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Resumo

Efeito Regularizante para uma Classe de
Sistemas de Maxwell-Schrodinger

Neste trabalho provamos a existéncia e regularidade de solugoes fracas para os seguintes
sistemas:

Maxwell-Schrodinger
—div(M (z)Vu) + g(z,u,v) = f em

—div(M(z)Vv) = h(z,u,v) em €
u=v =0 sobre Of.

Kirchhoff-Maxwell-Schrédinger

—div((M(z) + [|Vu||9.)Vu) + g(z,u,v) = f em O
—div(M (z)Vv) = h(z,u,v) em
u = v = 0 sobre 01},

onde © é um subconjunto aberto limitado do RY, com N > 2, f € L™(2) onde m > 1 e
g, h sdo duas fungoes Carathéodory. Mostraremos que sob condigoes apropriadas em g e h,
que existem solugoes cuja somabilidade escapam & regularidade prevista pela teoria classica
de Stampacchia, dando origem ao chamado efeito regularizante.

Palavras-Chave: Regularidade; EDP Eliptica; Efeito Regularizante; Existéncia de Solugao.



Abstract

In this work we prove the existence and regularity of weak solutions for the following systems:

Maxwell-Schrodinger

—div(M (z)Vu) + g(xz,u,v) = f in Q
—div(M (z)Vv) = h(z,u,v) in
u=v=0 on 0N

Kirchhoff-Maxwell-Schrodinger

—div((M(z) + [|Vu||9.)Vu) + g(z,u,v) = f in O
—div(M (z)Vv) = h(z,u,v) in Q;
u=1v =0 on 09,

where  is an open bounded subset of RY, for N > 2, f € L™(Q), where m > 1 and g,
h are two Carathéodory functions. We prove that under appropriate conditions on g and
h, there exist solutions which escape the predicted regularity by the classical Stampacchia
theory giving rise to the so-called regularizing effect.

Keywords: Regularity; Elliptic PDE; Regularizing Effect; Existence of Solution.
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Notations

e (). ......... open bounded set of RY

e 00 ......... boundary of €2

® meas ......... Lebesgue measure in RY

e ae ......... almost everywhere with respect to the Lebesgue measure

e C(QY) ..o space of infinitely differentiable functions u : Q — R with compact

support in

em ......... i

e mt . ... ]\vaf";n

o (m*) ..., N(mj\f?)er

o« N

. L;’\;(Q) ......... space of functions f such that |f|™ is Lebesgue integrable over  C
R

o WhM(Q) ......... Sobolev space of functions u : & — R in L™(£2) such that Vu
exists weak sense with |Vu| in L™ ()

. Wol’m(Q) ......... the closure of C§°(Q) in W™ (Q)

o WLM(Q) .. (W™ ()’

o Tp(s) vovnvnnn. max(—k, min(k, s))

o Gi(s) ovvinnn.. s —Ty(s)

o ogn@) oo {0/ o 1 w0

{1, if € A, where ACRYN

0, otherwise



Introduction

In the present work, we investigate the existence and regularity of positive solutions a classe
of systems Maxwell-Schrodinger systems, considering at first a local version and later on
the nonlocal equivalent. More precisely, we have considered a local Maxwell-Schrédinger
system

—div(M (z)Vu) + g(z,u,v) = f in Q;
—div(M (z)Vv) = h(z,u,v) in (P)
u=v=0 on 01,

and a nonlocal Kirchhoff-Maxwell-Schrédinger system

—div((M(z) + ||Vu||9.)Vu) 4+ g(z,u,v) = f in O
—div(M (z)Vv) = h(z,u,v) in Q; (K)
u=1v =0 on 0.

For the sake of convenience, we will discuss these cases separately, below.

0.1 Local System

The general idea regarding these systems is that due to the strong coupling between both
equations, solutions have zones where they are more regular than expected from the classic
regularity theory. This phenomenon has been studied since the seminal work [4] followed
by several interesting contributions [2, 5, 7-9, 13] produced by Boccardo, Orsina, Arcoya,
Durastanti, among others. The basic idea is that the solutions to a certain class of problems
are more regular than what would be guaranteed by the standard regularity results for the
decoupled equations of its system. For instance, it happens that even when the data f is
very irregular, e.g., if f € L™(Q) with m < (2*), it is possible to guarantee the existence
of energy solutions in W, 2(€2), see [4,7].

In other to clarify the ideas and to present some of the background concerning Regu-
larizing Effects for Maxwell-Schrodinger equations, let us briefly discuss the papers which
have most inspired the present work, namely [4,6,7| and [13]. For instance, consider the
following Dirichlet problem

{ —div(M(z)Vu) + Avfu["=2 = f, u in W;*(Q); (1.1)

—div(M(z)Vv) = |u|", v in Wy (Q).

for f € L™(Q), with f >0, m > 1, A > 0, M(x) is a uniformly elliptic bounded measurable
symmetric matrix, and  C RY, N > 2, is an open bounded domain. In [4], for a more
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general class of equations, the author proved that if f € L™(Q), with m > (2*)/, then there
exists an energy solution (u,v) € Wol’2(Q) X Wol’Q(Q), despite that the right-hand side of
the second equation does not belong to the dual space W~12(Q). For this, the strategy is
to obtain keen a priori estimates by a clever choice of test functions to an approximated
variational PDE, then the proof is finished by means of standard compactness arguments.
Moreover, for the specific case of (1.1), the author found out additional regularizing zones
for the parameters. As a matter of fact, it was shown that for 2 < m < (T;,)N, with r > %,
then u € L™ (). Remark that, in the light of the classic Stampacchia’s theory, see [17,18],
by regarding u solely as the solution of the first equation of (1.1), its expected regularity
would be L™ (). However, under the latter conditions rm > m**, so that the coupling
in (1.1) gives u some extra regularity. Later on, in [7], the authors refined the latter result.
Indeed, they proved that:

(i) if r > 2* and f € L™(Q), with ' < m < (2*)’, then (1.1) has a solution (u,v) €
W&’Q(Q) X W&’Q(Q) where u € L™ () and 71 = max(m(r — 1), m**);

(ii) if 1 < r < 2* and max (N]YQT,l) < m < (2*), then (1.1) has a solution (u,v) €

Wol’m*(ﬂ) x Wy'™ () where 75 = min (v — 2);
Succeeding, [4,7], in [13], the author proposes the study of the following quasilinear elliptic
system

{ —div(|Vu[P2Vu) + A u Pu = f,  u in WP (9Q); (1.2)

_div(|[VolP2 V) = |ul"o, v in WyP(Q),

where 1 < p < N and 0 < 0 < p— 1. Remark that although it is a p-Laplacian system, for
6 = 0 its zeroth order nonlinear term reduce to (1.1).

We stress that, for the case 6 = 0, the author shows existence and Regularizing Effects
even if the source f does not belong W 1P (©). Actually, the author proves that if f € L™(Q)
with (r+1)" < m < (2*)’ there exists a weak solution (u,v) € Wol’p(Q) X Wol’p(Q) of system
(1.2).

In [13] the author also shows existence in the dual case, that is, if f € L™(Q) with
m > (p*)' there exists (u,v) € WyP(Q) x W;P(Q) solution, with A > 0, r > 1 and
0<f<p—1

Nevertheless, the method used to prove the results established in [13] were not sufficient
to guarantee a regularizing effect in the case where 6 > 0.

In addition to the latter results, there have been other contributions to the investigation
of regularizing effects phenomena in general. For instance, without the ambition of being
complete, we refer the reader to [8], which is divided in two parts, where the first one
consists in a survey for the theory and in the second one some contributions for different
classes of Dirichlet systems are presented. Further, we mention |9], for regularizing effects of
positive solutions of a symmetric version of (1.1), or [2] where under an interesting growth
assumption for the source term f, the authors obtain extra regularity for the solutions.

