1—g(a,0)} and p, = {y1 — 5,21 = g(c,¢), 1 — b}

which resemble the substitutions afgf and og.. This observation suggests that the
symbol % in the AUT g(a,c) £,, % is interpreted as b, whereas x in x =, b is interpreted
as g(a,c).

By extending the store S| = {g(a,c) =,, b} US;, we guarantee that 7 € U(Dy, S}).

Now, consider the second non-computed 1gg above, g(f(y1, g(x2,¢)), f(z3,22)). In this
case, we must add the AUT a £,, b to the store to obtain g(zy,c) in the abstraction set

of 1o, and x5 in the abstraction set of z;. O

More generally, to generate the missed 1ggs discussed in the previous counterexample,
it is necessary that in the generation of the set of abstraction substitution, the operator
U considers additional AUTs for every possible combination of subterms of terms s and
t, for all AUTSs of the form s £, « and éy t appearing in the final delayed set.

A possible approach to include the missed AUTs in the construction of the set of

abstraction substitutions is given in the Definition 3.2.5.
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Definition 3.2.5 (Extended Store). Let C be a configuration and the final configuration
Cr = (0;Sf; Dy;05) € Agaunr(C). The extended store of Cy is defined as follows:

s 2y (s t 18 solved, s € subt(lhs(a)) for some
Se; =SpUSs Syt | a€ DY, t € subt(rhs(a’)) for some a’' € DY,
and Fw such that s £, t € S.

Above, V is a bijection from pairs of terms to fresh variables.

Definition 3.2.6 (Extended Set of Abstraction Substitutions). Let C be a configuration
and Cy = (0;Sy; Dy; 0¢) € Agavunie(C). The extended set of abstraction substitutions of Cy
is built as W(Dy, S¢, ), according to the Definition 2.2.19.

Observe that the previous definition is correct. Indeed, Definition 2.2.19 of ¥ (D, S),

for some store S and delayed set D of a configuration, requires the following conditions:

e S must be a valid set of solved AUTs;

« D must consist of wild AUTSs, and of AUTS a such that lhs(a) = rhs(a) with lhs(a)

an absorbing constant;

« the label sets must be disjoint: labels(S) N labels(D) = (.

For the configuration C; = (0;S; Dy; 0y), these conditions are satisfied by the sets
Dy and Sc,. Indeed, by the definition of Sc,, all AUTs added to the original store (i.e.,
those in S¢, — Sy) have distinct fresh labels and are solved. Moreover, the condition
labels(Se,) N labels(Dy) = ) holds due to labels(Sy) N labels(Dy) = () and that the added
AUTs have fresh labels.

Lemma 3.2.7 (Preservation of Abstraction Substitutions). Let C; be a final configuration
of the form (0; S¢; Dy; 05) and Se, the Extended Store of Cy. Then, the extended set of

abstraction substitutions is a superset of the set of abstraction substitutions:
\D(Dﬁsf) C \Il(va‘SCf)

PROOF: Suppose that 7 € U(Dy, Sy). By Definition 2.2.19, for all = € labels(Dy) we have
that x7 € 1,(Dy, Sy¢), which means:

o 1.(Dy,Sy) = T(lhs(a),alsf) ifa e D!,
° Tx(Dfasf) = T(Ths(a)vo-gf) ifa€ D", or

o 1.(Dy,Sy) = T(lhs(a),alsf) N1(rhs(a), og,) if a € D'if a € D}.
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Since Sy C Se,, we have that aqu = (afgcf)]labels(sf) and o5, = (agcf)habels(sf). This implies
that x7 € 1,(Dy, Se,), for all x € labels(Dy). Then, we conclude that 7 € (Dy, Se,).
Therefore, it follows that W(Dy, Sy) € W(Dy, Se;, ). O

Definition 3.2.8 (Extended Computed Generalization). Let C = (A; S; D;6) be a con-
figuration, Cy = (0; Sy; Dy; 0f) € Agavnr(C). Foralla € AUS and 7 € U(Dy, Se,), the
term label(a)f;7 is called an extended computed generalization of the terms lhs(a) and

rhs(a) generated by Aq aunr and the extended set of abstractions substitutions W.

Lemma 3.2.9 (Soundness of Extended Set of Abstraction Substitutions for Final Con-
figurations). Let C; be a final configuration of the form (0;Sy; Dy;0f). Then, for all
T € \IJ(Df, Scf), it holds that (efT)’labels(Sf)Ulabels(Df) € Qa(Cf).

PROOF: We prove that the substitutions achf and agcf are the associated substitutions

of 0;7. We analyze the following cases:

1. If a € Sy, then since dom(0y) N labels(Sy) = 0 and dom(7) = labels(Dy), it follows
that label(a)ffr = label(a). Moreover, by the definition of the Extended Store,
Sy C Se,, implying that label(a)QfTagcf = lhs(a) and label(a)HfTagcf = rhs(a).

2. If a € Dy, we get that dom(0y) N labels(Dys) = 0, and then label(a)f;r = label(a)T.
Also, by Definition 2.2.19 for all a € Dy, label(2)0;7 € Ti4peia)(Dys Sc;). Then we
have that:

(a) Zabel(a)OfTafgcf ~q lhs(a) if a € D,
(b) label(a)ﬁfragcf ~, rhs(a) if a € D7, or
(c) label(a)QfTagcf ~, lhs(a) and label(a)QfTagcf ~q ths(a) if a € D}. O

Theorem 3.2.10 (Soundness of Extended Computed Generalizations). Let C be a con-
figuration of the form (A;S;D;0), and Cy = (0;Ss; Dy;05) € Aqavne(C). Then for all
7 € W(Dy, Se;) we have that the substitution (057)|ipeis(ausup) € Ga(C).

PROOF: We prove that the associated substitutions of 677 are o ¢ and o " We analyze

the following cases:

1. If a € A. Notice that var(label(a)fs) C labels(Sy) U labels(Dy) and by Lemma 2.3.2,
label(a)f; € Gq(lhs(a), rhs(a)). We will prove that label(a)QfTafng ~, lhs(a) and
label(a)ﬁﬂagcf ~, rhs(a). By Definition 1.3.15, for all p € P(lhs(a), rhs(a)) and
q C p, head((lhs(a)fs7)|,) = head((rhs(a)d;T)|,)-
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Also, by Lemma 1.3.19, the positions in ES(s,t) are parallel, then it remains to prove
that for each p € ES(lhs(a), rhs(a)) it holds that (label(a)Qf)|p7'afgcf ~q (lhs(a))l,
and (label(a)ef)|pragcf ~, (rhs(a))|,. We analyze the three cases below depending
on the type of position p.

« Assume that p is a lateral-ezpansible position of lhs(a) and rhs(a). We consider

the following subcases:

— Suppose (lhs(a))|, = €f and (rhs(a))|, = f(s,t). by Lemma 2.3.6, for each

a' € D} U Sy, if label(a’) € var((label(a)df)],)(C labels(D}) U labels(Sy))
then it occurs only once in (label(a)dy)|,. Therefore, for each a’ € D} U Sy,
such that label(a’) € wvar((label(a)fy)|,), there exists a unique position
p C p' such that (f(s,t))|, = rhs(a’).
Furthermore, for all label(a’) € var((label(a)ff)|,), by Lemma 3.2.9, we
have that label(a’)Tchf ~, rhs(@’). Thus, (label(a Hf)\pTagcf ~, f(s,1).
To conclude, by Lemma 2.3.6, (label(a)ef))|p7'afgcf R 7.

— The case in which (lhs(a))|, = f(s,t) and (rhs(a))

ogously.

p = €y is treated anal-

o Assume that p is a trivially-decomposable position of lhs(a) and rhs(a). By the
first item of Lemma 2.3.7, (lhs(a))|, and (rhs(a))|, are the same constant. The

proof proceeds by case analysis.

— If (lhs(a))|, is a non-absorbing constant. Notice that using the second item
of Lemma 2.3.7, we have that (label(a)f)|,7 = (lhs(a))|,. This implies
that (label(a)ﬁf)\pTachf = (lhs(a))|, and (label(a)Gf)]pTUgcf = (rhs(a))l,.

— If (lhs(a))|, is an absorbing constant. Notice that the position p is also
a both-expansible position. By the second item of Lemma 2.3.7, either
it holds that (label(a)fy)|,7 = (lhs(a))|, and the analysis is analogous
to the previous subcase, or (label(a)fy)|, € labels(D}). In the latter
case, by Lemma 3.2.9, we have that (label(a)ﬁfﬂpTafgcf ~q (lhs(a))], and
(label(a’)ﬁfﬂpTUgcf ~q (rhs(a))lp.

o Assume that p is a solvable position of [hs(a) and rhs(a). By Lemma 2.3.8,
we have that (label(a)fy)|, € labels(Sf). Therefore, by applying Lemma 3.2.9,
(label(a)ﬁf)\pTalSCf ~q (lhs(a))|, and (label(a’)ﬁfﬂﬂagcf ~q (Ths(a))l,.

Thus, it holds that label(a)QfTafgcf ~, lhs(a) and label(a)QfTagcf ~, Ths(a).

2. Ifa € S, it holds that label(a)0;T = label(a)fy, by Lemma 2.3.2 and since Sy € Sc,,
we have that label(a)QfTagcf ~, lhs(a) and label(a)QfTagcf ~, ths(a).
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3. fae€ D, by Lemma 2.3.1, we get that D C Dy, and by condition 2 of Lemma 3.2.9,
this case holds.

Hence, for all 7 € U(Dy, Se,), we have that (057)|ises(ausup) € Ga(C). O

Remark. Notice that the soundness of computed generalizations, Theorem 2.3.9, is an
immediate consequence of Theorem 3.2.10 on the soundness of extended computed gen-

eralizations and Lemma 3.2.7 on preservation of abstraction substitutions.

Example 3.2.11 (1ggs Computed from the Extended Store). Continuing Example 3.2.3.
Consider the first final configuration in Example 3.2.3:

C1= <® {CL =y EfHEF = _21 g(c C)} {g(a C) *7*é22 b};91>7
where 0, = {z — g(f(y1,v2), f(z1, 22)), S

The extended store is given as:

= {a £, €f,E5 _Zl g(e,e)} U{gl(a, c) £, b0,a= —m b,c = —x3 b}.

Then, the extended abstraction sets for each label in the delayed set of C; are given by:

TyQ(DbScl) - T(Q(G,C),Ufgcl) - {.’Ifl,g(a, C)?Q(?/lac)ag(x%c)ag(x?ax3)>g(aax3)7g(ylax3)}a
Tzz(Dlﬂ SCl) = T<b7 O-g'cl) = {b7x17x27x3}'

Thus, the 28 set of extended abstraction substitutions, (D, Se,), is given below.

{ya — 1, 22 — b}, {ya — 21, 20— 21}, {y2 = 1, 23 — 22},

{ya — 1, 29 — 23}, {y2 — g(a,c), zo— b}, {y2— gla,c), 22 — x1},
{yo = g(a,c), 22> o}, {yogla,0), 22> 23}, {y2 = g(

{y2 = g(w2,¢), 2> 21}, {y2 > gla,23), 20}, {y2 = gla,x3), 22— 21},
{vo—=g(y1,0), 22> b}, {ya=>g(yr,0), 22 = @i}, {y2 = g(22,0), 22 = 22},
{y2 = g(22,0), 2o 23}, {y2 = g(y1,0), 22 = 22}, {y2 = g(y1, ), 22— w3},
{12 = g(a,x3), 20— 22}, {3 gla,x3), 2= 23}, {y2— gl

{y2 = g(w2,23), 22— 21}, {2 = g(y1,23), 22 b}, {y2 > g(y1,23), 22— 31},
{yo = g(y1,23), 20— 2}, {yo = g(y1,23), 20— 3}, {y2 = g(

{y2 = g(z2,23), 20 — 23}

This set of extended abstraction substitutions gives rise to 28 extended computed

generalizations. By preserving only the least general ones, we obtain the six 1ggs below.
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g(f<y17 ( ))7f<z17b)) g(f(:ylaxl)?f(zlvxl))?
9(f (i, 9, 0)), f(21,0)),  g(f(y1, 91, 23)), f (21, 23)),
9(f(y1,9(x2,¢)), f(21,22)),  9(f(y1, 9(a, z3)), f(21,73))

A detailed description of all extended computed generalizations generated for all final

configurations is provided in Appendix A. &

Finally, we present the statement of completeness that we want to achieve, obtained

from Statement 3.1 by using the extended set of abstraction substitutions.

Statement 3.2 (Completeness of A, aunr and Extended W). Let C = (A;S; D;0) be a
configuration and v € G,(C). Then, there exist C; = (0; S¢; Dy;0) € Agavnr(C) and
7 € W(Dy, Se,) such that (v =4 057)|iabers(ausup)-

In the following sketch, we outline the current state of a potential proof for State-
ment 3.2. The main obstacle lies in the base case, which concerns establishing the com-
pleteness of the extended set of abstraction substitutions for the AUTs of the delayed
set.

SKETCH: We use induction on (size(A), size(S)).

Base Case

This case occurs when the configuration C is a final configuration, as will be stated and
analyzed in Statement 3.3.

Induction Step

We assume that the statement holds for all the configurations with measure (i,7) <jes
(k,1), and we aim to prove it for configurations with measure (k, (), where k,[ > 0.

We analyze all possible cases for an AUT of the form s £, t € AU S. In each case,
we aim to show that there exists a rule of A, aunxr that transforms the configuration
C = (A;S;D;0) into a new configuration C" of the form (A’;S’; D’;0'). Since Aq avunir
is terminating, it holds that (size(A’), size(S")) <jex (size(A), size(S)). To apply the
induction hypothesis over C’, we construct a substitution generalization 7' € G,(C’) based
on the given ~ and its respective associated substitutions p; and p,. Without loss of
generality, we can assume that the variables in the range of ~ are different from those
used in the algorithm.

Lastly, we use the more specific a-generalizations provided by the induction hypothesis
through +' to construct a computed a-generalization of s and ¢ that is more specific than

xvy and aligned with the other a-generalizations. We analyze the two main cases below.

1. If A=0 and s £, ¢t € S, where S is not merged. As s £, ¢ is a solved AUT, then
xy = z. Without loss of generality, we assume that there exists an AUT s éy tesS
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such that y # = and we can apply rule (Mer) as follows:
0;{s 2, t,s =, t}US; D;0) =
(0;{s £, t} U S1; D; 0{z —~ y}),
Consider 7' = v|ipeis(s'un), this is a generalization substitution of C’. Additionally,
since we have that size(A) = size(A’) and size(S) < size(S’), then by induction
hypothesis, there exists Cy € Agaunir(C') € Agavne(C) and 7 € W(Dy, Se,) such
that (v =a 047)|iabeis(srup), i-e., there exists d, such that wyd ~, wésr for all
w € labels(S" U D). In particular, it holds that yyd ~, yf;7, and we analyze the

subcases for vy = z above.

(a) If z € dom(5) then there exists an AUT in S’ of the form s =, ¢, such that
w # x and wy = z. Furthermore, since the final configuration is merged, we
have that wfsr = yfy7. This implies that zvd ~, y0;7 = x{z — y}b;7 =
x0T,

(b) If z € dom(6) then we can consider ¢ = §{z > =67}, this implies that
Y0 g 2T

In both cases we have that (7 =q 0£7)|dom(y)-

. If A+#0and s £, t e A, the case analysis is made over the possibilities for s and

t as below. Notice that for any rule application over A in the derivation C = (',
we have that (size(A’), size(S")) <iex (size(A), size(S)) since size(A’) < size(A).

(a) If head(s) = head(t) and head(s) is not an absorbing constant. Say that we
have that s = g(s1,...,8,) and t = g(t1,...,t,). This implies that (i) zy = z,
or (ii) xy = g(r1, ..., ), where r; is a generalization of s; and ¢;, for 1 < i < n.
We apply the rule (Dec) in both subcases. Assume that the derivation is of
the form:
Hg(s1,...,8n) 2o g(ts, ..., 1)} U A S; D; 0) 2=
(A" S; Dy 04— g(a, ..., 20)}),
where A’ = {51 2,, t1,..., 8, =4, t,} UA; with n > 0. We analyze both cases

mentioned above as follows:

i. If zv = z, we can define +' as

(y) = v(y) if y € labels(A; U S U D),
I Zi it y = x;, where z; is a fresh variable,1 <¢ < n.
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Also, since zyp; = zp; ~q g(S1,- -+, Sm), (2p1)|i =q si. Thus, we can define
p; as follows:

oy ) oely) ity € Vran(y)
ily) = .
(zp)|;  for z;;1 < i <n.

Similarly, for p,. Observe that 7' € G4(C’); since for all the non-wild
ac AUSU (D — D), label(a)y'p}, =, Ihs(a). In particular, for s; =, t;
we have that ;7' p; = zip; = (2p1)|i = si. Similarly, for pl.

ii. If 2y = g(r1,...,7,), we can define v for C" as

() = v(y) if y € labels(A; U S U D),
Y T ify=x;,1<i<n.