Regarding the present paper, we have decided to address (P) and to revisit part of the
questions raised in the past theory adapted for our problem. If on one hand, sometimes our
results are valid for a different kind of differential operators, e.g. if we contrast to [13], on
the other hand, our contributions are valid for a different class of zero order nonlinearities,
e.g., if we compare to [9]. Yet, despite that we deal with a slightly different type of system,
we tried to investigate certain aspects of the theory which were not fully disclosed, at least
for (P), to the best of our knowledge. More precisely, in order to better explain our main
results, late us state our basic hypotheses.

11



0.1.1 Assumptions

Below, we describe the basic assumptions for our manuscript. Indeed, throughout the
entire text we will always assume that Q C RY is an open bounded subset, where N > 2.
Remark that ask no smootheness on 02. We also consider the real paramethers » > 1 and
0 € (0, x=5), and we take f € L™(Q), for m > 1.

Regarding the semilinear part of System (P), we consider that g,h: @ x Rx R — R are
both Carathéodory satisfying the properties below:

(a) there exist ¢1, ca > 0 such that

crls|" I < g, s, )] < eal s (P1)

(b) g(x,s,t) is monotone is s, i.e.,

(9(x,s1,t) — g(x,852,1)) (51 — s2) =2 0 V s1,82,t €R a.e. zin (P2)

(c) there exist dy, d2 > 0 such that

dis|"t” < |h(w, 5,t)] < dofs|"|t]’; (Ps3)

(d) h(.,.,.) is non-negative

h(z,s,t) >0 V s,t €R, a.e. zin . (Py)

Remark that by (P1), g(x,0,t) =0 for all t € R and a.e. x € Q, so that (P3), there holds
that
g(x,8,t)s >0 Vs, teR ae. xin . (P5)

Regarding the differential operators in (P), we assume that M (x) is a symmetric measurable
matrix such that M € W1 and there exist o, 5 € RT satisfying

al¢ < M(z)¢-¢, [M(z)| < B for every ¢ €RY. (Ps)

Now we are in position to introduce our main contributions.

0.1.2 Main results for the local Maxwell- Schrodinger system

Our main contributions are twofold. First we considered nonlinearities which are more gen-
eral and second we addressed the regularizing effect in the case where there is the presence of
a second parameter of coupling on the nonlinearities, as it was conjectured in [13|. However,
as it turned out, we discovered the presence of a ramification on the gain of regularity de-
pending on the interplay between the data f and the coupling parameters, below the known
results for systems related to (P). We point out that, in order to do that, we considered the
Laplacian-like version of the Maxwell-Schrodinger system. We also introduce a definition
which, in our view, slightly simplifies the explanation of the concept of gain of regularity.

In the literature, we say that there exist regularizing effects in a solution of a problem
or a system, whenever its regularity escapes the predicted one according to the standard
Stampacchia or Calderén-Zygmund theories. In order to summarize this justification, we
introduce the following definition on "regularized solutions".

Definition 0.1. Let F' € L™(Q) where 1 < m < % Consider w a distributional solution

of
—div(M (z)Vw) = F(z). (1)

12



a) If w e L*(Q) where s > m™ we say w is Lebesgue reqularized.
b) If we Wol’t(Q) where t > m* we say that w is Sobolev regularized.

Despite that the justification of the latter definition is tacit, for the convenience of the
reader we explain it. Indeed, for instance, we know by Stamppachia’s classical regularity
theory that, if FF € L™(Q) with 1 < m < %, then the distributional solution of problem
(1) belongs to L™ (Q), for instance see [6] Chapters 6 and 11. Thus, if w € L*(Q) with
s >m* then L*(Q) — L™ (Q), properly. In this case, we have regularizing effect for the
Lebesgue summability of the solution w, or in short, w is Lebesgue regularized. Further,
regarding the regularity of the gradients, there are two basic scenarios. If 1 < m < (2*)
then once again from Stampacchia’s theory if w solves (1) then w € VVO1 m (©). Further,
if (2f) <m < % and if 0Q and M (z) are sufficiently smooth, then by the Calderon-
Zygmund theory, see [12] Chapters 5 and 10, we have w € WO1 e (©). Finally, remark that
the restriction 1 < m < & is considered in order to stay away from known issues concerning
the regularity of the gradlents when m > 2 , for instance see [3].

In our first theorem, we address the existence and higher regularity for positive solutions
of (P) in the case that the summability of the source is above the threshold (r 4+ 6 4 1)’

Theorem 0.1. Let f € L™(QQ), where f >0 a.e. inQ, m > (r+6+ 1) ,r>1, and 0 <
0 < xi5. Then there exists a weak solution (u,v) for (P), with u € Wy*(Q) N L™+0+1(Q),

u>=>0ae inQandv e WOI’2(Q), v>=0 a.ein .

Now, in the spirit of Definition 0.1, we will detail the gain of regularity in Lebesgue or
Sobolev spaces for the solutions of (P) given by Theorem 0.1.

Corollary 0.1. Let (u,v) be the weak solution of (P), given by Theorem 0.1.

(A) If r+ 0 +1 > 2* and (r + 0 + 1)) < m < (2*), then u is Lebesgue and Sobolev
reqularized.

(B) If r+60+1>2% and (2*) <m < % then u is Lebesgue regularized.

(C) If2* <r+60+1< % then v is Sobolev reqularized.

Regarding Theorem 0.1, we partially address a conjecture left in [13] by R. Durastanti,
where the case m > (r + 6 + 1)’ was proposed. Indeed, we have proved that the Lebesgue
regularity indicated in [13] is achieved for a class of zeroth-order nonlinear terms dominated
by two variable polynomials depending on both unknowns, i.e., 8 > 0. Remark that, if
on one hand we have considered linear differential operators with nonsmooth coefficients
instead of the p-Laplacian, on the other hand, our nonlinear coupling satisfies properties
(P1) - (P4) -

In addition, our approach allowed us to investigate another regime of regularity for the
source term. Our inquiry also considers existence and regularity of solutions for the case
where the summability of the source is below (r + 6 4 1)’, i.e., we address problem (P), if

/
the source f is positive and belongs to L™ () with ("7‘%1) <m<(r+6+1).

1-26

/
Theorem 0.2. Let f € L™(Q2), where f >0 a.e. in (2, (7’1_9;’91> <m<(r+0+1),r>1

and 0 < 8 < 9, for § = min{ 3%+22, 5.5} Then there exists a solution (u,v) for (P),

with uw € WyP(Q) N L' 01(Q), u > 0 a.e. in Q and v e Wy (), v >0 a.e. in Q, where

p= 2((;—99:11)) 2N(1 9) Furthermore, if r > ¥E2 then (u,v) € Wy %(Q) x Wy ().

and q =

13



Once again, in the guidelines of Definition 0.1, we now depict the regularizing effect
zones guaranteed by Theorem 0.2.

Corollary 0.2. Let (u,v) be the weak solution of (P), given by Theorem 0.2
(A) If r — 0+ 1 > 2* suppose that
ON(r — 0+ 1)

N0+ +20r—641) S @
Then u is Lebesgue reqularized.
(B) If r — 60+ 1> 2* suppose that
<r79+1>’< - 2N(r—60+1) '
1-—26 Nr+0+1)+2(r—0+1)

Then u is Sobolev and Lebesque reqularized.

(C) If2* =2 r—0+1>2%1—0) suppose that

(r—9+1>/<m< 2N(r—0+1)
1—26 N(r+0+1)+2(r—0+1)

Then u is Sobolev and Lebesque reqularized.
(D) If r—0+1>2"(1 —0) then v is Sobolev reqularized.

We will present proofs for Corollaries 0.1 and 0.2 in Section 5. For now, some remarks
are in order.

Remark 0.1. (i) The intervals established for m in Corollary 0.1 and 0.2 are not empty.
Indeed, for m in the first two items of the Corollary 0.2 there follows

(a) Since 2*(1 —20) < 2* <r — 60+ 1 there follows

(r—9+1

/
*\/ * _ _
1_29><(2) = 2(1-20)<r—0+1.

(b) Analogously, 2*(1 — 6) < 2* <r — 0+ 1 there follows

(T_9+1 2N(r—9+1) e 2(1-0)<r—0+1.