Notice that 4" € G,(C’). Indeed, for all a € A; U S U (D — D"), we have
that label(a)y' p, = label(a)yp, =4 lhs(a). Similarly, for 7/p,. Otherwise,
xiy' pr = ripp = (xyp)|i =4 Si, which is assured since we are working with

normal terms. Similarly, for +/p,.

Then, by the induction hypothesis, we have that there exist a final configuration
Cr = (0;Sy; Dy 05) € Agaunir(C') € Aaavwr(C) and 7 € W(Dy, Se,) such that
(7" =a 0£7)|dom(y), €., there exists a substitution ¢ such that yyd ~q yf;7 for
all y € labels(A; U S U D). To conclude, in the former case, if 27y is headed by
the symbol g, observe that
xyd = g(@1'0,. .., 2,7 6) g (21047, ..., 2,05T) = 2057,

this implies that (v =a 047)|dom(y)- In the latter case, if 2y = z then take
0 = 0{z — 20,7} and since for all other labels, y € labels(4; U S U D),
yy6' = yy'0’ =g yby7T. Therefore, we got that (7 =a 047)|dom(y)-

If head(s) = head(t) and head(s) is an absorbing constant, say s = ¢t = &;.
This implies that either (i) xy = 2, (ii) 7y = €y, or (iii) ay = f(r1,72), where
f(ri,r2) is a collapsible term. We apply the rules (Dec) and (ExpB). Assume

we have the derivations of the form:

({er 22 €5} U Ag; S; D; 6)

(Dec)/ \\\ (ExpB)

N\
Cy = (Ap; S; D; 0{x —€4)}) (Ag; S; D';0) = Cy

where D' = {e; £, e;}UD. The set Ay aunir(C) = Agavnir (C1) U Agavnie (Ca)-

We analyze the cases mentioned for x+.

70



()

i. If zv = 2. Applying rule (Dec), we obtain the configuration C;. Notice
that 7 = Y|iaeis(a0usupy € Ga(C1). By induction hypothesis, there exist
Cr = (0;S5; Dy 05) € Aaavnr(C) € Agavnr(C1) and 7 € W(Dy, Se, ) such
that (v =a 047)|dom(y), i-€., there exists 0 such that yy'0 ~, yf;7 for
all y € labels(Ag U S U D). Consider &' = {z — e7}6. Then we have
that ©v6" ~, e = 207 and for all y € labels(Ay U S U D), it holds that
yy6' = yv'0 =4 yby7. Hence, we have that (v =a 057)|dom(y)

ii. If xy = e;. The analysis is analogous to the subcase above.

iii. If xy = f(r1,r2), a collapsible term. Applying the rule (ExpB), we obtain
the configuration C,. Notice that v € G,(C2), due to the fact that C,
preservers the same AUTs of C. Then, by the induction hypothesis there
exist C; = (0;Sy; Dy;05) € Agavne(C2) and 7 € W(Dy, Se,) such that
(7 =a 0£7)|dom(), that is that we want to prove in this case.

If head(s) # head(t) and they are not related absorptive symbols. Assume that

the derivation is of the form:

({s 2, t} U A S; D;0) == (Ar; {s £, 1} U S; D3 6),

Notice that v € G,(C'), since the rule (Sol), move the AUT s =, t from

the active set of C to the store of C', then AU S = A" U S’. By induction

hypothesis, there exist Cy = (; Sy; Dy;05) € Aaavne(C) and 7 € W(Dy, S, )
such that (v =q 07)|dom()- Thus, this subcase holds the statement.

If head(s) # head(t) such that head(s) = e and head(t) = f. This implies

that (i) xy =y, or (ii) xy = f(r1,r2) is a collapsible term. We apply the rules

(ExpLA1) and (ExpLA2). Assume we have the derivations of the form:

{ey

(ExpLA1)

f(t1,t2)} U Ag; S5 D; 0)

(ExpLA2)

\ lI>

Y4

~~

(w1,m2)}) (A2; S5 Da; 0{x v f(w3,74)}) = Co

where Al = {Ef = tl} @) AQ, D1 = {* =4 tQ} U D A2 = {€f =z4 tg} U Ao,
and Dy = {* =3 tl} U D. The set Au AUNIF(C) = Aa—AUNIF(Cl) U Aa—AUNIF(CQ)'

We analyze the cases mentioned for x7.

i. Case z7y = z. Since 7 € G4(C), there exist p; and p, such that for all non-
wild AUT a € AUS U D, label(a)p, =, lhs(a) and label(a)p, ~, rhs(a).
In particular, for e; £, f(t1,t2) € A, it holds that zyp = zp =~ &
and zyp, = zp; =~y f(t1,t2). Without loss of generality, we consider the
derivation of (ExpLA1) and define 7" as
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ii.

(y) = v(y) if y € labels(Ag U S U D);
e 2 if y =y, fori e {1,2}.

To prove that 7" € G4(Cy), consider p; and p!. defined as below.

oy ) oy) iy € Vran(y)
pi(y) = . .
£y if y = z;, fori e {1,2}.

vy ) oeely) ity € Vran(y)
PL(y) = . :
t; if y =z, forie {1,2}.

Moreover, notice that for all a € Ay U S U (Dy — D), we have that
label(a)y'p} = label(a)yp, ~, lhs(a) and for all a € Ay U S U (D, — D}),
label(a)y'pl. = label(a)yp, =, rhs(a). To conclude that 7" € G,(Cy), notice
that x19/p; = z1p; = €7, ©:17'p, = z1p, = t1, and 297 p), = 29p, = to.

By induction hypothesis, there exist Cy = (0; S¢; Dy; 0¢) € A aune(C) and
7 € U(Dy, Se,;) such that (v =4 057)|dom(y), i-€., there exists § such that
yY'0 =, ybs7 for all y € labels(Ag U S U Dy). Take §' = §{z — x0;7}, then
176" = 20" = x0p7. This implies that (7 =q 057)|iabers(ausun)-

Case xy = f(r1,r2), a collapsible term. We analyze the following subcases:

A. If ry is a collapsible subterm of zy and 7 is not. This implies that we

need to apply the rule (ExpL A1) and define ' for C; as follows:

'(y) = v(y) if y € labels(Ag U S U D);
T T if y =, forie {1,2}.

We need to prove that ' € G,(C;). Observe that the associated sub-

stitutions of 4" are the substitutions p; and p!. defined below.

£f if y=af, fori e {1,2}.

vy ) ope(y) ify € Vran(y)
pr(y) - . / .
ti if y =af, fori e {1,2}.

By induction hypothesis, there exist C; = (0; Sy; Dy; 0f) € Agavnr(C)
and 7 € V(Dy, Se,) such that (7' =4 057)|dom(y), i.e., there exists §
such that yy'd ~, yb7 for all y € labels(A; USUD;). Moreover, notice
that 70 = f(217/0,227'0) =g f(21057, 22057) = x07. Thus, it holds
that (v =a 047)|iabets(ausun) -
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B. If 5 is a collapsible subterm of xy and r, is not. This case is analogous

to the previous case using the rule (ExpLAZ2).
C. If r; and ry are both collapsible subterms of xy. This case is analogous
to the two cases above; it is possible to use either rule (ExpLA1) or

(ExpLA2).

(e) If head(s) # head(t) such that head(s) = f and head(t) = ;. This implies that
(i)zy =y, or (ii) xy = f(r1,r2) is a collapsible term. This case is analogous to
the case above using the rules (ExpRA1) and (ExpRA2). O

Statement 3.3 (Completeness of Set of Extended Abstraction Substitutions). Let C;
be a final configuration of the form (0;Sy; Ds;60) and v € Gqo(Cy) with the associated
substitutions p; and p,. Then, there exist 7 € W(Dy, S¢,) and ¢ such that:

o Foralls£,te S, 270 =, 2.

o Forall s £, t€ Dy, 270 =, 27 € 1,(Dy, Se;)-

SKETCH: The idea of the proof is to construct a substitution 7 € W(Dy, Se,) satisfying the
conditions of the statement. This construction relies on the terms in the range of p; and
pr. Since the domain of these substitutions is var(label(a)y), we must find a substitution
d that instantiates the variables of all terms label(a)y in such a way that each label(a)yd
can be generated by its respective abstraction set. The substitution ¢ is obtained from
the following set of valid AUTs:
R = {wp 2, wp, | w € Vran(7)}

We partition the set into the following subsets, depending on the relation between wp;

and wp,:

R, = {wpl =, wpr €R

wp, = lhs(a) and wp, = rhs(a)
for some a € Sc,

. Ru:{wpléwwpreR—Rs

wp, € subt(lhs(a)), wp, € subt(rhs(a’)) for
a € D and a’' € D}

wp; € subt(lhs(a)), wp, & subt(rhs(a’)) for

A
wpp =, Wpr €R
Pr=w P aEDéc and a’eD}

aED?anda’GD;

wp; & subt(lhs(a)), wp, & subt(rhs(a’)) for
a’ € D} and a € D

wp; & subt(lhs(a)), wp, € subt(rhs(a’)) for }
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Consider the following substitutions:

o s ={w > label(a) | w € labels(Rs), zpr = lhs(a), wp, = rhs(a), for some a € Sc, }.
o 0. ={w— lhs(a) | w € labels(R.), }

Moreover, for all wp, £, wp, € R, we have wpl € subt(lhs(a)) for some a € D! and
wp, € subt(rhs(a’)) for some a’ € D7, but wpp £, wp, € R, ie., there does not ex1st an
AUT a" € S¢, such that lhs(a”) = wp; and rhs(a”) = wp,. This implies that wpp 2, wp,
is not solved, and there exists at least one AUT (wpy)|, =. (wpr)|q € Sc, such that p €
pos(wp;) —{e€}, q € pos(wp,) —{e}, head((wp;)|,) # head((wp,)|,) (non-absorptive related
symbols), and z = V ((wp1)|p, (wpr)|q). This holds since S¢; contains all combinations of
subterms of the wild AUTs, and such that the pair of subterms form a solved AUT.
Finally, this implies that it is possible to generate a more specific term, say r,,, which
is a generalization of wp, and wp, and is generated by the subterms of the abstraction
substitutions of 1(lhs(a), O'SC ) and T(rhs(a’),agcf). Finally, we define the substitution
0y = {w 1y | w € labels(R,) } and the substitution 6 = d50¢0u(p1)|1abeis(ry) (Pr) liabeis(r,)-

It remains to prove the following:

1. All the sets Ry, Ry, Ri, R, R. are pairwise disjoint and the union is the set R.
2. Foralls2,t ¢ Sy, we have that zv6; = x.

3. 7 ={x > ayd | x € labels(Dy)} € ¥(Dy, S¢,), i.e., for all s £, ¢t € Dy, it holds that
xy6 € T(Dy, Se, ).
U

Example 3.2.12. This example illustrates the intuition of the idea of sketch presented
above. Consider the following final configuration Cy = (; S¢; Dy; 6) where

Sf = {a =z €fHEf é b7a é$3 h(a>}

Dy = {5f a4 Ef; h(€f> éxs *, X éxﬁ g(bv h(&))fk éfm h(f(aa a))}

We build the 7 for the following substitutions generalization v of Cy:

_ Ty oy, T ye, T3 ys, Ty f(f(Y1y), h(ya)),
x5 = h(f(a, f(wi,w2))), w6 = g(ya, wa), 27 = h(f (w3, ys))

Consider the extended store set for this case.

S - Sf U {h<€f> —xs g(b h( ))76f éwg g(b7 h(a))7€f é9E10 h( ) S 111 CL}
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The associated substitutions of v are given by:

pL = {yl = Q, Yo b= €5, Yz =2 A, Yy 2> Ef, W1 2 €, Wa > g(a,b),w3 b, wy h(gf)}
{1 = ep,y2 0 byys = h(a), ya = a,wi = h(b), wa = ¢, w3 — a,wy — h(a)}

We build the set R of all of the following AUTs:
R - as, &tf, er 2, b, a2, ha), ep 2, a, 5 =4, h(b),
g(a,b) =,, ¢, b=, a, h(5f> wa N(a)

The partition of the set R:

e Ro={a%2, c5,6; 2, ba=,, hla),e; 2, a}
 Ru={h(ef) v, hla)}

© Ri={es 2w, h(b)}

e R.={b2,, a}

« Re={9(a,b) £, c}

We calculate the four substitutions mentioned in the sketch of the Statement 3.3.

0s = {y1 = T1,y2 > X, Y3 — T3, Ya > T11}
de = {wz— g(a,b)}
0y = {ws— h(z11)}
(1) liabets(ry)) = {wr — €5}
(or)|iabets(r,) = {ws — a}
0 = 050c0u(pr)liabets(ry) (Pr)iabets(r,)

Notice that for the AUT h(ey) £,, h(a) € Ry, there exists e £, a € Se,, then h(z1;)
is a generalization of h(es) and h(a), and such that h(xi1) € subt(g(z2, h(x11))), where
g(x9, h(x11)) € T(g(b, h(a)), chf). Applying substitution § to each term z;y, for 1 <i < 7,

we get the following set

{15 v2, ys, f(f (21, 22), W), h(f(a, f(er, 9(a, D)), g(xa,wa), h(f(a; 211))}

Observe that these terms are holding:
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f(f (@1, 22), h(z11)
h(f(a, f(gs,9(a,b)))) ~a h(ey
9(@2, h(z11)
)

h(f(a,z1

T(eg, 0%, )ﬂT(éfaUgcf)
T(h(gf), Usc )

1(g(b, h(a)), 0%, )
T(h(f(a,a)), 0%, )

It means, 7 = {iL‘Z — l‘l’yd 5 5 (pl)|labels ’Rz)<p7" ‘labels(RT) ’ 4 <1< 7} € \D(Df, Scf). O

S
S
S
S

)
)
)
)
)

Even though the extended store and the extended abstraction substitutions produce addi-
tional, and in some cases comparable, generalizations, the situation illustrated in Example
2.2.20 remains unaffected. The extended store corresponds to the same final store, gener-
ating an infinite set of incomparable generalizations, and the absorptive anti-unification
problem continues to be at least infinitary. Moreover, if completeness is achieved, the
absorptive anti-unification problem will be infinitary. In this case, the existence of a pro-
cedure for absorptive matching would allow the sets of computed generalizations to be
minimized, enabling the determination of a minimal complete set of generalizations for

any pair of terms.
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Chapter 4
Linear Absorptive Anti-unification

This Chapter treats an important variant of the absorptive anti-unification: the linear
absorptive anti-unification. This variant consists of finding linear generalizations for any
pair of terms modulo a. The set of linear a-generalizations of the terms s and ¢ is denoted
as G(s,t). This chapter aims to present the A, yyxg¢ algorithm and to prove that, to-
gether with the linear abstraction substitution, also introduced in this chapter, it produces

the minimal complete set of linear a-generalizations for any pair of terms s and ¢.

4.1 Generalization Algorithm for Linear Variant of

a-Theories

The example below illustrates how treating the linear variant can reduce the number of

solutions. The goal is computing linear least general a-generalizations.

Example 4.1.1. Consider the infinite set of a-generalizations of the terms g(cf,a) and

g(f(h(ef),a),er) in Example 2.2.20. The linear a-generalizations of these terms are only
the terms g(f(y, @), ws) and g(F(h(e), ys), w). o

Restricting attention to linear solutions simplifies the completeness analysis; however,
this restriction necessitates the introduction of new notions specific to linearity.
Firstly, every initial configuration (see Remark 2.1) admits linear generalizations, al-

though these generalizations are not necessarily computed by the A auxr procedure.

Example 4.1.2. Consider the configuration ({g(a,a) £, g(b,b)};0;0;¢). The A avae
algorithm computes the generalization g(y,y); however, the only linear 1gg is g(y, z). <

Definition 4.1.3 (Linear Configurations). Let C = (A;S; D; ) be a configuration, C is

a linear configuration if 0 is a linear substitution.
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Example 4.1.4. Consider the configuration ({e; =,, h(cs),a =, c;};0; {x =,, a};0),
where 0 = {x — g(f(y1,y2),ws2), w1 — f(y1,y2)}. This intermediate configuration of
Derivation 1 in Example 2.1.16 is a linear configuration since the terms g(f(y1,y2), w2)

and f(y1,y2) in the range of # are linear terms. O

Notice that an initial configuration is also a linear configuration; indeed, this holds

since the substitution ¢ is a renaming, then each term in the range is a variable.

Definition 4.1.5 (Linear Substitution Generalization). Let C be a linear configuration
with active set A. A linear substitution generalization is a substitution v € G,(A) such

that the following conditions are satisfied:

1. v is a linear substitution;

2. for all different AUTs a,a’ € A we have that var(label(a)y) N var(label(a’)y) = 0.

For short, we will write “~ is a linear generalization of C”. The set of linear substitution

generalizations of C is denoted as G4(C).

For proving that v € G,(A) for some non-wild valid set of AUTs A, we must provide
substitutions p; and p, that instantiate the variables in the generalizations of all AUTs in
A to their respective left-hand sides and right-hand sides. In the linear variant, it suffices
to prove that, for all a € A, the term label(a)y belongs to G(lhs(a), rhs(a)).