/
126 ) < Nor+0+1)+2(r—0+1)

In addition, the interval established for m in the third item of Corollary 0.2, is also
non-empty. Actually, if r+0+41 > 2* > r—6+1, then there holds that (r+6+1)" < (2*)’
and

N(r—60+1)
N+2(r—60+1)

r—0+1<2" < < (2%).

Further, if 2* > r+60+1>r — 0+ 1, then there holds that (r + 0 + 1) > (2*)" and

N(r—6+1)
N+2(r—60+1)

r—0+1<2" <~ < (2%

(ii)) We observe that forr —0+1>2* asr+0+1>r—0+1thenr+60+1>2* <~
(r+60+1) < (2%), in this case, the hypothesis established in m by Theorem 0.2, allows us
to conclude that m < (r+ 6 + 1) < (2*). This means that, if we take r — 60 +1 > 2*, the
intervals determined for m in the first two items of the Corollary 0.2 are non-empty.
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Finally, let us stress that, being inspired by the classical approach of the school of G.
Stampacchia, L. Boccardo, among others, see [4,5,7,17,18] and the references therein, the
main ingredient for our results was based on a carefully choice of tailored test functions.
Indeed, by means of subtle modifications on the test functions we were able to address the
regimes of regularity described in Theorems 0.1 and 0.2, see Lemmas 2.4 and 2.5. After
that, we follow the standard approach of determining a priori estimates for solutions of an
approximate problem and then passing to the limit.

0.2 The nonlocal System

In addition, we decided to investigate the influence of nonlocal terms on the regularizing
zones to Maxwell-Schrodinger equations. Indeed, let us consider the following nonlocal
system

—div((M(z) + ||Vul|,)Vu) + g(z,u,v) = f in O
—div(M (z)Vv) = h(x,u,v) in Q; (K)
u=v =0 on 09,

which from now on will be called Kirchhoff-Maxwell-Schrédinger system.

We investigate existence and regularity of positive solutions, assuming that ) is an
open bounded subset of RY, for N > 2, f € L™(Q) with m > 1, » > 1. Moreover,
gand h : @ x R x R — R are Carathéodory and satisfy hypotheses (P1) - (P)) and

M : Q — RY x R¥ is a bounded measurable matrix satisfying (P5), see page 12.
2(r—0+1)

] and suppose

From now on, we denote p =

a—{ 2 it m=r+0+1), 2)

p if m<(r+60+1).

Our motivation to address (K) comes from [10]. In this work, the authors studied ex-
istence and certain properties of solutions for the following Kirchhoff-Maxwell-Schrédinger
system

_dw( a(z) + ||Vul[2,)Vu) +olul~2u = f inQ;
—div(M (z)Vv) = |Ju|" in (K1)
v =0 on 012,

u

where once again Q@ C RY, is bounded open, N > 2, f € L™(Q) with m > 1, M is a
bounded measurable matrix satisfying (P5) and, r > 1, a :  — R is a measurable function
such that there exist 0 < o < 8 for

O<a<a(r)<f ae in Q.

Following the standard strategy, in order to analyze (K1), the authors obtain approximate
solutions, and under certain conditions for 7 and m, ensure interesting a priori estimates
that combined with some compactness arguments, allow the passage to the limit on this
approximate version of (K7). As a consequence, they showed that solutions of the ﬁrst
equation satisfy u € L*(€2) where s = max{m™*, m(%ﬂl)} In particular, if (r4+1)’ < m < 2 ,
u is Lebesgue regularized, see Definition 0.1 page 12. Moreover, since u is bounded in L*(€2),
it is easy to see |u|" is bounded in L+ (), which implies that v is Sobolev regularized since

2 < (2*)". For small r, outside the regularizing zone of m, the existence of positive solution
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was shown. More specifically they show that if 1 < r < 2* — 1 and m > (2*) there exists
(u,v) € W&’Z(Q) X Wol’z(Q) solutions of (K7).

Let us also mention that in [10], in the case of poor data, it is proved that an atypi-
cal phenomenon occurs for the nonlocal Maxwell-Schrodinger system. Indeed, due to the
presence of the nonlocal Kirchhoff-type term

—div<||VuH%2Vu>,

if fe LY (Q)\W52(Q) and 1 < r < 2* — 1, given (uy,vy) solutions for an approximate
version of (K1), then {ug} is unbounded in WOI’Q(Q). Accordingly, for the case N = 6 the
authors prove that {u} is bounded in Wol’q(Q), for 1 < ¢ < ¥, whereas u;, — 0 strongly
in Wol’q(Q). In addition, they proved that ||Vug||2,u; — w weakly in Wol’p(ﬂ), where

1<p< g and w is the entropy solution of

—Aw=f inQ

w=0 on Of.
With regard to this chapter, we decided to investigate an associated version of problem (k)
by introducing certain modifications. As a matter of fact, we replaced the semilinear parts
of the original system by g and h, both satisfying hypotheses (P1) - (P4). Moreover, we
have decided to consider the nonlocal effects in terms of the regularity of f, instead of fixing
an energy Kirchhoff-type term. For this, we employed some of the the results obtained
for the local version of our (K1), i.e., problem (P) which was addressed in the previous
chapter. This motivates the choice of a nonlocal Kirchhoff-type term given by ||Vu/||7, with
o satisfying (3.1). By doing so, we avoid the degeneracy of the regularity below (2*)" and
obtain the regularizing effect results for the nonlocal case which are compatible with the
local ones.

0.2.1 Main results for Kirchhoff-Maxwell-Schrodinger systems

In this case, our main contributions were to ensure the existence regularizing effects under
appropriate conditions r, # and m. That is, if r +60 > 2* — 1 and (r+ 6+ 1) <m < (2*),
then wu is Lebesgue and Sobolev regularized. Recall that specifically for 8 = 0 the coupling
term in (K) encompasses (K1), and in this case we obtain results similar to [10], proving
the existence of a weak solution (u,v) € WO1 2(€2). Regarding v, we have observed that since

u € L™91(Q) and v € L* (2), we obtain h(z,v,u) € L¥(2) where s = % which

20

/
ar > , see Theorem

implies that, if s < (2*)’ then v is Sobolev regularized since r +60+1 < (
0.3, below.

Theorem 0.3. Let f € L™(Q), where f >0 a.einQ, m > (r+60+1),r>1and 0 <
0 < x+5. Then there exists a weak solution (u,v) for (K), with u € W, () N LT H0+1(9),

u>0 aeinf) andvEWol’Q(Q), v =0 n Q.

Furthermore, in the present work, as a byproduct of our modification in the nonlocal
term, we were able to address the case when the source summability’s is below (r +6 +1)".
Indeed, as it turned out, see Theorem 0.4, there exist regularizing effect zones for solutions
(u,v), under certain conditions for 7,6 and m. Actually, we prove that if r — 6 + 1 > 2%,

/
r—0+1 2N (r—60+1)
126 ) <M < FerorDF2(—011

< m < (2*). We also deduce that if 2* >

then u is Lebesgue and Sobolev regularized since (

N (r—6+1)
r+0+1)+2(r—0+1)

) and

Lebesgue regularized since NT
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/
r—60+1 > 2"(1 —6) then u is Lebesgue and Sobolev regularized since <rff;91> <m <
ON(r—6041)

NGrorDTa(—o71) - Regarding v, we have observed that since u € L'=9%1(Q) and v € L9 (Q)
2* (r—6+1)(1-6)

we obtain h(x,u,v) € LY(Q) with ¢t = (1 8)10(r—01T)
is Sobolev regularized since r — 6 +1 > 2*(1 — 0).

which implies that, if ¢ > t* then v

/
Theorem 0.4. Let f € L™(R2), where f > 0 a.e. in (2, (Tf_ojel> <m<(r+6+1)y,r>1

and 0 < 6 < 6, for 6 = min{ 3%+_22, ~5.3}. Then there exists a solution (u,v) for (K),
with u € W(;Lp(Q) ALY Q), u >0 ae inQandv e Wol’q(Q), v >0 a.e. in ), where

= 2((;:90:11)) and q = 2%9;99). Furthermore, if 7 > %, then (u,v) € Wol’q(Q) X Wol’q(Q).

We summarize the latter results in the following figures.

whe()n L Q) Wy (@) N LT+Y(Q)

01y m ”.__H__”f m ('2":.
( 1-—2¢ :]

W) wl2a)

r—f84+1y i (r+0+1) m 2%y
1-—28

Figure 1: The summability results for (u,v) given by Theorems 0.3 and 0.4.

Remark 0.2. An important fact to note is that if v = 0 then (P) system reduces the
equation —div(M (x)Vu) = f with Dirichlet condition, which, according to Stampacchia’s
classical theory, has a solution u € Wol’m*(Q) NL™(Q) to f € L™(Q) with m < (2",
that being the case, we couldn’t have to u € W01’2(Q) N L™T9%Y(Q), whereas 2 > m* and
r+604+1>m*™. Therefore v cannot be null under the tracks where u is Lebesque and
Sobolev regularized.

0.3 Organization of the thesis

In the first chapter, we introduce the fundamental tools for the development and under-
standing of the present thesis. The Stampacchia theory is discussed in detail, what includes
certain truncations used to establish some classical regularity results for the solutions of
linear problems

—div(M (z)Vw) =z in
w=0 on Jf.

For the sake of convenience, we decided to include certain regularity results established for
weak and distributional solution of the linear problem. Although being classic, they play a
fundamental role in understanding the main results of the work.
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In the second chapter, we will start with the preliminary results of convergence that will
simplify the proofs of the main results of this chapter, see Theorems 0.2 and 0.1. Thereafter
we show existence of approximate solutions to an approximate problem. One of the key
points of our work is the careful choice of the test functions in order to, combined with the
coupling term of the system, generate "better a priori" estimates for the approximate solu-
tions, see Lemmas 2.4 and 2.5. Through the estimates we can conclude the main theorems
and their respective corollaries, whose purpose is to highlight the areas where the solutions
are more regular then expected.

In the third chapter, we dedicate our efforts to the study of the Kirchhoff — Maxwell
Schrédinger systems, where we circumvent the lack of regularizing effect caused by the
nonlocal term ||[Vul[2, ver [10], adding the nonlocal term ||Vul|7, in the first equation of
(P), where the condition established under o was motivated by the study done for the local
system. As the problem thus posed, we show the existence and regularity for solutions, see
Theorem 0.3 and 0.4.

We understand that for an initial reading of this work, it is necessary to have a knowledge
of prior functional analysis theories, measure and partial differential equations. However, we
address some key results used in the work, see Appendices A and B. We highlight the chain
rule version for Lipschitz and local Lipschitz functions, where we present our demonstration.
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Chapter

Stampacchia classical theory

The Stampacchia classical theory plays an important role in the development of this work.
We dedicate this chapter to present some of these regularity results for the solution of the
linear problem

—div(M (z)Vw) =z in
w=0 on 0N

We will present our version of the proof of the existence of a distributional solution in the
case where source z does not belong to the dual of Wol’Q(Q). Specifically, if z € L™(Q2) with
1 <m < (2%), then w € Wol’m*(Q) and if z € LY(Q) then w € Wol’q(Q) where ¢ < .
In contrast, these results highlight the importance of the regularizing effect obtained in
this work, since we will show through the Theorems 0.3 and 0.4 the existence of an energy
solution for the systems (P) and (K), even when the source z € L™(Q) with m < (2*)’.

We consider some important notations for the development of this work. As well as
the use of the well-known Stampacchia truncation functions, whose definitions as well as
its graphs are given as there follows. For k& > 0 we have Ty (s) = max(—k, min(k, s)) and
Gr(s) = s —Ti(s).

K1 k
Ti(s) Gr(s)
-I( k -l( 0 k
k m

Furthermore, very often we will make use of the Sobolev critical exponent, which for

1 <m < N, we will denote by m* = ]\],Vf":n and m** = Nj\igm-

Lemma 1.1. Letu € Wol’p(Q) where 1 < p< oo and k > 0. Then
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(i) Tx(u), Gx(u) are Lipschitz and Ty (0) = G(0) = 0;
(ii) Ti(u), Gr(u) € WyP(Q) and

Vu, |ul <k
VT, =
k() {O, lul > k.
0 <k
Ve =4" M=
Vu, |u| > k.

Proof. (i) By definition of T}, and Gy, it is clear that T (0) = G(0) =0

(ii) Combining the earlier item with by Theorem(4.2) we have VT (u) = T} (u)V(u)
and VGj(u) = G} (u)V(u) where

1 <k 0 <k
T,é(u) =<7 [ul < and Gj(u) =<’ Jul <
0, |ul>k. 1, |ul > k.

However Vu =0 a.e. in {z € Q; |u(z)| = k}. Indeed, if v =u — k, then v =0 < u=k.

Since vt = max{0,v}, v~ = —min{0,v}, Vv = Vot — Vv,
Vot — Vv, v>0
0, v < 0.
Vo — Vv, v<0
0, v > 0.

Hence Vo = 0 ae. in {x € Qu(zr) = 0} <= Vu =0 ae. in{z € Qu(x) = k}.
Analogously for v =u + k we get Vu =0 a.e in {x € Q;u(z) = k}. Thus

Vu, |ul <k
VTi(u) = T (u)V(u) = ’ -
() = T{(w)V(w) {O, pie
Repeating the above argument for G, we have completed the result. O

The following Lemmas can be found in [6], as well as their respective proofs. Even so,
we chose to present our version for such demonstrations.

Lemma 1.2. Let f € LY(Q) and (k) = [, |Gr(f)|. Then I(k) is differentiable a.c and
UI'(k) = —meas(Ay) where Ay = {z € Q,|f(z)| > k}.

Proof. Consider A} = {f —k >0}, Ay, ={—(f+k) >0} and

L) = [ (F-mand k)= [ ~(7+h)
AY Ay
To get the result, just show that [, is differentiable with respect to k. Consequently the
general case followed, since [ can be written as [(k) = [1 (k) + [_(k), the result follows.
Note that [ (k) is differentiable a.e, since it is monotone. Thus to calculate its derivative,
take h € R™, and so the difference quotient of 1, is

L(k+h) —1o(k) 1
et AL (/A (f—k—h)—/A:(f—k)>

(/A s-n-/ h—/A#f—k)). (1)

k+h k+h

>

1
h
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ASAZ':A:+hU{k<f§k:+h} we have

/. (f—k)—/Az(f—k)=/A+ (f—/»c)—[/A+

k+h k+h k+h

. / (f — k).
{k<f<k+h}

Thus, substituting the result obtained above in (1.1) there follows that

ly(k+h) =1 (k) 1 ( N B
h ~h ( /A+ " /{k<f<k+h}(f k)>

k+h
1

=— [ x — = / f—k
/Q {>kth) h {k<f<k+h}( )

Consequently, taking h — 0 we get

(ke h) — L (k) .
(k) = lim ) == Jim | Xpoiny = —meas(( > k) = —meas(4}).

(f— k) + /{ e k)]

since

1
o< gew<[ e o<y [ (B < [ Mg
{k<f<k+h} {k<f<k+h} {k< f<k+h} Q

1
<:>0>—/ (f—k‘)>—/2€ <hth)s
h Jik<p<iany o V<S<kth)

which implies that

1
lim—/ (f—k)=0.
h=0  h Jip<r<kiny
Analogously I’ (k) = —meas(A}"), therefore the result follows. O

The next lemma is a crucial tool used to reach regularity of the type L>(£2).

Lemma 1.3. Let f € LY(2) such that I(k) < Cmeas(Ag)® for every k, where a > 1 and
C > 0. Then f € L>®(Q2) and there exists a constant v = (o, Q, || f||p1) such that

[fllzee < C.