Lemma 4.1.6 (Characterization of Linear Substitutions Generalizations). Let A be a
valid set of non-wild AUTS, and let y be a substitution such that dom(vy) = labels(A), and
such that for all distinct AUTs a,a’ € A, we have that var(label(a)y)Nvar(label(a’)y) = 0.
Then, label(a)y € Gq(lhs(a), rhs(a)) for all a € A if and only if v € Ga(A).

PROOF: Assume that for all a € A it holds that label(a)y € G,(lhs(a), rhs(a)). Then, for
each a € A, there exist substitutions p;(a) and p,(a) such that label(a)yp(a) ~, lhs(a)
and label(a)yp,(a) =, rhs(a).

Since var(label(a)y) N var(label(a’)y) = O for all distinct a,a’ € A, it follows that
the domains of the substitutions p;(a) and p;(a’) (similarly for p,) are disjoint. Let
A = {ay,...,a,}. Therefore, the compositions substitution p; = pi(a;)---pi(a,), and
pr = pr(a1) - -+ pr(a,) are well-defined, and they form associated substitutions for v with
dom(yp;) = dom(yp,) = labels(A). Hence, it holds that v € G,(A).

Conversely, suppose that v € G,(A). By Definition 1.3.33, there exist substitutions p; and
pr such that for all a € A, it holds that label(a)yp, ~, lhs(a) and label(a)yp, =, rhs(a),
i.e., label(a)y € Gy(lhs(a), rhs(a)). O
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Corollary 4.1.7. Let A be a valid set of non-wild AUTs, and let v be a substitution such
that dom(vy) = labels(A), and such that for all distinct AUTs a,a’ € A, we have that
var(label(a)y) N var(label(a’)y) = 0. Then, label(a)y € Gi(lhs(a), rhs(a)) for all a € A if
and only if v € GL(A).

Definition 4.1.8 (Algorithm A, ,yy¢). The algorithm for the linear variant of absorp-
tive anti-unification, denoted by A, yuxs¢, consists of the exhaustive application of the
inference rules of the Ay aunr algorithm (see Table 2.1), except for the rules (Mer) and
(ExpB).

These rules are dropped since rule (Mer) duplicates generalization variables, and the

rule (ExpB) leads to non-linear generalizations.

Example 4.1.9. Consider the configuration ({g(a, a) =, g(b,b)};0;0; ) given in Example
4.1.2, the procedure A, ,yy ¢ computes only the 1gg g(y, z). Note that the non-linear
1gg g(y,y) computed by A, aunie is not derived by A, oy, Since the latter excludes the
rule (Mer). <&

Example 4.1.10. Consider the terms g(ef,ef,a) and g(ef,b,ef) of Example 2.2.21. In
this example, the generalizations g(f(ws,ws), ws, ws) and g(f(f(ws,a),ws), ws, ws) were
obtained after application of the rule (ExpB) and the use of the abstraction substitutions.
Note that these generalizations are not linear.

Moreover, considering a linear version of these generalizations, i.e., g( f (w1, wy), we, w3)
and g(f(f(w1,a),ws), ws, ws), both of them are more general than g(e, wo, w3), which is

a generalization computed by (Dec) rule. <&

The Examples 4.1.9 and 4.1.10 illustrate why these rules are not considered in the

algorithm for computing linear generalizations, and the next lemmas prove this fact.

Lemma 4.1.11. Let C = (A; S; D; 0) be a configuration and Cy € Aqaunir(C) of the form
Cy = (0;Ss; Dys;05) and 7 € W(Dy, Sy) where at least one application of (Mer) was made

in the derivation, then (057)|ibeis(a) 9 a non-linear substitution generalization of C.

PROOF: As rule (Mer) was applied at least once, then we have the following derivation:
C =" ({0:{s' 2,5 2, ¥} U S D;0) X
<®; {s’ éy t/} U S; D: 0/{1: o ) = ¢;

From definition of configuration z,y € Vran(6') and we analyze the following two cases:

1. If z,y € var(y,0’) for some y; € labels(A). This implies that the variable y occurs

twice in y10'{z — y} and we have the two subcases:
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(a) If there does not exist an AUT & £, #' € S with z # y then y remains in the
range of §; and as yr = y for all 7 € W(Dy, Sy), then 16,7 is a non-linear

term.

(b) Otherwise, assume that there exist m AUTs s’ £, ' € S with m > 1, and

z; # zj for 1 # j. Without loss of generality, assume that the configuration after
m applications of rule (Mer) has the form ((); {s' £, ¢} U S'; D;0'{x — y}v),
where v = {y — 2,z — 2z} with z = z; for some 1 <i<mandfor 1 <j<n
and j # i, then we have that z occurs at least two times in y,0¢, implying that

1107 is a not linear term, for all 7 € W(Dy, Sy).

In both cases, (657)|iabeis(a) is not a linear substitution and the lemma holds.

2. If © € var(y10') and y € var(y,0') for some yi,ys € labels(A) with y; # yo. We

analyze the following two subcases:

(a) If there does not exist an AUT s’ £, t' € S with z # y then y € var(y,0;) and
y € var(y20¢), implying that var(y10,7) Nvar(ys0;7) # 0 for all 7 € U(Dy, Sy).

(b) Otherwise, assume that there exist m AUTs s’ £, ' € S with m > 1, and

z; # zj for 1 # j. Without loss of generality, assume that the configuration after
m applications of rule (Mer) has the form ((); {s' £, ¢} U S'; D;0'{z — y}v),
where v = {y — z,2; — z} with z = 2, for some 1 < i < m and for
1 <j<mnandj#i then z € var(y10y) and z € var(y20y), implying that
var(y10,7) Nwar(y207) # O for all 7 € W(Dy, Sy).

In both cases, (057)|upeis(a) is not a linear substitution generalization of C, as con-
dition 2 of the definition does not hold. O

Lemma 4.1.12. Let C = (A;0;0;¢) be an initial configuration and Cy € Aqaunir(C) of the
form Cy = (0;Sy; Dy; 0f) and T € W(Dy, Sy), where at least one application of (ExpB) was
made in the derivation. Then (04T )|iapeis(a) 5 @ non-linear substitution generalization of
C or there exists C' = (0;S"; D', 0"y € Aqavnr(C) and 7' € ¥(D',S") without applications
of any of these rules such that label(a)0;1 ~ label(a)d't’ for all a € A.

PRrROOF: We use induction over the number n > 0 of applications of both expansion rules
in the derivation C =" Cy.

Base Case

If there is no application of rule (ExpB), then the lemma holds vacuously.

Induction Step
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We assume that the lemma holds for n applications of rule (ExpB) and we prove it when
we have n + 1 applications. By Lemma 2.3.5, it is possible to reach the first application
of the rule (ExpB) and we have the following derivation:
C="({e; 2, e} UA";S", D";0") 22
<A”; S”; {€f éx €f} U D”; 9//> =" Cf
We analyze the following two cases base on the set 1,(Dy, Sf) = T(ey, afgf) N1(er,0%,):

o If 1.(Dy,Sr) = {e}, then for all 7 € U(Dy, Sy), {z — e;} C 7. Thus 20,7 = ;.
Consider the configuration C” € A, aune(C) where instead of this application of
(ExpB) we apply (Dec) in the derivation. We have that z6;7 ~, ¢; = x6'7" and this
implies label(a)f;T ~, label(a)d'’ for alla € A. In the derivation C =* C" =" Cy,
there are n applications of the expansion rules. Hence, by the induction hypothesis,

the lemma is established.

o If 1,(Dy,Sf) = {ef} UU, where U is a non-empty set, then by definition of the
abstraction substitutions, U is a set of collapsible terms with at least two distinct
variables, say x; and xo, that collapse the term and such that 1,2y € labels(Sy).
Now, if 7 € U, by the definition of configuration and item 1 of Lemma 2.3.1,
it follows that x € wvar(yf”) for some y € labels(A). Since there does not exist
a rule that affects the delayed set, we further obtain x € var(yf;), which implies
that 21,22 € var(yfyr). Moreover, by the definition of configuration and item 1
of Lemma 2.3.1, for z1 € labels(Sy) there exists w € labels(A) such that z; €
var(wlyr). If w = y, then x; occurs twice in yfyr. Otherwise, it holds that
x1 € var(wlr) N war(ydyr). Therefore, we conclude that (677)|iapeis(4) is not a

linear substitution of C. O

Lemma 4.1.13 (Preservation of Linear Configurations). Let C = (A; S; D;0) be a linear
configuration, any configuration C' = (A’; S’; D';0') derived from C by A, aynpt S also a

linear configuration.
PRrROOF: We analyze each rule application in the derivation C = C’:

« Rule (Dec) introduces at most n fresh variables (n > 0), say y1, ..., Yy, in Vran(6')
and 0" = 0{label(a) — t}, where t = head(lhs(a))(y1, ..., Ym) With head(lhs(a)) =
head(rhs(a)) for some a € A. Note that each y; occurs once in ¢t and for all ¢ €

ran(0') — {t}, we have two cases to analyze:

1. If ¢ € ran(@) the lemma holds trivially.
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2. If ' & ran(6), i.e., t' = t"{label(a) — t} for some t" € ran(f) and label(a) €
var(t"). Observe that any = € var(t') = (var(t”") — {label(a)}) W var(t) occurs

once in t' and the lemma holds.

o Rules (ExpLA1l), (ExpLA2), (ExpRA1l) and (ExpRA2) introduce two fresh vari-
ables, say yjand ys, in Vran(6') and 0’ = 0{label(a) — t} where t = f(y1,y2) with f
an a-symbol. Note that y; and y, occur once in ¢ and for all term ¢ € ran(6') — {t}
cach variable in ¢’ occurs at most once since if the term is affected by {label(a) — ¢t}

the only introduced variables are fresh. Therefore, the lemma holds for this case.

« Rule (Sol) does not change the computed substitution of C’, then ' = 0, and as C

is linear then the lemma holds. O

The termination of the general algorithm Ay aunr (Theorem 2.1.14) implies the ter-

mination for the linear variant algorithm.

Corollary 4.1.14 (Termination of A, ywet) Aqavnst terminates for any linear config-

uration C and it outputs a finite set of linear configurations.

As for Ay aunr, the analysis of algorithm A, 4 yy-¢ @ssumes only configurations derived
from initial configurations.
A linear final configuration is a linear configuration with its active set empty. The set

of linear final configurations of C (see Definition 2.1.15) is denoted by A, s ynet(C).

Lemma 4.1.15 (Auxiliary Soundness of A, yyyget). Let C= (A;S; D;0) be a linear con-
figuration and C; = (0;Sy; Dy;05) € Ay apnst(C). Then label(a); € Gi(lhs(a), rhs(a)),
for all a € A.

PRrooOF: We proceed by induction over the derivation length.

Base case. If the derivation has length 0, C is a final configuration, and the lemma holds
vacuously.
Inductive Step. Now, consider a derivation having the following form:
(A;S;D;0) = (A"; S"; D';0') =" (0; S¢; Dy; 04) (4.1)
For n > 0. We assume for the induction hypothesis that for derivations of the form
(A S, D0y =" (0; Sy; Dy; 0y),
the lemma holds and show that the theorem holds for derivations of the form presented in

Derivation 4.1. We continue the proof considering the various options for the transition

from (A;S; D;0) to (A";S"; D5 6).

1. (Dec). Assume that the derivation is of the form:
{g(s1,- -1 5m) 2y glty, .. tm)} U Ap; S; D; 0) 22
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({81 24y t1y .oy 8m 20y, tm} U A S; D30y =" (0; Sy; Dy; 04)

where 0 = 0{y — g(z1,...,2z,)}. Observe that by the induction hypothesis, for
all a € A; we get that label(a)d; € Gi(lhs(a),rhs(a)) and for all 1 < i < m,
z:0; € G&(si,t;). From Lemma 2.3.1, y0; = y(0{y — g(z1,...,2,)})0; and from
definition of configuration yf = y. Then y8; = g(z1,...,2m)0F = g(x16y, ..., xm0y),
implying that y8; € Ga(g(s1,..-,5m),g(t1,...,tn)). In addition, from Lemma 4.1.13
we have that 0 is a linear substitution, which implies that y0; is a linear term.
Therefore, it holds that y0; € G5(g(s1,- -+, 5m), g(t1, .-+, tm)).

2. (Sol). Assume that the derivation is of the form:
{s 2, tYUA;S;D;0) 2 (Ay; S'; D; 0) =" (0; Sy; Dy; 0;),
where S’ = {s £, t} US. By induction hypothesis, for all a € A; we have that
label(a)0; € GE(lhs(a), rhs(a)). Moreover, notice that yf = y and this variable is a
generalization of s £, ¢, since this AUT is solved. Hence, we get that yf; € G(s, ).

3. (ExpLA1). Assume that the derivation is of the form:
({er 2 F(5,)} UAL; 85 D;0) ==
ey &4, s} U AL S, D30y =" (0; Sy; Dy; 0)
where D' = {x £,, t}UD and ¢ = 0{y — f(x1,72)}. By the induction hypothesis,
all the AUTs in {e; £,, s} U A; are generalized by 6; and these generalizations
are linear, in particular, z,0; € Gi(g;,s). Furthermore, since o € labels(D;) then
T20f = x9 and xy <, t. From Lemma 2.3.1 we get that yf; = f(x10y, x20¢). Observe
that f(x167,2207) = f(2107,22) € Ga(f(gf,t), f(s,t)) and since f(ey,t) ~, £ and
0y is linear substitution, we get that y6; belongs to G(e;, f(s,1)).

4. The analysis of the other lateral expansion rules is analogous to the previous one.
O

Lemma 4.1.16. Let C = (A; S; D;0) be a linear configuration and a final linear config-
uration Cy = (0; Sg; Dy;0f) € Ay aunwt(C), then for all different a,a’ € A we have that
var(label(a)f;) Nvar(label(a’)fs) = 0.

PrROOF: We use induction over length derivation.

Base case

If the derivation has length 0, C is a final configuration, and the lemma holds vacuously.
Induction Step

We assume that the lemma holds for derivations of length less than or equal to n > 0, and
we prove it for derivations with length n 4+ 1. Consider the derivation C = C' =" Cy,
where C; = (0; Sy; Dy; 0f). We analyze each rule application case to obtain C':
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1. (Dec). Assume that the derivation is of the form:
({g(s1, - 8m) 22 glts, .- tm)} U Ay; S; D; 0) ==
(A8, D; 04w — g(xy,...,20)})
where A" = {51 2, t1,...,8m =4, tm} U A;. By the induction hypothesis, for all
different a,a’ € A’ the lemma holds, in particular for all a” € A’ with a” # x;,
var(label(a”)0s) N var(x;0f) = 0, for 1 < ¢ < m. It remains to prove that for all
a” € Ay, var(label(a”)0r) N var(z;) = 0. Observe that 28y = g(x10, ..., x,0¢),
then we have that var(z6;) = W, var(z;0y) which implies
var(label(a”)0;) N var(xly) = @(Uar(label(a”)ﬁf) Nvar(z;0f))

=1

Therefore, the lemma holds for this case.

2. (Sol). Assume that the derivation is of the form:
({s 2.t} UA; S, Di0) == (A {s £, t} U S; D;0),
By induction hypothesis for all different a,a’ € A’ we have that var(label(a)ff) N
var(label(a’)0;) = (). Observe that z6; = x since x € labels(Sy). Moreover, as after
the application of the rule (Sol) all the introduced variables in the terms in the
range related with any label of A’ are fresh, then = & var(label(a’)fy) for all a’ € A’

and the lemma holds.

3. (ExpLA1). Assume that the derivation is of the form:
({er 25 f(s,1)} U Ay S; D; ) ==
(A S {x 2., t} UD; 0{x — f(x1,22)})
where A’ = {e; £,, s} U A;. By induction hypothesis for all different a,a’ € A’ we
have that var(label(a)f) N var(label(a’)fy) = 0. Notice that z0p = f(x10f, 220;)
and z20f = x5 since zo & dom(6y), implying that var(zfy) = var(x,6s) W {xa}.
Additionally, zo & var(label(a)fy) for all a € Ay, as all the introduced variables in
the range of 6; after the rule (ExpLA1) application are fresh. Hence for all a € A,
we have that var(label(a)f) N var(xzff) = () and the lemma holds.

4. The analysis of the other lateral expansion rules is analogous to the previous one.

O

Theorem 4.1.17 (Soundness of A, yynpt). Let C = (A;S; D;0) be a linear configuration,
and Cy = (0; Sy; Dy; 05) € Aq punt(C). Then we have that ¢ |apeis(ay € G5(C).

PROOF: By Lemma 4.1.16 we know that var(label(a)y) N var(label(a’)y) = 0, for all
distinct AUTs a,a’ € A. Moreover, by Lemma 4.1.15 for all a € A, we have that
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label(a)0; € Gi(Ihs(a),rhs(a)). Finally, by applying Corollary 4.1.7, we conclude that
the restriction 0 |japeis(a) € G4(0). d

As we need to avoid the duplication of variables in the generalizations, the abstraction
set of Definition 2.2.1 and the abstraction substitutions of Definition 2.2.19 need to be
replaced with the following definition.