Proof. Combining the result of the previous lemma with the hypothesis of this lemma, we
have
I(k) < Cmeas(A)* = C(=U'(k))*

where it goes from
/! /
1< —Céil (k) — 1 > L)

1 -1 1

l(k)= Ca (k)=

Integrating the last inequality on (0, k) and by fundamental theorem of calculus we get

k /’f 1 /k’, 1 1 /’“d -1
= dt>— | U®)It) adt = —— [ —(1t)' "adt
Ca 0 Ca 0 ©it) 1-2) odt(())

U o)
I
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Now, note that

10 = [ 1GonI= [ 11=Tu(nl = [ 11,

and combining the above equality with the previous inequality we obtain

(1= D) sy -

1 =
OéCg

hence Nk )
1—= 1—1
_ N o > a .
(1=3) Zr F ML= > 1'% k>0

1 1-L
cEIfI

In particular taking k such that (E) = 0, this is, k= (7 by defining the truncation
17§)

function we get

1 1—L
Callfll . ”

0

and by Holder’s inequality we may conclude that

1l <k=

C]If1lj Tmeas(@)(1 - &)
o)

_1
Therefore ||f||p~ < Cvy where v = Hinl ameas(Q)l_é <1 - é)

Il <k=

O]

We will begin our studies by showing the existence and unity of solution to the linear
problem. Thereafter, in the company of the results established earlier, we can present some
regularity results by Stampacchia, together with the existence of a distributional solution
in the case in which f € L™(Q) with 1 < m < (2*)". These results, as well as others, can
be seen in [6].

The regularity results presented in this section clarify the regularizing effect we obtained
in the solutions of (P).

1.1 The linear problem

Consider the linear problem

(Pr)

—div(M (z)Vw) =z in
w=0 on N

where Q € R¥ is open and bounded, with N > 2, z € L™(Q) with m > 1 and M(z) is a
symmetric measurable matrix satisfying (Ps5).

The existence results that we will present are based on Functional Analysis results by
Lax-Milgram and Stampacchia, as we shall see in the next section, see [6].

Theorem 1.1. Let z € L™(Q) with m > (2*)'. Then there exists a unique weak solution
w e W01’2(Q) to problem (Pr). In other words, there exists a unique w € Wol’z(Q) such that

/ M(:C)Vw V= / z, Vo ew e W&Q(Q).
Q Q
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Proof. Define B : Wy(Q) x Wy(Q) — R by B(w,¢) = Jo M(z)Vw - V. Note that:
(i) It is easily seen that B is bilinear.

(ii) B is continuous. Indeed, since M is bounded by hypothesis, the Cauchy - Schwarz
inequality gives

Bl =| [ M@V Vo| < BIVullalVele Voo € W@,

(iii) B is coercive. Indeed, since M have the property of ellipticity, we get

Bw.w)| =| [ M@V Vo] > alFull Vol
Q

Thus by the Theorem Lax - Milgram, give z € W~12() there exists a unique w € WOI’Z(Q)
such that

B(w,p) =< z,¢ > 12 2 Yo € Wol’z(ﬂ).

O]

Remark 1.1. We note that, if z belongs L™ (2) with m > (2*)', the linear problem(Pr,) can
be weakly formulated in the sense that for each ¢ € Wol’Q(Q) the application z — [ z¢
defines a functional in W01’2(Q). As long as m > (2*) < m' < (2*), by Holder and
Sobolev inequality, we get

1,2
| [ 2] < lallemliglim < llznlipllze < Cllellznliellyge Ve € W@,

1.2 Stampacchia’s classic regularity results of solutions to prob-
lem (P)

In this section we will present some regularity results by Stampacchia for the problem (Pr).
We will see that the regularity of the solution depends on the regularity of the source. Let us
assume that the source is a function z belonging to a Lebesgue space to show the following
results:

o If z € L™(Q) with (2*) < m < & then w € L™ (). Where this result is obtained

A
by taking the test function w combined with the hypothesis ellipticity of

M, Sobolev’s embedding, Holder’s inequality and Fatou’s Lemma.

o If z € L™(2) with m > %, then w € L*°(Q). In this case, the result is obtained
by taking the test function Gi(w) in the formulation weakly of the problem (Pr)
combined with the hypothesis ellipticity of M, Holder’s inequality and Lemma 1.3.

Remark 1.2. We also emphasize that the legitimacy of the test functions taken follows from
Theorem 4.2, because the truncation functions are Lipschitz and w € WOI’2(Q). Moreover, if
we consider

$22+1 )

o(t) = S —{ w20
- - —|t

22 +1 e <0
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Then % s a valid test function. Indeed, note that
t2)\ t>0:
lt — Y = )
2 () 2, ¢ <o.

Where, fort < 0 we have

—(2X+ D)t
"(t) = (— (=1
S = =2 U
and, since |t| = —t, when t < 0 which implies that %]ﬂ = —1. Moreover, we get
1oy — i P —@(0) ()
P0) = fm == —5— =lm 5= =0
because o) oAt
4 .t 1 1 T
@0 = o0 L s0v 2041 & 2A+1 ot 0

and oAt

1 1

¢'(0) = lim o) _ lim il R - lim [t =0,

t—0— t t—0- 22+1 ¢t 2A+1 t—o0-

A
thus o is class C*. Since Ty(u) € W01’2(Q) we conclude that ¢ = % is a legitimate
test function.

The starting we will assume that the source is a function z € L™(Q) with (2*) <m < ¥

Theorem 1.2. Let z € L™(Q) with (2*) < m < % Then every solution w € WO’ (Q) to
problem (Pr) belongs to L™ " (Q). In addition, we have the following estimate

[wl| = < Cl2][Lm

where C' = C(N,m, a).

22
Proof. By considering ¢ = W as a test function in the weak formulation of the

problem (Pp) with A > 0, there follows that

1

/M )Vw - VT (w)| T (w) [ = A1

/ 2| T (w) |2 Ty (w). (1.2)
Using the ellipticity hypothesis of M for the left - hand side, so that

”/Aﬂ@Vw-VﬂmMHMwWM> AU@Vw-VwHMwWA>a/P Vw2 T ()| 2
Q |lw|>k

|w|>k

—a / IV T () P T ()
Q

(1.3)
Now, note that
| VT (w)| A2 2X 2
—— = |T; T . 1.4
e = IB@PVTi(w) (1.4
Thus, replacing equality (1.9) in (1.3) and using the Sobolev embedding we obtain
S?
M(x To(w) | Ti(w) 2 > = / Tjo(w)|AHD27) 77 1.
| 3@V VT T > 5255 (] | ) (1.5)
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By using Holder inequality with exponent m in the right - hand side of (1.2), we get

2\ 1 / 2A+1)m’ #
[ AT PTiw) < gl [ 1T @0m) (1.6)

1
22 +1

Putting together estimates (1.5) and (1.6) we have

i 1 N
,\+1 A N @A+1)m"\ m
25 ([ mne ) < el ([ o)

Choose A such that (A + 1)2* = (2\ + 1)m/, that is, A = =202 and using that
Z—L =L and (A +1)2" = 20

2% m/’ m**

/ Tew) ™)™ < Clfe

How the truncation function converges to identity when k& — oo, so by Fatou’s Lemma
conclude

[lw]| == < Cl2]]Lm,

where C' = C(«, S,m, N).
O]

We can now pass to the regularity of the solutions in the case where z € L™(Q2) with
N
m> 5
2

Theorem 1.3. Let z € L™(Q) with m > §. Then every solution w € W&’Q(Q) to problem
(Pp) is bounded. Moreover the estimate

lwlLee < Cllz]|Lm
holds, where C' = C'(N,a,m).

Proof. By considering ¢ = Gi(w) as a test function in the weak formulation of problem
(Pr). From the ellipticity hypothesis of M and Sobolev inequality we have

o5?( /|Gk |2* = /\vak /ch;k(w). (1.7)

Applying the Hélder inequality in [, 2Gj(w) with exponent 2* and (2*)’, we get

et < ([n) " ()

2* = n-eYy 1
/|Gk(w)| ||z|| Lmmeas(Ag) m 2N (1.8)
Q

Now combining the estimates (1.7) and (1.8) thus give

2 L
5%

%\ oF 1_(2*)/ 1
as?( /Q Gr)* )™ < Dl ([ 16Gk@)7) meas(ap)™ )

that is,

2*

L ’
/|Gk \2*) < ||| mmeas(Ag)" = 1@ (1.9)
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Again by Holder’s inequality with exponent 2* and (2*)" one has

N 1
[ 16wl < ([ 16uw)")* meas(an) =7
Q Q
and so by (1.9) implies that
G <1 ARt
Q\ k(W) < —ggllzllpmmeas(Ay) TV Tm.

Therefore, by Lemma 1.3 with a =1+ 2 — L and C = z||m gives the result.

1
a5zl

1.3 Distributional solutions

In this section, we study the existence of distributional solutions to problem (Pr). The
initial step is to consider the approximate problem, which the solution is guaranteed by the
Theorem 1.1. Then we will show some a priori estimates, which made it possible to pass
the limit in the approximate problem.

For the case where the z source of problem (Pf,) does not belong to the dual of Wy%(€),
consider the following definition.

Definition 1.1. Let z € L™(Q2) with m < (2*), we say that a function u € W&’l(Q) is

distributional solution to the problem (Pr) if

/QM(x)w-w:/Qw Vi € C5°(9).

For the case where z € L™(Q) with 1 < m < (2*)’, we will show the following results:

o If z € L™(Q)) with 1 < m < (2*) then w € Wol’m* (©). In this case, the result is
obtained by taking the test function

Te(wy,)

1
with v > —.

(1 + o7 = 1] ;

o If 2 € L'(Q) then there exists a distributional solution w € VVO1 1(Q), for every ¢ <

%. Where this result is obtained by taking the test function

Te(wr) with v < 1

[+ Jur)? = 1] :

In the following, we will make an observation, which will establish some important facts
about these test functions taken.

Remark 1.3. Let b(t) = [(1 + [t|)>2 ! —1].

(1) If v < 3, then b(t) < 0 and |b(t)] < 1. In fact, on one hand since 1 + [t| > 1 =
1+ )t <1 <= (1+[t)>~1 =1 <0, that is b(t) < 0. On the other hand, since

L+[t]>1 = 0< o <1 = 0< gyppres < 1, hence

1< 14+t)P 1t —1<0 = (1) < 1.
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(2) If v > %, then b(t) > 0. Indeed, as 1+ [t| > 1 = (1+ [t)?"! > 1
(1+[th)?> =1 =1 >0, that is, b(t) > 0.

(8) b is locally Lipschitz continuous. In fact, note that
V(t) = (2y — 1)sgn(t) = (2y — 1)1 + [t 72 VWt #£0.

On one hand

B(0) = Hm b (t) = (2y — 1) lim(1 + [¢[)20~Y,
t—0 t—0

on the other hand

V(0) = lim (1+ )20~V =1 and ¥ (0) = lim —(1+ )20~ = 1.
t—0~

t—0t

Thus b is not differentiable in t = 0.
However, b is continuous in intervals | — 0o, 0] and [0, +oc[. So that t > 0 we have:

For Similarly, taking bljy : [0,1] — R, by the Mean Value Theorem, there exists
¢t € (0,t) such that
[b(t) — b(0)] = [b'(ce)|[t] < Mt]

where M = sup,, ¢ |0'(ct)| which exists, therefore bljgy : [0,t] — R is continuous.
Similarly, for t < 0 we have bl o @ [t,0] — R is continuous. Therefore b is locally
Lipschitz.

(4) Let us remember that, since the truncation function is Lipschitz, if u € W01’2(Q), then
by Theorem 4.2 we have Ti(u) € W01’2(Q). Moreover, since b is locally lipschitz, by
Corollary 4.1 there follows that

T (u) T (u)

V (b(u)Tik(w)) = b'(u) Vu +

b(u)Vu,
where

Y (ug) = 2y —1)(1+ |up)?72, u>0
M =2y = D+ )2, w < 0.

In other words, b (ug)sgn(ug) = (2 — 1)(1 + |ug|)?7 2.

1.3.1 A priori estimates

Let z € L™ () with 1 < m < (2*). We consider the following approximate problem

(Pr)

—div(M(z)Vwy) =z, in Q
w, =0 on ON.

where 2z € L>(Q) such that zp — z in L™(Q2) and ||zg||zm < ||z]|zm. The existence of
solution wy, for every k, follows from Theorem 1.1. Moreover wy, belongs to VVO1 2(Q)NL>® ().

Lemma 1.4. Let z € L™(Q) with 1 < m < (2*)". Then the sequence of the solutions wy, to
problems (P}) satisfies

il + el |y < C

where C' = C(S,a,m, ||z||p1,]||2]|Lm)-
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Proof. Initially we will prove that the sequence wy, is bounded in L™ ( ).
By consider ¢ = b(wk)% as a test function in (P} ), where b(wy) = [(14|wg|)?7~1—1],

’y>%ande>0.

/ M)V, - vwkb/(wk)M +/ M (z)Vwy, - Vwy, Té(wk)b(wk) - / Zkb(wk)Te(wk).
Q € Q 0

€ €

Note that, since v > % there follows that b(wg) > 0. Thus, using the ellipticity hypothesis

of M we get
T/
a/ ]Vwk\Qb(wk) v
Q

Hence, discarding the positive term and talking ¢ — oo there follows that

) < /QM(x)Vwk : Vwkb(wk)Té(:Jk).

/ M (z)Vwy - Vwgb (wy)sgn(wy,) < / zib(wy )sgn(wy,). (1.10)
Q Q

Developing the term on the right - hand side, so that

/QZkb(wk)sgn(wk) < /Q |2[(1 + we )P~ = 1] < /Q 12 [(1 + wp )7t + 1]

by Holder’s inequality with exponent m we get

1

| asbtwntsentwn) < 1l + (7m0 @ 0m) 70 )
Q Q

Now, using the ellipticity hypothesis of M and Sobolev Embedding in the left-hand side of
(1.10), we have

a/ﬂ Vw2 (2) — 1)(1 4 |wi )72 < /QM(:):)Vwk - Vwgb' (wi)sgn(wy). (1.12)
Note that
\L TWDA = 1 )2 Vel P,
hence
S [ 190 )P < [ M)V Vund (wn)sen(un)

and by the Sobolev Embedding we get

Cﬁ(z}f‘g_l)(/ﬂ[ﬂr\wk!) )2 7 /M )Vwy, - Vwgb' (wi)sgn(wy).

By (1.10) combining the above inequality with (1.11) we have

1

D[ and?) <l + Wl ([ 0+ @ D7) 7 (1)

It is natural to choose an adequate A in order to guarantee that certain crucial exponents
coincide. Indeed, fixing A such that A\2* = (2X — 1)m/, that is, A = %

SV [t tand™ ) <l + e ([ 0+ o)
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2
2*

1

Since > we obtain

/wklm** </ 1+ wp| ™ < C, (1.14)
Q Q
where C' = C(S, a,m, ||z||r1, ||2||Lm)-

Now we will prove that the sequence wy, is bounded in Wol’m* (©). By combining (1.11)
and (1.12) we have

1

10+ 1l (D ®0) ™ > a0 [ 97 = 11+

|Vwg |2
=2\ —1
ol >/Q (1 [0

by (1.14) there follows that

Vg |? _
/Q(l + |wy|)20=2) is bounded.

Suppose that A <1 and 1 <m < (2*)". Let 1 < ¢ < 2, writing

V’wkq )4
/Q IVel” = /Q (1+ \’w !)2|(1_A)g (1 + fa)2(-V5
k

by Holder’s inequality with exponent % we get

| Vwy|? 3 / (229 1-3
q < =
/Q|Vwk| b (/Q (1+|wk!)2(1_k)g) ( Q(1+|wk|) o )

taking m* = ¢ and (1;# = m**. Thus by estimates (1.14) we have

feokllya.me < C.