Definition 4.1.18 (Linear Abstraction Substitution). Let C = (A;S; D;#) be a linear
configuration, the linear abstraction substitution up of C, for short we denote it as las,
with dom(up) = labels(D) is defined as pup = {x +— s | x =, s € D or s =, x € D} when
D # () and up = id, otherwise.

Definition 4.1.19 (Algorithm A AUNIF, ). The algorithm A, Aunrt, takes as input a set
of valid AUTs A and performs the next steps:

1. Associate the respective initial configuration C with active set A and computed

substitution ¢ and apply A, syaee to C generating the set A, x et (C)-
2. Build the las up, for each Cy = (; Sy; Dy; 05) € Ay aunet (C)-

3. Apply the substitution 0;up, to label(a) for each a € A and any final linear config-
uration Cf = <®, Sf; Df; (9f> S Aa—AUNIFZ<C)'

It is easy to notice that A, AUNIF! is terminating since A, yynp¢ 1S terminating, and

from the definition of the las pu, for each final configuration, there exists a unique pu.

Lemma 4.1.20. Let C = (A; S; D; 0) be a linear configuration, a final linear configuration
Cr = (0;Sy; Dy; 05) € Ay avwt(C), and pup, the las of Cy. Then for all different a,a’ € A
we have that var(label(a)0¢pp,) N var(label(a’)0rpup,) = 0.

PrOOF: By Lemma 4.1.16 for all different a,a’ € A we have that var(label(a)fs) and
var(label(a’)0y) are disjoint sets. In addition, since the terms in the range of up, are

ground, Vran(up,) = 0, then var(label(a)dspp,) N var(label(a')0sup,) = 0. O

Lemma 4.1.21 (Auxiliary Soundness of Aa-AUNIFﬁ)- Let C = (A;S;D;0) be a linear
configuration, Cy = (; Sy; Dy;05) € Ay st (C), and pp, the las of Cy. Then for all
a€ A, label(a)frup, € Gi(Ihs(a), rhs(a)).

PrROOF: We proceed by induction over the derivation length.

Base case. If the derivation has length 0, C is a final configuration, and the lemma holds

vacuously.
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Inductive Step. Now, consider a derivation having the following form:
(4;5;D;0) = (A} 8", D' 0) =" (0; Sy; Dy; 0y) (4.2)
For n > 0. We assume for the induction hypothesis that for derivations of the form
(A58 D' 8') =" (0; Sp; Dy; 0y),
the theorem holds and show that the theorem holds for derivations of the form presented

in Derivation 4.2. We continue the proof considering the various options for the transition
from (A;S; D;0) to (A';S"; D5 6).

1. (Dec). Assume that the derivation is of the form:
{g(s1,- - sm) 2y gty tm)} U A3 S D3 0) =
({81 24, t1y .oy 8m 20y, tm} U A1 S; D30y =" (0; Sy; Dy 04)
where ¢ = 0{y — ¢g(x1,...,2,)}. By the induction hypothesis, for all a € A,
we get that label(a)0;up, € Gi(lhs(a), rhs(a)) and x0rup, € Gi(si,t;), for all 1 <
i < m. From Lemma 2.3.1, y0;up, = g(x10sup;,...,Tmbsup,), implying that
YOrup, € Ga(g(s1,---55m),9(t1, - tm)). In addition, from Lemma 4.1.20 we have
that 0ypup, is a linear substitution, then y0;pup, is a linear term. Therefore, we have
that y0rup, € Gi(g(s1,-. . sm),9(t1, .- ).

2. (Sol). Assume that the derivation is of the form:
{s &, t}UA;; S; D;0) 2 (A1 S D; 0) =" (0 S Dy 0y),
where S’ = {s £, t} U S. By induction hypothesis, for all a € A; we have that
label(a)0spp, € Gi(Ihs(a), rhs(a)). Notice that yfup, = y and is a generalization of
S éy ¢ since this AUT is solved. Hence, we get that yf,up, € Gi(s,t).

3. (ExpLA1). Assume that the derivation is of the form:
({er 2y f(s,)} U A1; S; D; 0) =5
{ey &4, s}U AL S, D0y =" (0; Sy; Dy; 0)
where D' = {x £,, t}UD and ¢ = 6{y ~ f(x1,22)}. By the induction hy-
pothesis, all the AUTs in {ef 2., s} U A, are generalized by O¢pp,, in particu-
lar, z10pup, € Gi(ey,s). Furthermore, since zy € labels(Dy) then z90; = x5 and
Topip, = t. From Lemma 2.3.1 we get that y0;up, = f(x101p,, 205up,). Observe

that f(z10pup,, v20pup,) € Ga(f(ey, 1), f(s,1)) and since f(ey,t) ~a e and Opup,
is linear substitution, we get that y0,up, € Gi(ey, f(s,t)).

4. The analysis of the remaining lateral expansion rules is analogous. U

Theorem 4.1.22 (Soundness of Aa-AUNIFf;)- Let C = (A; S; D; 0) be a linear configuration,
Cr = (0;S; Dy 0f) € Apapnt(C), and pup, the las of C;. Then we have that the
substitution (07pip;)|iabers() € G4 ().
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PROOF: By Lemma 4.1.20 then it holds that var(label(a)0spp,)Nvar(label(a’)0rpup,) = 0,
for all different a,a’ € A. Moreover, by Lemma 4.1.21, we get that for all a € A,
label(a)0spp, € Gi(Ihs(a), rhs(a)). Therefore, it follows that (07up, )|wses(a) € G5(C). O

Notice that for any linear configuration C = (A;S; D;0) and any final linear configu-
ration Cy = (0;Sy; Dy;05) € Ap syt (C), there exits a unique pp,. Then for each AUT
a € A the term label(a)0;pup, is a computed linear a-generalization by Aa-AUNIFﬁ- Indeed,
from the Lemmas 4.1.21 and 4.1.15, the term label(a)0rpup, is a linear generalization of
the terms lhs(a) and rhs(a).

Example 4.1.23. To compute linear a-generalizations for g(e¢,a) and g(f(h(ef),a),cy)
with A, AUt We follow the same derivations described in Example 2.1.16 without ap-
plying the (Mer) and (ExpB) rules. Then, instead of computing the set of abstraction
substitutions, we use the las p for each final configuration. From final configurations

computed in the example:

A
A

(0; {ey
(0; {ey
where Dy = {x éya a}, Dy = {* éya h(gf)}, 01 = {z = g(f(y1,y2), wa), w1 = f(y1,92)},

and 6, = {x — g(f(y3,ys),w2), w1 — f(ys,ys)}, we obtain the las’s up, = {y2 — a}
and pp, = {ys — h(es)} respectively. Each final configuration produces a single linear

Y1 h’<5f)aa' éw2 Ef};D1;91>7
a,aéwz er}s Da; 09)

a-generalization:

xOipup, = g(f(y1,a), ws) (from derivation 1)
x0apip, = g(f(h(gf), ya), w2) (from derivation 2)

Notice that the terms above are the computed linear a-generalizations of g(ef,a) and
g(f(h<€f)7 a)a €f) generated by Au—AUNIFfL' %

4.2 The Minimal Complete Set of Linear a-(Generali-

zations

To show that the set of all computed linear a-generalizations generated by A, AUNp!, 18
the minimal complete set of linear generalizations, we must first prove that it captures
a set of generalizations containing linear a-generalizations more specific than any linear

a-generalization of any pair of terms.

Lemma 4.2.1. Let A be a valid set of AUTs and v € GE(A). Then, for all x € labels(A)
it holds that xy <o x0ppup, if and only if (v =a 051D, )| abeis(a) -
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PROOF: Assume first that for all x € labels(A) we have v =<, @0;up,. Then, for
each =z, there exists &, with 170, =~ 20;up,. Let labels(A) = {x1,...,2,}. Since v is
linear, the sets var(x;y) are pairwise disjoint, hence ¢ = 0, - - - 0, is well-defined. Thus,
1y0 =g x0pup, for all x € labels(A), implying that (v =q O5/ip;)|iabers(a)-

Conversely, if (v =a 071D, )|iaveis(a), then some substitution § satisfies 179 ~q x0;up, for
all z € labels(A), i.e. vy =q 20spp, . O

Theorem 4.2.2 (Completeness of Aa-AUNIFﬁ)- Let C = (A; S; D;0) be a linear configura-
tion and y € G{(C). Then, there exist Cy = (0; Sy; Dy;05) € A aunrt(C) and pp, the las
of Cy such that (v =a Op1p;)|iabeis(a)-

PROOF: We use induction on size(A).

Base Case

If size(A) = 0, C is a final linear configuration, and the theorem holds vacuously.
Induction Step

The statement is assumed for configurations with size(A) < n, n > 2, and we show
that it holds for configurations with size(A) = n. The proof is obtained through case
analysis over the term structure of the terms s and t of an AUT s £, t € A. Let
C={{s2,t}UA;S;D;0) = C' be a derivation after an application of any rule over
s £, t. Without loss of generality, we assume that v € G¢(C) is such that variables in the
range of v are different from the variables used by the algorithm. Also, let p; and p, be
the associated substitutions of v as a linear substitution generalization of A. We analyze
each case of transition from C to C’. For each case, Lemma 4.2.1 is used to establish that

r7y Zq 20ppp, holds for all x € labels(A), in place of verifying (v <, Gprf)]labels(A).

1. If head(s) = head(t), then we have two subcases to consider and are covered by the
rule (Dec).

(a) If head(s) = g # ;. Assume that the derivation is of the form:
({g(s1, .- sm) S0 glts, ... tm)} U A1; S; D; 0) =
(A" S; Dy 04— g(x, ..., 2m)}),
where A" = {51 2, t1,..., 5, =4, tm} U A; with m > 0. We have two cases:
either xy is headed by the symbol g or is a variable. In both cases, we will
build a linear substitution generalization +" for C’, then apply the induction
hypothesis to C" and +/, and infer that + is more general than the substitution

computed by A, AUNIF, restricted to the labels of A.

i. If 2y is headed by the symbol g, say vy = g(r1,...,7rm), we can define
for C" as
v(y) ify € labels(A,),
v (y) = { W A
i ify=x;1<i<m.
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Notice that 7 € G%(C’). Indeed, dom(y') is the set of active labels in
C'. Also, if y € labels(Ay) is the label of an AUT a, yvy'p = yyp =
lhs(a). Similarly, for 7/p,. Otherwise, x;7' p, = ripr = (xyp1)|;i =4 i, which

is assured since we are working with normal terms. Similarly, for v/p,.

Additionally, since v € G5(C), we have that var(zvy) N var(label(a)y') = ()
foralla € Ay and as zy = g(r1, ..., ) then var(r;y')Nvar(label(a)y') = 0
for all a € A;. Therefore 7/ € G4(C').
ii. If x~ is a variable, say z, we can define + as
b v(y) if y € labels(Ay),
7y) = Z if y = x;, where z; fresh variable, 1 <17 < m.
Also, since xyp; = zp; Ra g(ui, ..., Um), (2p1)|i ®a ;. Thus, we can define

p; as pl|(dom(pl)_{z}) extending its domain with the set of fresh variables
{z1,...,2m} as
) — { ply) ity € dom(p) = {2}
(zp1)]i  for z;;1 <i<m.

Similarly, for p/.. Observe that 7 is a linear substitution since 7 is based
on v and the introduced variables are fresh. Then, we can conclude that
7 € Guo(C'); since for all a € A, labels(a)y'p; =, hs(a). In particular, for
AUTS of the form s; 2., t; we have that 2;v'p] = z0] = (2p)|i ~a si.
Similarly, for p/.. Moreover, for 1 < i < m, since z; are new variables, then
var(zyy') Nvar(label(a)y) = 0 for all a € A;. Therefore v' € G4(C').

Then, by the induction hypothesis, we have that there exist a final linear
configuration Cy = (0; Sg; Dy;0f) € Ay aunet(C') € A aunet(C) and the las
o, such that for all y € labels(A’) we have that yy' <o y0sup, .

To conclude, in the former case, if xy is headed by the symbol g, observe
that vy = g(z17', ..., 2m) 2o 9(@10spp,, - s Tmbpup,) = 20;up,. In the
latter case, if 2y = 2 then xvy <, ¥0;up,. For all other labels, y € labels(A),
Yy =y =a y0spp,, then Cy is the desired final configuration.

If head(s) = ey. Assume that the derivation is of the form:

{ef 2, e,y U A S, D;0) 22 (A S; D;0{x v e4})
We have three subcases to consider: either z+y is headed by the symbol f, is
¢, or is a variable. In all cases, we build a linear substitution generalization
~" for C’, then apply the induction hypothesis to C" and ', and we infer that ~

is more general than the computed generalization by A, AUNIF, -

i. If 2y is headed by the symbol f, say zvy = f(ry,7m), we can consider

v = 7|labels( a7y Observe that this is the desired substitution since for all
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ac A label(a)y p; = label(a)yp, =4 lhs(a). Similarly, for p, and rhs(a).
By induction hypothesis, there exist C; = (0; Sg; Dy;05) € Ap qunpt(C)
and pp, the abstraction substitution of C’ such that y € labels(A’), we
have that yy' =, y0up,. It remains to prove it for zy = f(ry, ). Notice
that x0;up, = 5, and as f(r1,72) is a linear a-generalization of ¢ = £f
then f(ry,re) is collapsible, i.e., there exists at least z € wvar(f(ry,rs))
that collapse the term. All of these variables are different and occur at
most once in the term. Then without loss of generality consider o = {z —
er}, we get that xyo ~, ey = x0pup,. It is important to note that this
instantiation is possible because each variable in f(r1,72) is unique and
distinct from the variables in the range of . Hence zv =, zfup,, and
the theorem for this subcase holds.

ii. If zy = e7. We can consider the same 7' of case (i) since we have the
same A’. We need to prove that xy =, 0;up,. Indeed, we have that
ry =€y R &f = x0pup, and the lemma holds.

iii. If 2y is a variable, say xy = z. This case is analogous to case 1.(a)ii.

In all these three subcases, it holds that for all y € labels(A), yv" =4 y0spip, -

2. If head(s) # head(t) and they are not related absorptive symbols. We apply the
rule (Sol). Assume that the derivation is of the form:
({s 2.t} VA8, D:0) =5 (A {s £, t} US; D;0),
Let v = Y]iapeis(ary- Then, o € G4(C). In fact, for any a € A, label(a)y'p, =
label(a)yp; =4 lhs(a). Similarly, for p, and rhs(a).

By induction hypothesis, there exist Cy = (0; Sy; Dy; 05) € Ay aynpe(C) and pip, the
las of Cy such that for all y € labels(A’) we have yy' =, y0fup,. It remains to
prove that 2y =, #0;up,. Notice that 2y should be a variable, say 2, since it labels
a solved equation, and solved equations allow only AUT with pairs of terms with
different head symbols, which also cannot be related absorptive symbols. Without
loss of generality, we assume that this variable does not belong to the variables in
the final configuration Cy and then xy = 2’ <, ¥ = 20;up,, implying that the

theorem holds for this case.

3. If head(s) # head(t) with head(s) = e; and head(t) = f. We apply the rules
(ExpLA1) and (ExpLA2). Assume we have the derivations of the form:

({er &4 f(s, )} UAS; D;6)

(ExpLAl)/ \ (ExpLA2)
N

C = <A1; S; Dy; 9{95 = f($1,132)}> (Az; S; D2§‘9{$ = f($3,$4)}> =Cy
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where A, = {e; £,, s}UA D = {x £, t}UD, Ay = {g; £,, t} UA’ and
Dy = {* éxa 8} U D. The set Aa—AUNIFZ (C) = Aa—AUNIFZ (Cl) U Aa—AUNIFe (CQ) Also, Ty

is either a term of the form f(u,v) or a variable, say z’. We need to consider both

cases.

(a) Case xy = f(u,v). Since a7y is a generalization of £, this term is collapsible,

and we get that either u or v are collapsible. We analyze the three following

subcases:

1.

ii.

1ii.

u is a collapsible subterm of f(u,v) and v is not. For this case we need to
consider the derivation of (ExpLA1l) and define v for C; as follows

v(z) if z € labels(A');

u if z = x4,

Moreover, if y € labels(A;) is a label of an AUT a, yv'p = yyp =

v(2) =

lhs(a). Similarly, for v'p,. Otherwise, z1v'p = upr = (xyp)|1 =4 €y,
which is assured for the assumption of this case. On the other hand,
17 pr = up, = (zyp,)|1 ~a s. Furthermore, since v € G4(C), we have
that var(xvy) Nvar(label(a)y’) = 0 for all a € Ay and as xy = f(u,v) then
we get that var(z1y') N var(label(a)y’) = 0. Therefore v € G4(Cy). By
induction hypothesis, there exist C; = (0;.Sf; Dys;0f) € Ay aunet(C) and
pp, the abstraction substitution of C; such that for all y € labels(A;) we
have that yy' <. y0sup,. In particular, u = 217" =<4 105up,, and as v is
a generalization of ¢, then it holds

vy = f(17',v) 2a f(@10pup,,t) = f(21050p,, 22050p,) = 205D, .
Hence for all y € labels(A) we have that yy <o y0rup, .
v is collapsible subterm of f(u,v) and w is not. This case is analogous to
the case (i) but considering the derivation of (ExpLA2).
u and v are both collapsible subterms of f(u,v). It is possible to choose
any derivation generated by an expansion rule to get a more specific gen-

eralization generated by A, aynpe a8 in case (7).