O
Lemma 1.5. Let z € LY(Q). Then there exists a constant C > 0 such that
HwkHW&,q(Q) < C where q < N1
Proof. By taking ¢ = b(wk)Te(Z”’“) as a test function in (P} ), where b(wy) = [(1+]|wg|)?7 1 -
1], 7 < 3 and € > 0. There follows that
¢ (wr) Te(wp)

/ M (x)Vuwy, - Vwkb'(wk)M —I—/ M (x)Vwy - Vwg—= b(wy) = / 2ib(wy,) ,
Q € [e) € Q €

hence

/M(x)Vwk'Vwkb'(wk)TE(wk) Z/Zkb(wk)Te(wk)—/M(iﬁ)vwk'Vwkwb(wk),
Q € Q Q €

€

discarding the positive term and then taking ¢ — oo, we get

/M(CU)Vwk-Vwkb/(wk) sgn(wk) >/Zkb(wk)89n(wk)
Q Q
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that is
(2v—1) /M )Vwy - Vwg (1 + [wp )22 > /zkb(wk)sgn(wk).
Q

Since (27 — 1) < 0 and b(wg) < 0, implies that

1
2y —1

/ 2ib(wy)sgn(wyg) > 0.
Q

Thus, by the ellipticity hypothesis of M and |b(wy)| < 1, we have

[Vwy,|?
/Q(1+ e < Cllon. (1.15)

Now note that

Vw _
J 1wl = [

L g ])20=04/2

By Holder inequality with exponent % on the right side of the equality above and Sobolev
embedding on the left - hand we obtain

q q q
i |Vwy, |2 2 (-2 1=5
q q \V/ 1 < -
S /'wk| /' ol < /( +Iwk\)2(17)) (/S)(1+|wk) - >

by inequality (1.15) implies that

«\ oF (1=v2q\ 1-2
s9( [ )™ < [ vl < o [f o) )

thence
% (-2 “/)211 1—%
s / ) / Vurl? < €+ ¢ / g2 . (1.16)
Specify v such that % = ¢*, that is, v = gg%:zg Since v < %, that implies ¢ < %

In this way

% 14
s /\wkyq C’+C</]wk|q> :
Q

and so the sequence [, |wy|? is bounded. Hence the right - hand side of (1.16) is uniformly
bounded and [, [Vw|? too. O

1.3.2 Existence of distributional solutions

From the estimates obtained above, we can show the existence of distributional solutions
for cases in which z € L™(Q) with 1 < m < (2*), and z € L}(Q).

Theorem 1.4. Let z € L™(Q) where 1 < m < (2*)'. Then there exists a distributional
solution w € W&’m (Q) for (Ppr).

Proof. According to Lemma (1.4), there exists a subsequence that we will denote {wy} and
w in Wol’m (©) such that

wy, — w weakly in Wol’m* (Q) and Vwy, — Vw weakly in (Lm*(Q))N.
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Thus, since M (z) is symmetric matrix and bounded, by taking the limit on the weak
formulation of problem (P;), we obtain

/QM(;E)Vw-ch:/ngo Vo € C5°(Q).

Therefore, w is a distributional solution for (Pr,). O

Theorem 1.5. Let z € L'(). Then there exists a distributional solution w € Wol’q(Q) for
(Pr) where ¢ < 3.

Proof. By Lemma 1.5, there exists a subsequence that we will denote {wy} and w € VVO1 Q)
such that

wy, — w weakly in Wy(Q) and Vw, — Vw weakly in (Lq(Q))N.

Thus, since M (z)Vp € (Lq/(Q))N, by taking the limit on the weak formulation of problem
(P}), we obtain

/QM(:E)W-WZ/QZSD Vo € CE°(Q).

Therefore, w is a distributional solution for (Pr). O
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Chapter

Regularizing Effect for a Class of
Maxwell-Schrodinger Systems

2.1 Preliminaries

In this section we provide certain technical results that are used in the present chapter.
Despite that not all of them are new, for the convenience of the reader we decided to keep
some proofs. We begin by defining for 7 > 0 the following truncations

g(x,t,s) if |g(x,t,8)] <75

gr(z,t,8) = {

7 sgn(g(e,t, ) if [g(a,t,s)[ > 7

h ( t ) h(a:,t,s) if ’h(l’,t,S” < T
T x’ 78 =
7 sgn(h(z,t,s)) if |h(x,t,s)| > 7.

From the definitions, it is clear that

‘gT(x7t7 S)| = min{T? |g($,t, S)’}; (2 1)
|hr(@,t, s)| = min{r, [h(z, ¢, 5)[}.
Moreover, it is clear that h; and g, satisfy the hypotheses (P2) and (P4) respectively.
Concerning problem (P), in our manuscript, we will consider the following definition of
solution:

Definition 2.1. We say that (u,v) in Wol’p(Q) X Wol’p(Q), for p > 1, is a distributional
solution for problem (P) if and only if

(Pr)

{ JoM@)Vu-Veo+ [qg(z,u,v)e=[ofe VeelXQ)
JoM(x)Vv -V = [oh(z,u,0)y YV eCXQ).

where g(.,u,v) € L, () and h(.,u,v) € L}, .(Q).

From now on, C' > 0 will denote a general constant, which may vary from line to line,
and may depend only on the data, i.e., C' = C(a,,@’, 0,Q,c1,co,d1,da, T, N) > (. Sometimes,
in order to simplify the notation, we will denote C' = C(f) > 0 in order to stress that C
depends on || f||zm.
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As a fist step, we provide certain convergence results which will be employed in the
proofs of our main results. As it will be clear, by cropping certain technical details from
Theorem 0.2 and 0.1 we simplify their proofs. We just mention that the difference between
cases (i1) and (#i1), comes from the fact that, naturally, when f is less regular, the estimates
on the mixed terms become also less regular, see Lemmas 2.4 and 2.5.

Lemma 2.1. Let f € L™(Q) with m > 1, {ux} bounded in Wol’S(Q) and {vg} bounded in

Wol’t(Q), where s >t > %féfi and h, g be two Carathéodory functions satisfying (P1) and

(P3). Then, there exist u and v in Wol’t(Q) such that, up to subsequences relabeled the same:
(i) If f{\uk|>n} |uk|r71|vk|9+1 < Cf{\uk|>n} If1,
then g(z,ug, vi) — g(x,u,v) in L1(Q).
(ii) If f{\vkbn} lug|" g | < C and {|ux|"} is uniformly integrable
then h(x,ug,vx) — h(x,u,v) in L}(L).
(i1i) If f{\vk\>n} lug|"|vp|*=0 < C and {|ux|"} is uniformly integrable
then h(zx,ug,vy) — h(z,u,v) in L'Y(Q).

Proof. (i) Since %féﬁ:i <t < s, then 0+ 1< t* < s* and also u,v € WH(Q) such that,
up to subsequences

u, — u weakly in W, (Q)
vy — v weakly in Wol’t(Q),
up —u in LY (Q), and a.e in Q
v — v in LY (Q), and a.e in Q.

(2.2)

Of course, we also have g(x, ug, vi) — g(x,u,v) a.ein Q. Further, from (P;) and (%), given
FE C ), a measurable set, there follows that

/wwwwm<@/mwﬂwﬁl
E E

_02/ |uk|r1’vk’9+l+02/ |uk|r71’vk’9+1
En{|ug|<n} En{|ug|>n}
<CQ7”LT1/ \vk\GHJch/ ‘uk‘r71|vk|9+1

E {luk|>n}

<@m1/wwﬂ+c/ 5l
E {lug|>n}

Claim 1. Given o > 0, there exist ng € N and 6 > 0 with meas(E) < J, such that
C If] <2 and n“/ o+ < 2.
{Jux|>n} 2 2 2
Note that, by Holder’s inequality
1
C/ [fI < Clfl[pm - meas({[ug| > n}p)m’.
{lug|>n}

Moreover, by considering Cy such that

Co >/ | 2/ g | >/ n'" = n" meas({|ug| > n})
Q {luk|>n} {luk|>n}
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hence
Co
meas({|ur| > n}) < — — 0, when n — oo.
n
That is, for all o1 > 0, there exists ng € N such that for n > ng, we have
meas({|ug| >n}) < o1, VEkeN.