(b) Case xy = 2. Since v € GX(C), there exist p; and p, such that for all AUT

a € A and, in particular for e/ 2. (s, t), zyp = 2'p; =, erand xyp, = 'p =,

(s,

t). Without loss of generality, we consider the derivation of (ExpLA1) and

define 7/ as

'} if 2 = 2.

+V(2) = { v(z) if z € labels(A');

To prove that 7' € G£(Cy), firstly, notice that dom(y') = {x1} U labels(A’), the

labels of the active set of C;. Secondly, consider p; and p! defined as below.
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() = { Z(Z) & fzanm
, pr(z) if z € Vran(y)

prlz) = { s if z = .
Notice that for all a € A’, we have that label(a)y' p; = label(a)yp, =, lhs(a)
and label(a)y'pl. = label(a)yp, =, rhs(a). To conclude that v € G4(C;), notice
that z1v'p) = 2\ p; = ¢, and x17/p. = 2 p|. = s.
Furthermore, since v € G4(C), we have that var(xy) N var(label(a)y’) = () for
all a € A" and as ] is a fresh variable then var(x1v") N var(label(a)y') = 0 for
all a € A'. Therefore v € G4(Cy).
By induction hypothesis, there exist Cy = (0; S¢; Dy;05) € A aunee(C) and
o, the las of Cy such that for all y € labels(A;) we have that yy" =<, yfsup,.
Additionally, zv = 2" =<, x0;up, implying that for all y € labels(A) we have
that yy =a y0rup,.

4. If head(s) # head(t) with head(s) = f and head(t) = e, then we can apply the
rules (ExpRA1) and (ExpRA2). This case is analogous to the previous one. [

Corollary 4.2.3 (Type of Linear Absorptive Anti-Unification). The linear variant of

anti-unification modulo a s of type finitary.

Definition 4.2.4 (Merged configurations). Let C be a configuration. We say that the set

Ay st (C) is merged if for all (9;.S; D;6),(0;S"; D';0") € Ay avnet(C) and u £, v € S,
A s _
u=yvesSify=y.

The Definition 4.2.4 is a tool for avoiding equivalent linear a-generalizations over

renaming, this merging does not affect the linearity, because it is applied between different

configurations.

Definition 4.2.5. Let s and t be terms, C = ({s 2, t};0;0;¢) and A, syt (C) merged.

We define the merged set of computed linear a-generalizations, denoted € A AUsipt (s,t) as

¢4 (s,t) = {xbup | (0;5; D;0) € Ay punet(C) and pp 1as of (0;5;D;0)}.

a-AUNIF?

It remains to prove that the set € A A Usint (s,t) for any pair of terms s and t is the

minimal complete set of linear generalizations for which some lemmas need to be proved.
Lemma 4.2.6. Let C = (A; S; D;0) be a linear configuration such that ey £, f(u,v) € A
(resp. f(u,v) £, 5 € A), Cp = (0;S5; Dy 05) € Agaunt(C) and pp, the las of Cy.
Then |var(xb;pup,)| = 1 and there exists {e; £, t} C Sy (resp. {t £, e;} C Sy) where
y € var(x0sup,) and t is a subterm of f(u,v).
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PrROOF: We use induction over the derivation length.
Base case
If the derivation has length 0, C is a final configuration, and the lemma holds vacuously.
Induction Step
We assume that the lemma holds for derivations of length less than n, and we prove it for
derivations of length n. Without loss of generality, assume that we have the derivation:
{es &, flu,v)} U AL S; D; 6) 2=

ey 2oy uP U A S; {x £, v} UD; 0{x — f(zy,20)}) ="' C
where C; € A, qunre(C) is the final linear configuration of the form C; = (0;Sy; Dy; 0y).
By the induction hypothesis we have that |var(:v10f,qu)| = 1 and there exists {¢; éy t} C
S’ where y € var(z10pup,) and t a subterm of u. Since x80;up, = f(x10spp,, v2071p,)
and Cy is linear, we have that

lvar(x0rup,)| = |var(x10rup, )| + |var(zvebipp, )| = 1+ var(v) = 1.

Moreover, as y € var(zf;up,) and ¢ is a subterm of f(u,v), it follows that {e; £, t} is
the desired AUT in Sy. O

Lemma 4.2.7. Let s and t be terms, C = ({s =, t};0;0;¢) be the associated initial
configuration, and Cy = (0;Sy; Dy;0¢) € Ay aunwt(C). Then, for all y € labels(Sy) and
any non-variable term r, x0pup {y — r} & Gi(s, 1)

PROOF: Note that var(z0sup,) = labels(Sy). Let y € var(x0up,) and p € pos(z8spup,)

such that (z0yup, )|, = y; we analyze the cases below.

1. If p € pos(s) N pos(t) is because y is a generalization of terms that are not related
to an expansion. As y € labels(Sy), there exists a solved AUT s’ £, ' in S,
i.e., head(s') # head(t') and these symbols are not related absorptive symbols. In
x0rpup, {y v r}, the non-variable term r replaces y which was a generalization of
s’ and t’, but by this replacement, head(r) will clash with head(s’), head(t'), or

both. Hence, 20up,{y + r} cannot be a generalization of s" and #', which implies
xef:qu{y = 7“} ¢ gg(sat)'

2. If p ¢ pos(s) and p € pos(t) is because y is generalization of some terms in the
expansion, i.e., there exists an expansible position ¢ where ¢ T p, s|, = ¢ and
tly = f(u,v) and (20;up, )|, is a y-collapsible subterm of the generalization x0up,.
Notice as s|, and t|, are respective subterms of s and ¢, by Lemma 2.3.5, there
exists C' = ({s|, £, t|,} U A’; S'; D'; @) such that ({s =, t};0;0;.) =" C' =" C;.
Additionally, from Lemma 4.2.6 we have that |var((z0up)|,)| = 1 implying that y
is the only variable that collapses (20;up,)|, and is a generalization of the AUT
gf £, t in Sy and ¢ is a subterm of f(u,v). Then consider the following cases for

r in the term 20up {y — r}.
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(a) If r = gy, then y collapses the term and (z0;up,{y = 7})|; ~a €7 implying
that (z0pup,{y + 7})|q is not a generalization of f(u,v). Therefore, we have
that x0pup, {y — r} & Gi(s,1).

(b) If r # e and head(r) = f. Then the term (z0up{y — r})|, = f(v/,v’) is not a
generalization of e; £, ¢/, since head(t') # f. Hence x0pup {y — r} ¢ G(s,t).

(c) If r # 5 and head(r) # f. The subterm (20;up, {y + r})|s is not collapsible
anymore and then (z6;up,{y — r})|; is not a gencralization of e, =, ¢/,

implying that 20;pup, {y — r} ¢ Gi(s,t). O

Lemma 4.2.8 (Minimality of CA ) et (s,t)). Let s and t be ground terms and ry,ry €

€ACl AUNIE (s,t), if 11 # 1o then neither 11 =<4 r9 NOT T9 <4 11 holds.

Proor: Without loss of generality, consider that ry = x0;up, and ro = zbup, are
computed from merged configurations Cy,Co € Ay aunet (({s =2 t};0;0;0)) where C; =
(0; S1; Dy 61) and Co = (0; Sa; Do; 05) respectively. By Lemma 4.2.7, for all y; € labels(Sh)
we have ri{y, = r} & G'(s,t) and for all y, € labels(Ss) we have ro{y, — r} & Gi(s,1).
If r is a variable and r € labels(S;) U labels(S,), then ri{z + 7} & G(s,t) because labels
in labels(Sy) U labels(Sy) are assigned to unique AUTS (due to merging of A, sywpe) and
then = and r generalize different terms. Thus, r & labels(S1) U labels(Ss) implying that

r1 =4 Ty NOT Ty =4 71 hold. ]

Theorem 4.2.9. For all terms s,t, Q:Aa—AUNIFe (s,t) is the minimal complete set of linear

generalizations of s and t.

By Theorem 4.2.2, € Aa-AUNIF’f<S’t) is complete. Minimality follows from Lemma 4.2.8.
Implying that Q:Aa—AUNIFZ<S’ t) = mesgl(s,t). O

Example 4.2.10. Following Example 4.1.23 the minimal complete set of linear a-generali-

zations of the terms g(eyr, a) and g(f(h(ef),a),er) is giving by:

Ca wonet (9 0), g(f(h(eg), a),67)) = {g(f (yr, @), wa), g(f (h(e ), ya), w2) }

Indeed, these terms are not comparable, since there does not exist substitutions o and p

such that g(f(yh a)’ w2)0 =a g(f(h(é—?f), y4>7w2) or g(f(h(gf)a y4)’ w2)/0 jf g(f(yh a)’ w2)
respectively. &
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Chapter 5

Absorptive Commutative

Anti-unification

Several algebras that have the absorptive property, such as Semirings and Boolean Alge-
bras, include the commutative property for one or both operations. This chapter focuses
on anti-unification modulo equational theories, including a-symbols, C-symbols, and aC-
symbols, i.e., we treat the (a)(C)(aC)-theory, for short, we denote it as aC-theory. The
algorithms Ay avunr and Ayq ayaee are introduced, and properties as termination, sound-
ness, and completeness for the linear variant are provided in this chapter. The goal of
Ascavunr and A, aunpt 18 to compute generalizations and linear generalizations for terms
in aC-theory, respectively. As now C-symbols and aC-symbols are allowed, new definitions

are needed.

Example 5.0.1. Let g(g(a,c),a) and g(b, g(c, b)) be terms, where g is a C-symbol. The
term g(g(x,c),x) is an aC-generalization since, g(g(z,c),z){z — a} = g(g(a,c),a) and
9(9(x, ¢), w){w = b} = g(g(b, ), b) ~ac g(b, g(c, b)) ©

Notice that the obtained generalization g(g(zx,c),z) of the example above is an lgg
since there does not exist a more specific aC-generalization, and that this term would not

be a generalization if g were a syntactic symbol.

5.1 A Sound Algorithm for Absorptive Commutative
Anti-Unification

The algorithm for absorptive commutative anti-unification uses some of the same notions
that were introduced in Chapters 1 and 2, such as AUT, configuration, and initial con-
figuration, but definitions such as merged set of AUTs and the abstraction set need to be
modified.
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Definition 5.1.1 (Merged Set of AUTs over aC). Let A be a valid set of AUTs, A is
merged if there do not exist diferent AUTs in A, a; and ag, such that lhs(a;) ~.c hs(az)

and rhs(ay) o Ths(asz).

A configuration C is a final configuration if the active set is empty and the store is
merged.

As we want to compute aC-generalizations and linear aC-generalizations for a valid set
of AUTs, then we work with substitutions generalizations over aC, i.e., with substitutions

v € Goc(A) and vy € Gi(A), respectively.

Definition 5.1.2 (Algorithm Auc aunr). The algorithm Agc aunre works over configura-

tions and is defined as an exhaustive application of the inference rules in Table 5.1.

Notice that the inference rules of this algorithm are the set of rules of A, aunr in-
cluding the rule (Com) and rule (Mer) modified. The rule (Com) is included with the
intuition of capturing generalizations for terms that are headed with a C-symbol, and the
rule (Mer) is modified since now we can have C-equivalent terms. The explanation of the
commutative rule is presented below.

(Com): Commutative

({f(s1:82) 0 f(t1,12)} W A; S; D3 6) =
<{S1 éyl la, S2 éyz tl} U A; S; D; Q{x — f(y17y2)}>’

where f is an C-symbol and ¥, ..., y, are fresh variables.

FEzxplanation: The commutative rule is applied when terms in the selected AUT have
the same C-symbol as head. This rule is a shorthand for two steps. The first step is to
consider the right-hand side term as its C-equivalent term f(to,¢;). The second step is
to decompose the obtained AUT: f(sy,s2) =, f(t2,t1). Then we associate the label x to
more specific generalization f(yi,y2), where y; and y» are the respective labels of the new
AUTs: s éyl ty and s éy2 t, in the active set.

The termination of A,c_aune follows as an immediate consequence of Theorem 2.1.14,
since the proposed measure works for the rule (Com) and the algorithm remains finitely

branching.

Corollary 5.1.3 (Termination of Ayc.avunr). Aaceavnr terminates for any linear config-

uration C and it outputs a finite set of configurations.

We present the soundness for Asc_aunr. As was mentioned, this algorithm is Aq. aunr
modified, and some of the case rules that are analogous to the cases in Lemma 2.3.2 are

omitted in the proof.
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<{f(817"'75n> éx f(tlw--’tn)}&JA;S;D;(%

(2)
{s1 2y tiy ooy Sn =y, tn} U A S; D 0{z = flyr, -5 un)})
where f is an n-ary symbol, n > 0, and y1, ..., ¥y, are fresh variables.

(c*o:m>) <{f(31732) =, f(ti,t2)} W A; S5 D; 0)

({s1 2y, to, 80 2y, 1} U A; S5 D;60{x = fy1,2)})

for f a C- or aC-symbol and vy, y» fresh variables.
(%) <{Séxt}LﬂA;S;D;9>

(A; {S— tyUS;D;6)
where s =, t is a solved AUT.

(%) <® {81 tl,SQ tQ}US D: 9)

<® {82 tg} U S D; 9{1’ — y}>
where s1 ¢ t1, S2 Rgo ta, and x # y.
(E%g) <{€f xSf}UASD&)
<A, S {€f = €f} UD,@)
where € is an absorbing constant.

In the following rules, f is an a- or aC-symbol and y;, y are fresh variables:

ExpLA1 <{€f =, f(tl,tg)}UA S D: 9)
) (s Ep B} U A3 {x 2y 1} U D302 > o))
ExpLA2 <{€f =, f(tl,tg)} UA S D: 9)
(=) <{5f £, ta} UA;S; {x £ S thyUD;0{x— f(y1,y2)})
ExpRA1 <{f(517 32) =z Ef} ) A7 S> Da 9>
) (651 By 27} U A5 S5 {5 2,0 4} U D302 > Fim)})
(Eggz) <{f(31752) A:v 5f}LﬂA;S;D;0>

({s2 240 er} U A Si{s1 2, ¥} U D 0{z & fly1,30)})

Table 5.1: Generalization Auc aune rules for (a)(C)(aC)-theory.
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Theorem 5.1.4 (Auxiliary Soundness of Ayc aunr). Let C = (A;S;D;0) be a configu-
ration and Cy = (0; S¢; Dy;0¢) € Agcavm(C). Then label(a)f; € Guo(lhs(a), rhs(a)), for
allae AUS.

PrRoOOF: We proceed by induction over the derivation length.

Base case. If the derivation has length 0, then C is a final configuration of the form
(0; S; D; 6). By the definition of configuration, for all a € S we have label(a)d = label(a).
Moreover, since each a is solved, it follows that label(a)f; € Guc(lhs(a), rhs(a)).
Inductive Step. Now, consider a derivation having the following form:

(A;8:D;0) = (A, 5, D";0') =" (0; Sy; Dy; 0) (5.1)
For n > 0. We assume for the induction hypothesis that for derivations of the form

(A8, D0y =" (0; Sy; Dy; 0y),

the theorem holds and show that the theorem holds for derivations of the form presented

in Derivation 5.1. We continue the proof considering the various options for the transition
from (A; S; D;0) to (A';S"; D', 6).
1. (Com). Assume that the derivation is of the form:
({£(s1,80) &y f(t1,12)} U Ay S; D; 6) ==
({s1 24, b2, 52 24, 1} U A S; D 0') =" (0; Sy; Dy; 6y)
where 0/ = 0{y — f(x1,22)}. By the induction hypothesis, we know that for all
AUT a of the active set {s; £,, t, 82 24, t1} U Ay, label(a)f; € Goc(lhs(a), rhs(a)),
in particular we have that x,0f € Guc(s1,t2) and x20 € Guo(S2,t1), implying that
ylr = f(x1,22)0f € Gac(f(51,52), f(t2,t1)). Finally, since f(ta,t1) ~ac f(t1,t2), it
holds that y8; € Goc(f(s1,52), f(t1,12)).

2. (Mer) Assume that the derivation is of the form:
(0; {51 2, t1,80 2, L2} U Sy; D; 0) ==
(0:{s2 =. t2} U S1; D;0'); =" (0; Sy; Dy; 6y).
where ¢ = 0{y — z}. By induction hypothesis, we have that 26; € G,c(s2,t2).
This implies that y8; = y{y — 2}0; € Gac(s2,t2). Since s1 Xqc 52 and t1 Rq¢ to, it
follows that y0; € Gac(s1,%1). O

Example 5.1.5. Let g(g(a,c),a) £, g(b, g(c,b)) be an AUT, where g is a C-symbol. Two
rules can be applied, the rules (Dec) and (Com) that leads to three derivations:

pertvation I ({a(ala.c).a) 2, g(b.g(c.b)}: 0:0:1) 25
({g(a.c) £, b 2, gle. )} 0:0: {z = glyr, 1)) =7
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(0:{g(a.c) £y, b,a =, 9(c,0)}:0:{z — g(y1.32)})

Derivation 2: Ha(g(a,c), a) 2, 9(b,g(c,b)}; 0; 0; 1) ==
({g(a,c) £, g(c,b),a 2. b} 0;0; {x — g(y, 2)}) =>
({a 24, e 20y ba = b} 0;0; {& — g(g(w,wz), 2),y = glwi, wy)}) ==’
(0;{a 24, ¢,c 20, ba 2.0} 0; {z — g(g(wr, w2), 2),y = g(wi, wa)})
Derivation 3: Hg(g(a,c), a) 2, g(b,g(c,b)}; 0;0; 1) ==
({g(a,0) £, glc,b),a £, 0};0;0; {x = g(y, 2)}) 2=
({a 2y byc 20, ¢;a 2, 030;0; {z = g(g(ws,ws), 2),y = glws, wy)}) ==
({a £y b, 2, 0}1:0;0; {z = g(g(ws, ¢), 2),y = g(ws, ¢),wy > c}) =1
(0 {a 2y bya £, 0}:0; {z = g(g(ws, ©), 2),y = g(ws, c),ws = c}) ==
(0;{a . 0}; 05 {z = g(g(2, ), 2),y = g(2,¢),ws = ¢, wy = 2})

The final configuration of Derivation 3 computes the generalization ¢g(g(z, ¢), z) that is not
computed by A aunr, and that is more specific than the other generalizations computed

in Derivations 1 and 2. O

5.2 Abstraction Computation and Completeness

In this section, we construct the abstraction set and substitutions for absorptive commu-
tative theories. Since C-symbols and aC-symbols are included, the set is defined using

the relation induced by the axioms of aC-theory.

Definition 5.2.1 (Abstraction set). Let ¢ be a term in a-normal form, and o be a sub-
stitution whose range is in a-normal form. The set defined below is the abstraction set of

t with respect to o over aC.
T(t,0) :={r | ro =g t, ris in an a-normal form and var(r) C dom(o)}.

In words, 1(t, o) is the set of all those aC-generalizations of ¢, whose o-instances equal

t, and that may contain only variables from dom(o).

99



Example 5.2.2. Consider the term f(a, h(a)) with f an aC-symbol, h a syntactic symbol,
and the substitution ¢ = {x +— a}. Then the abstraction set of f(a,h(a)) with respect to

o over aC is:

{ fla,2), f(x,a), f(a,h(a)), f(z, h(z)), }
F(h(x), @), f(z,h(a)), f(z, h(a)) ’
&

In this approach, the set of abstraction substitutions is treated as in Definition 2.2.19
but using the abstraction set of Definition 5.2.1. The set Auc.aune(C) is the set of all
final configurations derived from the configuration C. Moreover, for all a € A, the active
set of some configuration C, a computed generalization of a generated by Asc.auny and
the set of abstractions substitutions, is the term label(a)f;7, where 6; is the computed
substitution for some C; = (0; Sy; Dy; 0¢) € Agc-aunis(C) and 7 € W(Dy, Sy).

From Lemma 5.1.4, for all C; = (0;Ss; D;05) € Aacaune(C), where C is of the
form ({s £, t};0;0;¢), we get that z0; is a aC-generalization for the terms s and t.
It remains to prove that using an abstraction substitution 7 over zf; produces a aC-
generalization. Furthermore, we prove that 0,7 is a substitution generalization for all

AUTs in any configuration.

Lemma 5.2.3 (Soundness of Set of Abstraction Substitutions for Final Configurations).
Let Cy be a final configuration of the form (0; Sg; Dy; 0f). Then, for all T € W(Dy, Sy) we
have that the substitution (657)|ibeis(s;un;) € Gac(Cy).

PRrROOF: We prove that the substitutions Jfgf and o, are the associated substitutions of

0¢7. We analyze the following cases:

1. If a € Sy, then since dom(6f) N labels(Sy) = O and dom(r) = labels(Dy), it fol-
lows that label(a)f;m = label(a). This implies that label(a)HfTafgf = [hs(a) and
label(a)0;7o, = rhs(a).

2. If a € Dy, we get that dom(0y) N labels(Dy) = 0, and then label(a)f;r = label(a)T.
Also, by Definitions 2.2.19 and 5.2.1, for all a € Dy, label(a)0T € Tjupeya)( Dy, Sy)-
Then, we have that:

(a) label(a)fsTol, g ths(a) if a € DY,
(b) label(a)fyToys, ~ac Ths(a) if a € Df, or

(c) label(a)HfTagf ~ac ths(a) and label(a)0;7oy ~qc rhs(a) if a € DY
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Theorem 5.2.4 (Soundness of Computed Generalizations). Let C = (A;S; D;0) be a
configuration and Cy = (0; S¢; Dy 05) € Ascavne(C). Then, for all T € ¥(Dy,Sy) it
holds that (077)|ibeiavsupy € Gac(C) with associated substitutions alsf and o, .

PRroOOF: We proceed by induction over the derivation length.

Base case. If the derivation has length 0, C is a final configuration and the theorem
holds by Lemma 5.2.3.

Inductive Step. Now, consider C = (4;S; D;0) and a derivation having the following
form:

C=C ="C; (5.2)
for n > 0, and where C' = (A;S"; D’;0") and C; = (0; Sy; Dy;0f). We assume for the
induction hypothesis that for derivations of the form C' =" Cy, the theorem holds, and
show that the theorem holds for derivations of the form presented in Derivation 5.2. We

continue the proof considering the various options for the transition from C to C’.

1. (Dec). Assume that the derivation is of the form:

{f(s1,..oy8m) 2y f(tr, ... tm)} U AL S; D; 0) 2=

(A';S;D; 0"y =" (0; S§; Dy; 04)
where A" = {51 2., t1,...,8m 24, tm}UA and 0 = 0y — f(zy,...,2,)}
By induction hypothesis, we have that (0¢7)|ipeiarusup) € Gac(C') with associated
substitutions ok ; and 0% - In particular, for all a of {s; =,, t;}1<i<m, it holds that
xinTUfgf ~qc 8 and xinTagf o ti, for 1 < i < m. From Lemma 2.3.1, it holds
that y0y = f(x16y,...,2,0r). Applying substitutions Tafgf and TOg, respectively
to yf;, we obtain that nyTogf = f(xléfﬂjfgf, . ,,mefTale) ~ac (81505 5m)
and yb;rog = f(z10s70g ..., 2mbs705,) Rac [(t1,. ., tm). Hence, we have that

(057)|1aber(ausup)y € Gac(C) with associated substitutions U‘lsff and g, -

2. (Com). Assume that the derivation is of the form:
({f(s1,82) &, f(t1,12)} U Ay; S; D; 6) =2
({81 24, ta, 89 24, 1} U Ay S; D;0') =" (0; Sy; Dy; 07)
where 0" = 0{y — f(z1,22)}. By induction hypothesis, (077)|wbei(ausup) € Gac(C')
with associated substitutions afgf and agf. In particular, for 1 <14 < 2, it holds that
x,»QfTofgf ~.c S; and QZiQfTO'gf ~ac ti mod 241. Notice that y0,r = f(x1057, 22057)

then applying aéf, we have that yGfTaif = f(xlefTaif,xQHfraif) ~qc f(s1,s2) and
£f7
we have that (9f7')|label(AuSuD) with associated substitutions Jfgf and agf.

applying oy , we have that yb;ro; = f(z10f70 :Egefﬂfgf) ~qc f(t1,t2). Hence,

3. (Sol). Assume that the derivation is of the form:
{s 2,1} UA;S;D;0) Z= (Ay; S, D; 0) =" (; Sy; Dy; 05),
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where S’ = {s £, t} US. By induction hypothesis, (6;7)|iperausup) € Gac(C')
with associated substitutions ok ; and o . In particular, since s £,t€ S, it holds
that nyTale ~.c s and yﬁfragf ~qc t. Therefore, we have that (0;7)|iseiausup) €

Gac(C) with associated substitutions afgf and o .

4. (Mer) Assume that the derivation is of the form:
0;{s =, t,5s=,t}USy; D;0) =
(0; 8" D; 0y — z}) =" (0; Sy; Dy; 0y).
Where S’ = {s £, t} U S;. By induction hypothesis, (67)|iapei(srup) € Gac(C') with
associated substitutions Ufgf and o . In particular, since s 2.t € 9, it holds that
29f7'alsf ~.c S and zé’ffagf ~ac t. Finally, from Lemma 2.3.1, it holds that y0; = 2.
Therefore, we have that (07)|iabeisup) € Gac(C) with associated substitutions alsf

and o .

5. (ExpB). Assume that the derivation is of the form:
({e £y e} U Ay; S5 D3 0) =2
(Ay; S; D';0) =" (0; S¢; Dy; 04)
where D' = {e; £, £;} U D. By induction hypothesis, (0¢7) 1aber(a,usun?y € Gac(C')
with associated substitutions aqu and agf. In particular, since €y éy epe D) it
holds that nyTafgf ~oc €p and yoproy, ~ac ey Thus, (057)aberavsup) € Gac(C)

with associated substitutions o} ; and og._.

6. (ExpLA1). Assume that the derivation is of the form:

({er £ f(s,)} U A; S D; 6) ==

(A, 8;D'50")y =" (0; Sy; Dy; 6¢)
where A’ = {e; &,, s}UA;, D' = {x£,,t}UD, and ¢ = 0{y — f(x1,72)}. By in-
duction hypothesis, we have that (0¢7)|ieiarusup) € Gac(C') with associated substi-
tutions afgf and og,. In particular,since ; £,, s € A’ it holds that xlé’fTale RaC €f
and :clﬁfragf ~ac 5. Also, x =, t € D', it holds that xgﬁfTagf ~qc t. From Lemma
2.3.1, it holds that y8; = f(x16,220f). Applying substitutions Tafgf and Tafgf to
yf;, we get that nyrafgf = f(xlé’fTale, , xgﬁfrogf) ~a fles, IQQfTJfgf) Rqc €7 and
ybrros, = f(210570%,, 2205705, ) ~ac f(s,1), respectively. Hence, we have that

(047)|1aber(ausup)y € Gac(C) with associated substitutions U‘lsff and oy, -

7. The analysis of the other lateral expansion rules is analogous to the previous one.

O

The following example illustrates one of the computed generalizations generated by

Aac-avne and the set of abstraction substitutions.
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Example 5.2.5. Let g(ey, f(a,a)) and g(ey, f(g9(a,a),a)) be terms with g a C-symbol

and f an aC-symbol. One of the derivations of Aqc.aunr:

Derivation 1: ({g(ey, fla,a)) 4 gles, f(g(a,a), a))}; 0;0;0) ==
({er 24 f9(a,a),a), fla,a) £y, e7};:0;0; {x = gy, 10)}) ==

({er =2 a, fla.a) 2y, e 10 {x =2, 9(a,a)};
{z = g(f(21,2),02), 11 = f(21, 22)}) 27

({er 2o a0 2., ep )05 {x 22, g(a,a),a 2, )

{0 g(f(21, 22), f(23,24)), 01 = f(21,22), 92 = f(23,24)}) =

L

(0;{es 2., a,a 2, g5} {x 2., gla,a),a £, *};

{ = g(f(21, 22), f(23,24)), 01 = f(21,22), 42 = f(23,24)})

For this final configuration, it is possible to find the abstraction set for variables z; and
z3 in the final delayed set respectively, using the substitutions o' = {2y — ¢, 24 — a}
and 0" = {2 — a, 24 — £f}.

1., (9(a, a),0") = {g(a,a), g(a, 23), 9(22, a), (22, 22) } and 1., (a,0") = {a, 24}

Then, the term g(f(g(22,a), 22), f(24,24)) is a aC-generalization of the initial terms is
obtained by the substitution {z; — g(22,a), 23 — 24} € ¥(Dy, Sy), where Dy and Sy are
the final delayed and store sets respectively. &

5.3 Linear Absorptive Commutative Anti-unification

This section discusses the linear variant of the anti-unification on absorptive commutative
theories. The goal is to find an algorithm that can compute the minimal complete set of
generalizations for any pair of terms modulo aC. As in Chapter 4, some restrictions on
the definitions should be made. Additionally, the algorithm A, yunp¢ computes linear
aC-generalizations for any pair of terms, and the proofs of soundness and completeness

are presented.

Definition 5.3.1 (Algorithm A, yunet)- The algorithm for absorptive commutative lin-
ear anti-unification, denoted as A - aynpt, consists of the exhaustive application of the

rules of Aq,c_aunre except the rules (Mer) and (ExpB).

The notions of linearity as linear configuration and linear 1gg are the same as those

presented in Chapter 4. In this section, we work with the linear substitution generalization
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modulo aC, i.e., with linear substitutions + such that v € G (C) as in Definitions 4.1.5
and 1.3.33. In this approach, the characterization of the linear substitutions, given in
Corollary 4.1.7 of Chapter 4, is preserved. The following corollaries and lemmas are

extended for the theory treated in this section.

Lemma 5.3.2 (Preservation of Linear Configurations). Let C = (A;S; D;0) be a linear
configuration, any configuration C' = (A’; S'; D';0") derived from C by A,coaunst 1S also a

linear configuration.

PRrROOF: We analyze each rule application in the derivation C = C’. The analysis of the
(Dec), (Sol), and the expansion rules is analogous to that presented in Lemma 4.1.13. We

show the analysis for rule (Com):

e Rule (Com) introduces two fresh variables , say y; and yo, in Vran(f') and 6" =
0{label(a) > t}, where t = head(lhs(a))(y1,y2) with head(lhs(a)) = head(rhs(a))
a C-symbols for some a € A. Note that y; and ys occurs once in t and for all

t' € ran(0') — {t}, we have two cases to analyze:

1. If ¢ € ran(d) the lemma holds trivially.

2. It t' & ran(0), i.c., t' = t"{label(a) — t} for some t" € ran(f) and label(a) €
var(t”). Observe that any = € var(t') = (var(t") — {label(a)}) W var(t) occurs

once in ' and the lemma holds. O

The termination (Corollary 5.1.3) for the general algorithm A,c.auxy implies the ter-

mination for the linear variant.

Corollary 5.3.3 (Termination of A, aunet): Aacaunet terminates for any linear con-

figuration C and it outputs a finite set of configurations.

As for Ascaune, the analysis of algorithm Ao syaee assumes only configurations

derived from initial configurations.

Lemma 5.3.4 (Auxiliary Soundness of A, qunwet)- Let C = (A;S;D;6) be a linear
configuration and a final configuration Cy = (0;Ss; D¢;05) € Agcaumut(C). Then, for
all a € A we have that label(a); € Gio(lhs(a), rhs(a)).

ProOOF: We proceed by induction over the derivation length.

Base case. If the derivation has length 0, C is a final configuration, and the lemma holds
vacuously.
Inductive Step. Now, consider a derivation having the following form:

(A;S;D;0) = (A"; S"; D';0') =" (0; S¢; Dy; 04) (5.3)
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For n > 0. We assume for the induction hypothesis that for derivations of the form
(A"; 8" D' 0"y =" (0; S¢; Dy; 0),

the lemma holds, and show that the lemma holds for derivations of the form presented in

Derivation 5.3. We continue the proof considering the various options for the transition

from (A;S; D;0) to (A";S"; D';0').

1. (Com). Assume that the derivation is of the form:

({f(s1,82) &, f(tr1,t2)} U A1; S5 D3 60) =5

({s1 24, b2, 80 24y 1} U A1; S D;0") =" (0; Sy; Dy; 0y)
where 0/ = 0{y — f(x1,22)}. By the induction hypothesis for all a € A; we get
that label(a)f; € Gl (lhs(a), rhs(a)), 210 € Gio(s1,t2) and 226, € Gi(Sa,t1). From
Lemma 2.3.1, y8; = y(0{y — f(x1,22)})0f, then y8; = f(x16, 220¢), implying that
y0s € Gac(f(s1,52), f(t1,t2)). In addition, from lemma 5.3.2 we have that 6 is a lin-
ear substitution, then y6; is a linear term. Therefore, y0; € G (f(s1,52), f(t1,t2)).

The analysis of rules (Dec), (Sol) and expansion rules is analogous to the cases of Lemma
4.1.15. O

To prove the completeness of Aqc.aunr, We extend the Lemma 4.1.16 to prove that
the final computed substitution derived from C is a linear substitution of the terms in the

active set of C.

Lemma 5.3.5. Let C = (A;S; D;0) be a linear configuration, and the final configura-
tion Cy = (0;Ss; Dy;05) € Ajcoavnt(C), then for all different a,a’ € A we have that
var(label(a);) N var(label(a')0;) = 0.

PROOF: We use induction over length derivation.

Base case

If the derivation has length 0, C is a final configuration and the lemma holds vacuously.
Induction Step

We assume that the lemma holds for derivations of length less than or equal to n, and
we prove it for derivations with length n + 1. Consider the derivation C = C' =" Cy,
where C¢ = (0; S¢; Dy; 0¢). We analyze each rule application case to obtain C:

1. (Com). Assume that the derivation is of the form:
({f(s1,82) 24 f(tr,12)} U Ay S; D; ) 25
(A"; S; D; 0{x — f(xq,12)})
where A" = {51 £, t3,5 =, t1} UA;. By the induction hypothesis, for all

different a,a’ € A’ the lemma holds, in particular for all a” € A’ with a” # x;,

1
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var(label(a”)0s)Nvar(z;05) =0, for i € {1,2}. It remains to prove that for all a” € A,
var(label(a”)0s)Nvar(xf;) = 0. Observe that x8; = f(x10¢, 20;), then we have that
var(z0y) = var(z105) U var(z20y) which implies that var(label(a”)0r) N var(z6y) is
equal to (var(label(a”)8;) Nwar(x10y)) U (var(label(a”)0s) Nvar(z16y)), by induction
hypothesis, each set in this union is empty. Hence, var(label(a”)8s) N var(xf;) = 0.

The analysis of the remaining rules is analogous to that in Lemma 4.1.16. U

Corollary 5.3.6. Let C = (A;S; D;0) be a linear configuration and a final configuration
Cr = (0;S4; Dy 05) € Aycaunut (C). Then we have that 0 ¢|iapeiscay € GEo(C).

PRrROOF: The properties required to prove that 07|jpesa) is a linear substitution general-
ization of C are obtained by Lemmas 5.3.4 and 5.3.5. O

We consider the las introduced in the Definition 4.1.18. From this definition, for any
C and each Cy = (0; Sy; Dy; 05) € Aycauapt(C), we have a unique pp, which produces a
more specific linear generalization than ;. Indeed, since y1p, does not introduce variables,

the soundness is obtained as a consequence of Corollary 5.3.4 and Lemma 5.3.5.

Theorem 5.3.7 (Soundness of A, aynpt). Let C = (A;S; D;0) be a linear configura-
tion, Cy = (0;Sy; Dy;05) € Ajceavmst(C), and pp, the las of C;. Then, we have that
(071D, ) taveis(ay € Gacl(A).

Example 5.3.8. Consider the terms s = g(g(a,¢),a) and t = g(b, g(c, b)) of the Example
5.1.5. Applying Ao aunet to the initial linear configuration ({s =, t};0;0;:) we obtain

the following final configurations:

(0:{g(a,c) £y, b,a 2y, g(c.b)};0;61),
AaC—AUNIFZ (C) = <@a {(I éuﬂ c,C éwg b) a éz b}7 ®> 92)7 )
<@’ {CL éw3 b7 a éz b}a ®7 03)

where
91 = {l’ = g(yl,QZ)},
Oy = {z — g(g(wr,ws), 2),y = g(wy,ws)},

03 = {x — g(g(ws, c), 2),y = g(ws, c),wy = c}.

Since all the delayed sets are empty then the computed generalizations are x6, = g(y1, y2),
zly = g(g(wy,ws),2), and xf3 = g(g(ws,c),z). Notice that all the generalizations are

linear terms and the term xf3 was not computed by Agc.aunr in Example 5.1.5. &
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Example 5.3.9. Let ¢f and f(a,a) be terms, where f is an aC-symbol. Applying

Ascoaunpe and the las p, we get two linear aC-generalizations f(z,a) and f(a,y). &

Theorem 5.3.10 (Completeness of A, ayngt). Consider C = (A;S; D;0) be a linear
configuration and v € G5o(A). Then, there exist C; = (0; Sy; Dy;0) € Agcaumt(C) and
pp, the las of Cy such that for all x € labels(A) we have 2y =qc 20¢pip, -

PROOF: We use induction on size(A).

Base Case

If size(A) = 0 is because C is a final linear configuration and the theorem holds vacuously.
Induction Step

We assume that the statement holds for configurations with size(A) < n, n > 2, and we
show for configurations with size(A) = n. The proof consists of analyzing the cases of rule
application depending on the form of an AUT in C and the transition C = C’. We can
assume w.l.o.g. that variables in the range of v and the variables used in the algorithm

are disjoint. Consider that the transition is of the form

{{s 2, t}UA;S;D;0) = C

1. If head(s) = head(t) and head(s) is not a C-symbol then we have two cases covered
by the rule (Dec).

(a) If head(s) # ey, then the derivation is of the form:
<{g(817"'7sﬂ’L) éx g(tlaatM)}UAla‘S’vD79> D£>
<A/7 Sv D76{x = g(xlv s >xm)}>7

A

where g # ep and A’ = {s1 £,, t1,...,8m =4, tm} U A with m > 0. The
analysis is analogous to case 1.(a) of Theorem 4.2.2.
(b) If head(s) = €y, then the derivation is of the form:
({er 22 s} U A S5 D1 0) == (A S; Dy 0{z 1 f})
The analysis is analogous to the case 1.(b) of Theorem 4.2.2.

2. If head(s) = head(t) and head(s) is a C-symbol or aC-symbol, say head(s) = f.

Assume that we have the derivations of the form:

({f(s1,52) =4 f(t1,t2)} U A’ S; D;0)

(Dec)/ \\(Com)

Cl = <A1;S;D;9{.T —> f(.’l?l,l'g)}> <A2;S;D;(9{33 —> f($5,$4)}> = Cg

A

where Al = {81 = tl,SQ éxz tz} U A" and A2 = {81 ézg t2,52 éx4 tl} U A'. We

have to analyze the following three subcases:
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(a) If 2y = f(r1,r2), where r; € Gi(s1,t1) and ro € G (s9,t2). We apply the rule

(Dec) to C and the analysis is analogous to case 1.(a)i. of Theorem 4.2.2.

(b) If 2y = f(rs,74), where 73 € G'(s1,12) and 74 € Gi(s2,t1). We apply the rule
(Com) to C. We build a linear substitution generalization 7/ for Cy. Consider
~" as follows:

Y(y) if y € labels(A'),

T if y =w;,1 € {3,4}.

Notice that 7' € Gi{-(Az). Indeed, dom(v') is the set of active labels in C”.

Also, if y € labels(A’) is the label of an AUT a, yvy'p, = yyp ~ac lhs(a).

Similarly, for 7/p,. Otherwise, ;7' p; = ripi = (xyp1)|(i—2) ~ac 15, for i € {3,4}.

Additionally, since v € G'<(A), we have that var(zy) N var(label(a)y') = 0

for all different a € A’ and as zv = f(x37,247) we have that var(z;y") N

var(label(a)y') = 0 for i € {3,4} and for all a € A’. Therefore, v/ € Gin(As).

By induction hypothesis, there exist C; = (0; Sy; Dy;0f) € Acaunwt(C') C

Aucavnrt (C) and the las pp, such that label(a)y’ =ac 20;pup, for all a € A,.

Y'(y) =

In particular, x;9" =ac Ti0fpp,, for i € {3,4}. It remains to prove that xy <,
w8spp, holds. Observe that vy = (w37, 247') Zac f(23,74)0spp, = 20D, .
Hence, for all y € labels(A) we got that yy =.c y0sup, and from Lemma 5.3.2,

this a linear E-generalization.

(c) If x7 is a variable, say z. The analysis is analogous to case 1.(a)ii of Theorem
4.2.2.

3. If head(s) # head(t) and they are not related absorptive symbols. Since the AUT
s £, t is solved, then we apply the rule (Sol) and consider the following derivation:
({s 2.t} U A8 Di0) == (A5 {s 2, t} U S; D;0),

Let 7' = Y|iapeis(ary- Then, o/ € G:a(A). In fact, for any a € A', label(a)y'p =
label(a)yp, =, lhs(a). Similarly, for p, and rhs(a).

By induction hypothesis, there exist C; = (0; Sy; Dy;05) € A, qunpe(C) and pup,
the abstraction substitution of C; such that for all y € labels(Af) we have yy' =<qc
YOppup,. It remains to prove that xy =.c z0pup,. Notice that z7y should be a
variable, say 2/, since it labels a solved equation. Without loss of generality, we
assume that this variable does not belong to the variables appearing in the final
configuration C; and then zy = 2’ =,c * = 20;up,, implying that the theorem

holds for this case.

4. If head(s) # head(t) and they are related absorptive symbols, we have to consider

two subcases:
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(a) If head(s) = e; and head(t) = f with f a- or aC-symbol, then we can apply
the rules (ExpLA1) and (ExpLA2). Assume we have the derivations of the

form:

({f(s,t) =4 er} UA'S; D3 0)

(ExpRA1) (ExpRA2)

C = <A1;5§ Dl;‘g{x = f(%;@)}) <A2;S; D2;9{$ = f(953,$4)}> =Cy

where A} = {s £,, e;JUA" Dy = {t £,, x}UD, Ay = {t £,, e} UA’, and
Dy = {s £,, ¥} UD. The set Ay xumet(C) = Aucoavt (C1) U Agcavmet (Ca)-
Also, z7y is a term of the form f(u,v) or a variable, say . We need to consider
both cases. The analysis is analogous to item 3 of Theorem 4.2.2.

(b) If head(s) = f and head(t) = 5 with f a- or aC-symbol, then we can apply
the rules (ExpRA1) and (ExpRAZ2). Assume we have the derivations of the

form:

({ef 22 f(s,0)} U A S; D; 0)

(ExpLAl)/ \(ExpLAQ)

Cl = <A1, S, Dl,ﬁ{x —> f(.Tl,SCQ)}) <A2, S, DQ,G{Z’ —> f(l'3,$4)}> = CQ

where A; = {e; £,, s}UA", D; = {x2,, t}UD, Ay = {e; £,, t} U A’ and
Dy = {* éwg 5} U D. The set ACIC—AUNIF[ (C) = AaC—AUNIFZ (Cl) U AaC—AUNIFZ (CQ)
Also, 7y is either a term of the form f(u,v) or a variable, say z’. We need to

consider both cases. The analysis is analogous to item 3 of Theorem 4.2.2.

As all the cases for s and t were considered, the theorem holds. O

Corollary 5.3.11 (Type of Linear Absorptive Commutative Anti-Unification Problem).

The linear variant of anti-unification modulo ac is of type finitary.

Definition 5.3.12. Let s and t be terms and C = ({s 2, t};0;0;:) be a configuration.

We define the complete set of computed linear aC-generalizations as

¢4 5.8) = by | (05 D16) € Ay apnpe (€) and jup Las of (0:.5; D;6)}.

aC-AUNIF? (

Since we already have a complete set of finite linear generalizations, the next step is
to determine the minimal complete set of generalizations. Observe that in Example 5.3.8,
the computed linear aC-generalizations are comparable, g(y1,y2) =ac 9(g(w1, we), 2) <qc

g(g(ws, ), z), while in Example 5.3.9 we have f(a,z) ~qc f(y,a).
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

In this thesis, we develop the formal foundations of anti-unification in absorptive theo-
ries and propose four sound algorithms that compute generalizations for pure absorptive
theories, for absorptive commutative theories, and for their respective linear variants, for
which solutions are restricted to linear generalizations. The two algorithms for linear
variants are shown to be complete, while in the pure absorptive setting, the procedure is
capable of producing minimal complete sets of generalizations. For the linear variant of
the absorptive commutative case, we obtain a complete set of generalizations and discuss
how this can be minimized.

The main contributions of this work are summarized below.

1. We introduced a sound algorithm for computing generalizations in pure absorptive
theories. The algorithm is defined through a set of inference rules that are ap-
plied to configurations, a structured representation of the anti-unification problem.
From these, a set of final configurations is derived, which provides the necessary
information for computing generalizations using a method that involves building
a so-called "abstraction set" from each final configuration. To systematically ob-
tain all possible abstractions, we presented a grammatical technique. By combining
these abstractions with the final configurations, the corresponding generalizations
are computed. Notably, in certain cases, the use of abstractions may give rise to an
infinite set of incomparable generalizations, indicating that the general problem is

at least infinitary.

2. We critically analyzed the completeness approach from previous work [9], identifying
flaws and limitations. We proposed a refinement method that is believed to complete

the approach in that work. The method computes additional generalizations that
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are essential towards achieving completeness. We establish the correct completeness
statement and discuss an inductive approach to obtain a proof. However, some

points in the proposed analysis remain to be finalized.

3. We developed the algorithm A, e, for computing linear generalizations in ab-
sorptive theories. Linear generalizations do not allow variable repetitions. The
algorithm is sound, and together with the linear abstraction substitution achieves
completeness, computing minimal complete sets of linear generalizations. This es-
tablishes that the linear absorptive anti-unification problem is of finitary type, since
the algorithm generates a finite set of final configurations and each configuration
allows only a unique linear substitution, resulting in a finite number of computed

linear generalizations.

4. We studied combinations of absorptive and commutative symbols, introducing al-
gorithms capable of computing generalizations and linear generalizations in this
broader setting. Soundness and completeness for the linear variant were estab-
lished, demonstrating the effectiveness of our approach in algebraic contexts that
are more expressive than pure absorptive theory. The linear absorptive commutative

anti-unification problem is likewise finitary.

Overall, this thesis contributes both theoretical insights and practical algorithms for
anti-unification in absorptive and absorptive commutative theories, including the linear
variants. The results demonstrate that anti-unification in these settings is a rich and

challenging problem, motivating further research in its formal and computational aspects.

6.2 Future Work

We refined the approach to construct the abstraction set from final configurations in [9],
by incorporating the notion of extended store and extended set of abstraction substitutions.
The discussed completeness statement analysis presents difficulties in the base case, where
it remains necessary to establish the completeness of the extended set of abstraction
substitutions built from final configurations. An immediate and natural direction for
future work, therefore, is to complete the completeness analysis for the refined algorithm.
Once completeness is achieved, it will be possible to formalize the minimization of the
computed extended generalizations, which would allow us to determine that the anti-
unification problem in absorptive theories is indeed infinitary.

If completeness for pure absorptive anti-unification can be achieved, similar meth-

ods could immediately be applied to analyze the case of absorptive commutative anti-
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unification. This extension is feasible, since the behavior of the combined setting resembles
that of the linear absorptive case, for which completeness has already been established.

Another important direction is the study of efficient algorithms for absorptive anti-
unification. Since the proposed approach is not focused on efficiency, there are plenty of
opportunities for improvement. Indeed, the computation of final configurations relies on
the application of (branching) expansion rules, which give rise to an exponential number
of final configurations. Additionally, the construction of the extended store also introduces
the exploration of exponential combinations. A deeper analysis of this aspect would clarify
the computational cost of the procedure and contribute to its practical applicability.

An interesting research direction is to investigate absorptive anti-unification in richer
equational theories. In particular, analyzing the problem in the presence of associa-
tive, absorptive, and absorptive—associative symbols, as well as combinations involving
commutativity, associativity, and absorption within the same theory, would open new
perspectives and bring the theory closer to more general and practical applications.

Finally, a promising direction for future work is the formalization of absorptive anti-
unification in a proof assistant. While several successful formalizations of unification and
matching have been developed — such as Contejean’s work on AC-matching in Coq [28],
and the series of formalizations developed in PVS by Ayala-Rincén and collaborators for
nominal unification [5], nominal C-unification [8], nominal AC-matching [6], and AC-
unification [7], as well as the formalization in Coq by Ayala-Rincén et al. [3] for nominal
C-matching through unification with protected variables. To date, the only known formal-
ization of an anti-unification algorithm is the syntactic case developed by Ayala-Rincén
et al. [4], which received an Honourable Mention at the 17th NASA Formal Methods
Symposium (NFM 2025). Building on this syntactic foundation, the refined algorithms
and correctness results for absorptive anti-unification presented in this thesis could be for-
malized within a similar framework. Such a development would provide machine-checked
guarantees of soundness and, eventually, completeness, while laying the groundwork for

further extensions to richer equational theories.
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Appendix A

Extended Computed Generalizations

of the Terms g(f(a, g(a,c)),c¢) and
gley, fg(c,c), b))

We present in detail the steps for computing all the generalizations obtained with Aq auxr
and the extended set of abstraction substitutions for the terms ¢(f(a,g(a,c)),es) and
g(es, f(g(c,c),b)). The associated initial configuration is

({g(f(a,9(a,0)),e1) £ gley, flg(e,0),b))}; 0:0;0).

{9(f(a,g(a,0)), f(f(a.g(a,c)), f(a,g(a,c)))) o gleg,er)}: 0:0:0).

Applying A aunre to this configuration, we obtain the following four final configura-

tions:
(0;{a 2y, e5,e5 22, gle, o)} {g(a,c) 2 *a*—zQ b}; 01),
0;{a =, £ 2 b} {g(a,c) £y, %% 2, glc, )} 02),
Ao T 00,0 2421 2 ) (02, 5x 20 )0,
(0;{g(a,c) 2y, e5,e5 22 b {a 24y x,% 24, glc,0)};04),
where
01 ={z = g(f(y1,92), f(21,22)), ..}
O ={z = g(f(y1,92), f(23,21)), ..}
O3 = {z = g(f(y3,va), f(25,26)), - - -}
= {z > g(f(y3:ya), f(27,28)), .. -}
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Each of the final configurations above is denoted by C;, for i = 1,...,4. Moreover, we
denote their final store and delayed sets by S; and D;, respectively. The extended stores

for all four final configurations are below.

={a2, cr,e5 2., g(c,0)} U{gla,c) £, b,a =, b,c =, b},
={a 2, 65 2., b} U{g(a,c) 2,4, c,a 2., glc,c),a 24, c,c 2, glc,c)},
Se, = {g(a,¢) £y, 5,65 225 g(c,0)} U {a 24, b},
Se, = {gla,c) £y, ep.65 2o b U{a 24 gle,0),a 24 ¢}

Now, we analyze the set of abstraction substitutions for each final configuration.

-Final Configuration C;. The extended abstraction sets are:

Tyz (D1, S¢,) = 1(g(a, ), aé'cl)

= {1:17 g(a7

TzQ(Dh Scl)

C)ag(yhC)Jg(a:%C)?Q(‘T%x3)7g(a’7x3)7g(y17‘x3)}7
= T(ba Ugcl) = {b; $1,$2,$3}-

The 28 set of extended abstraction substitutions, ¥(Dy, Se, ), is given below.

{yo — x1, 29 — b}, {yo = x1, 20 — 11}, {y2 = 1, 22 — 22},

{ya — 1, 29 — 23}, {y2 — g(a,c), zo— b}, {y2 = gla,c), 22 — 21},
{y2 > gla,c), > 22}, {2 gla,c), 22— a3}, {y2 = g(22,0), 22— b},
{ya = g(w2,¢), 20— 21}, {ya > gla,23), 20> b}, {ya = gla,x3), 20— 21},
{vo = g(y1,0), 220}, {y2 = gy, 0), 2= a1}, {y2 = g(22,0), 22— 32},
{2 = g(22,0), 22— w3}, {1 = g(y1,0), 22— 22}, {y2 = 9(y1, ), 22— a3},
{ya = gla,x3), 20 = w2}, {y2 > gla,3), 20 = w3}, {ya > g(x2,73), 22— b},
{y2 > g(x2,73), 22— 21}, {y2 = g(y1,23), 22 = b}, {y2 = g(y1,23), 22 = 21},
{y2 = g(y1. 23), 22> w2}, {y2 = g(y1,23), 22 = @3}, {y2 = g(22, 23), 22 > 12},
{yo = g(x2, 73), 22+ 3}

This set of extended abstraction substitutions gives rise to 28 extended computed gener-

alizations.
L g(f(y1, 1), f(21,D)) 7. 9(f(y1,9(a,c)), f(z1,22))
2. g(f(yr, 1), f(21,21)) 8. 9(f(v1,9(a,c)), f(z1,23))
3. 9(f(yr, 1), f(z1,22)) 9. g(f(y1,9(z2,¢)), f(21,0))
4. g(f(y1, 1), f(21,23)) 10. g(f(y1,9(x2,0)), f(z1,21))
5. 9(f(y1,9(a,¢)), f(21,b)) 11. g(f(y1,9(a,x3)), f(21,0))
6. g(f(y1.9(a,c)), f(z1,21)) 12. g(f(y1,9(a,x3)), f(z1,21))
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13. g(f(y1,9(v1,0)), f(21,0)) 21. g(f(y1, 9(w2,23)), f(21,0))

14. g(f(y1,9(y1,0)), [(z1,21)) 22. g(f(y1, 9(w2,23)), f(21,21))
15. g(f(y1, 9(w2, ), f(21,72)) 23. g(f(y1,9(v1,23)), f(21,0))

16. g(f (yh ($2, )), f(2’17$3)) 24. g(f(ylyg(yl,xy,)), f(Zl,iUl))
17. g(f(y1, 9(y1,0)), f(z1,22)) 25. 9(f(y1,9(y1, 33)), f(z1,22))
18. g(f(y1,9(y1,¢)), f(z1,23)) 26. g(f(y1, 9(y1,73)), f(21,23))
19. g(f(y1. 9(a, x3)), f(21,22)) 27. g(f(y1, (w2, 23)), f(21,22))
20. g(f(y1,9(a,x3)), f(21,23)) 28. g(f(y1, 9(w2,23)), f(21,23))

By preserving only the least general ones, we obtain the six 1ggs below.

9(f(y1,9(y1,0)), f(21,0)),  g(f(y1, 9(y1, 73)), f(21,23)),
9(f(y1, 9(w2,0)), f(21,22)), 9(f(y1, 9(a, 3)), f(21,73))

-Final Configuration C;. Now, consider the second final configuration. The abstraction

{g(f(yl,gm,c)),f(zl,b)), g(f(yr, 1), f(z1,21)), }

sets are:

(D2 5e) = gla ), ok, ) = { 9100 9020 T 9025, glaw.©)
2 g(a7$7)7 g(y17x7)7 g(.fC5,$7), 9(1’6>x7)

TZS(DQ,SCB) _ T(g(c, C),O'gc ) _ g(C, C)a Is, g(C, xﬁ)u g(I6,$6)7 g(x670)7 g($6,$4), ‘
? Z7, g(C, .114), g($476), g(l‘4,x4), g(x47$6)

The set of abstraction substitutions W (1, S, ) has 99 elements. We omit the explicit list
due to space constraints and show the corresponding 99 extended computed generaliza-

tions below.

L. g(f(y1,9(a;0)), fg(c, ¢), 24)) 13. g(f(y1, g(a, x7)), f(9(c, x4), 24))
2. 9(f(y1,9(a,c)), f(g(c,z4), 24)) 14. g(f(y1, gla, 27)), f(g(c, x6), 21))
3. 9(f(y1. 9(a,0)), f(g(c, z6), 24)) 15. g(f(y1, g(a, x7)), f(9(x4,¢), 24))
4. 9(f (1, 9(a, 0)), f(9(x4,¢), ) 16. g(f(y1, 9(a, 7)), f(9(x4, 24), 24))
5. 9(f(y1,9(a, ), f(g9(x4, 24), 22)) 17. g(f(v1, 9(a, 7)), f(9(x4, T6), 24))
6. g(f(y1.9(a,0)), [(g(xa, w6), 24)) 18. g(f(y1, g(a, x7)), f(9(ws, €), 24))
7. g(f(yhf](aa C))a f(9(35670 724)) 19. g(f(yl,g(a,:m)), f(9($6,$4), 24))
8. g(f(y1,9(a,0)), f(g9(xe, x4), 24)) 20. g(f(y1,9(a,x7)), f(9(xs, z5), 1))
9. 9(f(y1.9(a,0)), f(g(we, 6), 24)) 21. g(f(y1,9(a, 7)), f(xs5,24))

10. g(f(v1,9(a,c)), f(5, 21)) 22. g(f(y1,9(a,z7)), f(z7,24))

11. g(f(y1, 9(a,0)), f(27,24)) 23. g(f(y1,9(xs5,¢)), fg(c. ), 24))
12, g(f(y1, 9(a, z7)), f(g(c, ¢), z)) 24. g(f(y1, 9(zs,0)), f(9(c,24), 2))



—~
-
S —
- P \I/\I/\l/\l/\l}) . —~
SR S R S e ST I8F 8N
&&7%\“\%\)7\:”\:”4 © - —~ R iy 7Z\/\|/7Z 2
8 8 zcﬂecxm@@a))%d\.&)46),\u\w
s e 8 3 ~ - - 7$))C$$C$$C$$\}D .
ggxx(\cc./x 4466&7%4 S -~ A S e — _— —_ —
/.\/.\/.\/.\g(\/u\(xxxII S S J 8 3 5 S &8 o I ou  —~ = N —
ffff(ggg — — — — 0 .;(/u\/l\(xwaxTwZ 7»4\“42 ¥ o~ - =
- N f/l\/l\/l\gggg n -~ o o o (((((774222 PN o N W
= = < < g — — /W‘J\x w(((@ggggg.bxz - PPN t
—_ === = ffffff/l\/u\ffff(\/\(\(\/\x(74,\|N\|/4 L S
7777))\%7 ~ N ) - - N e T —~ 6C$ © ~ T ©
8 8 8 o —~ =< =< =< = ~ ~~ = < ~ N fffCTwﬁ = 8 o8 —_
N -~ 7x 70\0/6 NI NN \)\l“)\l/))\l/\l”\l”\l”? ~ ~ Yy S S by 7$ -
S & B8 & = -~ = 7CCCC\U/\)C\I/ 7777\./\./\./\./\./\./\./)0(C\Cax ] S S S a o
8 8 ITwyl T OOR 8RO 77777\”7(9((($ S 8 9 N
(((((yyyyllll ????? 828 K8 8 8 ng( gg/l\/l\((ﬁ.u; ~
ggggg((( 5 3 3§ 3 35355553535 8 /I\f/l\((gggg r~
> ) = 7gggl\g(((((yyyyu.lulllhb 7hf fff/l\/l\((\(ﬁ\x
oS S e ggggg(\/\/\/\/\@yyyy%y>\h R =
yyyyylll ????? o W N e M. NN — — — ~— _ 4\|N\|/\|/7 - =
(((((\yyyyllll 77777 S oY &Y D> > T 444\l/\l/\lH7 ~ ~
Uﬁfffﬂﬂ((w@@@wmmmmhbbh,,y,xwxxxuu44@n
N~— - -
gggﬂgﬂﬂﬁ@ﬁffffﬂﬂﬂﬂ@@@@%mw@mmhwm,,wxxx
. S & o D> — Y— — — S = Y~ - /l\(\y( R I B o
. . S RS — — — fffff — S DI D D D y
™ : . > D — — — — < — = — = = >SS D
| S NS N N 0 OO — . [w N = =
77788&345678 : . S > > >
888888%%%%34567
99999%9
—~ SP
P T ~—~ —~
\)\I/44\I/\|/\|/ P e —~~
s 3 Y8 F R ~ 223233257
- 7)\172 - 4ZZ7A~1 RN L = —_— o
= <+ © - N -~ 7\|/\|NZ -~ \n/\l//\./\)\./\./\./\n/,\l/ —~~
© QO xf\/4 © Lo~ = = ¥ » = RN =+ g - § 8 TN —_ g Y~
< Cxx\ll\ll\l/Axnbcx —_ T  © ZZ <+ N W 422 e e N
3 3 9 S 8 R s e 8 8 4 o I S ==3I - R S \)4%%422\4/
CTWTWMGGGZ&:C./ 5 ¥y 5 ) o -~ ¥ 7\))\IN\.A/1\./\.N\} N -~ 7Z\IN\|:7Z
/.\/.\/.\/.\TWTWx . QOO R K KR 66622)46C$ © < 2 7\./)\.”4 -
(((@ggg$$/g\ggggg(((5% - - o 5 o ~a - PN =0 8 R 8 o
= = ~ Nl ((((gggxx/CC(cx 44x 6644 5 5 7A.1/ 7 + o
- N ffffffffffff — = ~ (/T.W\TW(TWxZZ/C\chMA.G
D\l\.ﬂ\h\h\.ﬂ N & > % % .2 K 7r.J7ffff g@(qu\ggﬂ g(\f\grm%g(qu\((((x\x
C\.IC\C/\,/ —~ = == DD)\I/\IN\IN? 7fff/|\/|\/|\.l\@(\mlw xll\(/mu\(g\ggg
= . O QO CCC\/77777\/\I/\I/\|/\\H//\I/ I 7ffffff/u\(fff — — —
Y TR TN - - >Cxx$xxmw7777\n7/\}\h\)a ~ -~ P I ST T e S
I I A I E T T TR T e Tas A > % % % % .2 .2 .2
NN ($ xxxf R N N CCCC\./)C\./\I/)\)\I/\I/\I/ = = =]
gggg,mg(/m(/xk,x\xxx%%qusaa&,m,cc,cc@)\C/M77\7/\w)7)7
T T2 T T ggg/mM(g\(((x\,x@(x\x%x%ﬁ&%ﬁm&,,x,x,xxxx
yyyyllll 77777 DN > > > /I\/I\((x x(ix S S S S & L.
5555553525535 55858585S ggggg((g((xx,xxx e L8
ffff(((((yyyym 11111111 >y gg(\( /I\xxxz
99ggfm!\/m((g(ff(J\/rUfffﬁj\ﬂ(\/\(U\ufyb@(y\y%Uluy1%171>h A I S T
5 S K o i ggggﬂdﬂﬂﬁﬁﬁﬁﬁf@ﬂﬂﬂﬂMﬂ@@@mmmmmm
o0 . . [ ~— ~— ~— ~—
LSS EIR2RARIBRES - SSSS®EEE S SESZTEESEZEEE
44445&&%%567890 .
1O A
BB B 38D



By preserving only the least general ones, we get the 11 1ggs below.

9(f (1, 9(ws, ), f(g(w6,6),24)), g(f(y1,9(a,x7)), f(7,24)),
9(f (1, 9(z6,0)), [(9(c,w6),21)),  g(f (y1, g(w5, ), f (25, 24)),
9(f (1, 9(z6,0)), [(9(x6,¢),24)),  g(f(y1,9(a,0)), fg(c, ), 24)),
9(f(y1.9(y1.0), f(g(c,0),20)), g(f(yr, 9(yr, 7)), f (27, 24))
9(f (1, xa), f(9(x4, ), 21)), 9(f (1, xa), [(9(x4,24), 24))
9(f (Y1, 4), f(g(c, 4), 24))

-Final Configuration C;. The corresponding abstraction sets of the labels in the

delayed set of the third final configuration are:

T%<D3= SC:}) = T(a’vo-,ls‘g) = {a’x8}7 Ta;(DS? SCS) = T(b7 O-g[;) - {b7 xS}‘

The resulting abstraction substitutions are listed below.

\I/(D3 SC ) _ {nga,Z(;P—)b}, {y?)'_)aazﬁ'_)IS}»
o {ys — xs,26 = b}, {ys — @8, 26 > w8}
These substitutions lead to four generalizations, two of which are 1ggs (the highlighted
ones).
L. g(f(a,ya), f(25,0)) 3. g(f(zs,4a), f(25,0))
2. g(f(a,ya), f(25,28)) 4. g(f(ws,ya), f(25,78))

-Final Configuration C,. The corresponding abstraction sets of the labels in the

delayed set Dy are:
Ty:s(l)‘l’ SC4) = T(a70593) = {a7x9’x10}7 TZ7(D47 804) = T(Q(Q C),Ugl) = {g(c, C),ng}.

The resulting abstraction substitutions are listed below.

{ys — a,zr = g(c,0)}, {ys — a, z7 — x9},
U(Dy, Se,) = {Z/3 = Tg, 27 > Q(Q c)}, {ys = Zg, 27 — xg},
{y3 = Z10, 27 > 9(0, C)}, {93 = Z10, 27 > $9}

These substitutions lead to six generalizations, two of which are 1ggs (the highlighted

ones).
L. g(f(a7y4)> f(g(c, C): zS)) 4. g(f(a?y4)7 f(x97 z8))
2. g(f(l‘g, y4)7 f(g(C, C)’ z8>) 5. g(f('rf)a y4)a f(x97 28))
3. 9(f(@10,ya), f9(c,c), 2s)) 6. g(f(z10, Y1), f(x9,25))
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Finally, the set of 21 incomparable 1ggs obtained from all the final configurations is listed

below.

g(f(ybg(a’ C))v f('zl? b)) ) g(f(ylvg(yhc))’ f(Zb b)) )
g(f(yr, 1), f(21,71)), 9(f (1, 9(y1, x3)), f(21,23)),
9(f(y1, 9(w2,¢)), f(21,72)), 9(f(y1, 9(a, x3)), f(21,23)),

9(f(w1,9(1,0)), flglc,c),24) s g(f(y1,9(a,e)), flglc ), 24)) ,

9(f(y1, 9(xs,0)), fg(c.w6), 1)), 9(f(y1, 9(xs,0)), f (@5, 24)),
9(f (y1, 9(ze, ©), f(g(xe, ¢), 21)),  g(f(y1, 9(a,27)), f(az, 24)),
9(f (w1, 9(ws, ©)), f(g(x6,w6), 24)), 9(f (1, 9(y1, 27)), f (a7, 24)),
9(f(yr,24), f(9(z4, ), 20)), 9(f(y1, x4), f(g(24, 24), 24)),
9(f(yr,24), [(g(c, 24), 21)), 9(f(a,ya), f(g(c, ), zs)) ,

g(f(a> y4)v f(Z5, b)) ) g(f<x9a y4)7 f(I9’ ZS))?

g(f('r& y4)7 f(Z57 $8))
Notice that the highlighted 1ggs correspond to the generalizations computed in Ex-

ample 3.2.4, while with the extension, we obtain 15 additional 1ggs.
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