Thus, by taking o1 = m, for n > ng fixed we have that

C Ifl <

{luk|>n0}

On the other hand, as § + 1 < t*, there follows that

Dol Q

llve — vHiﬁil < Clvg — v||§j[*1 — 0, when k& — oo.

In this way, by the Vitali Theorem, see 4.4, there exists § > 0 such that meas(F) < § implies
that

/ lur P! < g tog, Voo
E

In this fashion, by taking o9 = we get

g
2n671 ’
6+1 _ 9 : :
/ lvg|""™" < —, proving our claim.
E 2

At this point, let us stress that by Claim 1, we have

36 >0; meas(E)<J implies / lg(x, ug,v)| <o, Vo>0,

E

so that, by the Vitali Theorem, we get g(z, ux, vr) — g(z,u,v) in LY(Q).

(i) Now, remark that by (2.2) we have h(x,uk,vp) — h(z,u,v) a.ein €, it up to
subsequences relabeled the same. Moreover, for ¢ > 0, given E C Q, by hypothesis (P3)
combined with (i) we have that

/meWK@/WWMW
E E
= d2/ Jug|"|ve|” + dz/ Jug | og |1
En{|vg|<n} En{|vg|>n}

d
<@#/mw+2/ gl [+
E - J{jog|>n}

doC
<d2n9/ ’Uk’r‘f‘ia
E n

for all n € N. In particular, by taking ng such that n% < ﬁ, we arrive at

o
/ |h(z, ug, v)| < dgng/ lug|” + =.
E E 2

However, since {|ug|"} is by hypothesis uniformly integrable, there exist § > 0 for which, if
meas(E) < 4, one has

/|uk|7”<”9, Y k,n €N,
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and then
/ ’h(wvu/ﬁvk” <o,
E

so that h(z,uy,vi) — h(z,u,v) in LY(Q), by the Vitali Theorem.

(#i) This proof is very similar to the last one, nevertheless, in the current case, the
argument for the second convergence, is more delicate since now we lost some regularity
of the estimates of the mixed terms. In any case, observe that for v = 1 — 20, since
f{\vk\>n} lug|"|vx|* ¢ < C one has that

/memk@/mwmﬁ
E E
[ sl url” + 2 o]
En{|vg|<n} En{|vg[>n}

d2
<d2n9/ |uk|r+’y/ |uk|r’vk’9+’y
E 5 J{jog|>n}

<d2n9/ |uk|r—|—@, for all n € N,
E ny

so that by repeating the same argument as in (i) we prove that {h(x,uy,vy)} is uniformly

integrable and the result follows once more by the Vitali Theorem.
O

Lemma 2.2. Let u,v € Wy (Q) N L®(Q), u >0 a.e. in Q, and let p-(t) = (t +¢)7 — e
be a Lipschitz function for allt > 0, wheree > 0,0 <y <land H:QXxRXxR =R be a
Carathéodory function satisfying

|H(z,t,s)] < C|t|°Y]s|??, for o; > 0,i=1,2.
Then
(@) 7 fo|VuPur < limeor f, Vu- Vu(u),
(8) foy (o) = lime s [y H o, 0} ),
where g, = p.(u)

Proof. (a) Remark that u(x) > 0 a.e. in Q4, so that by setting

w1 ae. in Qg
Wy = )
+oo a.e. in Q\Qy,

wy, is measurable and well-defined. Moreover, since |Vu| = 0 a.e. in Q\Q, by using the
real extended line arithmetic rules, we have |Vu|?w, = 0 a.e. in Q\Q,. Thus,

/|Vu|2wu:/ |Vu|?u?.
Q Oy

Now, observe that 0 < (u+¢)?~! <w?’~ ! and (u+e)’! = w, ae. in Q when £ — 07,
there follows from the Fatou Lemma that

’y/ V|27 < liminf*y/ |Vul?(u+ )7t
0. Q

e—0t

= lim inf/ Vu -V (u).
Q

e—0t
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(b) Note that

[H (2, u,0)[(u+ )7 = &"]| < [H(z,u,0)[[(u+)7 + 7]

<
< clu| o] [(u + €)Y +€7].

Suppose 0 < € < 1, we have
[H (z,u,v)[(u+¢e)" — ]| < Cllul| T vl 72 [(ul e +1) + 1]
Moreover,
H(x,u,v)[(u+¢)" —&7] = H(z,u,v)u”, ae. in , when e — 0.

Thus, by the Lebesgue Dominated Convergence Theorem

/H(:U,u,v)uvz lim | H(x,u,v)pe(u).
Q

e—=0t Jo
O

Remark 2.1. [t is clear that by arguing in an analogous manner to the proof of Lemma,
since v > 0 a.e. in § we also have the validity of

(a) ’YfQ Vo207~ < lim, 0+ fQ Vv - Ve (v),

(b) Jo H(x,u,v)vY =lim._ o+ [ H(z,u,v)p:(v).

Now, by using hipotheses (P1)-(P5), and a standard argument based on the Schauder
Fixed Point Theorem, we obtain existence of solutions to preliminary version of (P). We
emphasize that to construct a well-defined operator whose fixed points are weak solutions,
we use (Pa).

Proposition 2.1. Let ® € L*>®(Q2). Then there exists a weak solution (u,v) € W01’2(Q) X
Wol’2(Q) of the system

—div(M (x)Vu) + g-(z,u,v) =P in Q
—div(M (2)Vv) = he(z,u,0) + 1 in Q (Py)
u=v=0 ondf.

Proof. Fix ¢ € Wol’Q(Q). We will show that there exists u = S({) € Wol’Q(Q) such that
[ M@va-e+ [ gwucio= [ o0 veewito, m

From the classical PDE theory the linear problem (Pr) has a unique weak solution. That
is, there exists an unique w € VVO1 2(€2) such that

/QM(JJ)Vw V= /ngo = <z,cp)W,1,2’W01,2 VAGRS W01’2(Q).

Thus the solution operator G : W~12(Q) — Wol’Q(Q), given by G(z) = w, is linear and
continuous.
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Now consider the operator F, : L2(Q2) — L?(f2) defined by F,(2) = ® — g,(-,2,() Yz €
L2(2) where ¢ € Wy(Q) is fixed. Note that, F, is well defined. Indeed,

’FT(Z)‘ = |q) - gT('aZ7<)| < |q)‘ + ’gT("27<)| < ‘(I)| +T? Vze LQ(Q)’
there follows that
IF e < [ 0]+
< ||®||3 o meas(Q) + 27| ®|| Lomeas(Q) + T2meas(Q) < +oo.

Moreover, F; is continuous. In fact, let zj,2 € L?(2) such that ||z; — z||;2 — 0 when
J — oo, we must that ||Fr(z;) — Fr(2)||z2 — 0 when j — oo.

On one hand, since z; — 2 in L?(f2), then up to a subsequence z; — z a.e. in Q,
accordingly as g, is continuous in z, we get g-(, z;,() = g-(,2,() a.e. in . On the other
hand

lgr (2,25, Q)| <7, ae.xe€Q VjeN.
Hence, by the Lebesgue Dominated Convergence Theorem
9+ (2, %1, €) = g (2,2, )l 2 = 0, when j — oc.

Thus

HFT(Zj) - FT(Z)H%2 = /Q |q) - 97’(377 Zjs C) - o+ gT(% 2, <)|2

= ng(x’zjvo - gT(x7Z7C)Hi2 — 0, when j — oo.
The idea now is to show that the operator
Go F, : L*(Q) — L*(Q) — W h2(Q) —» W, ?(Q) = L2(Q)

is in the hypotheses of Schauder’s Fixed Point Theorem, in order to conclude that there is
u € L?(Q) such that u = G o F,(u).

w= (i 0 Goico Fy)(u) = G(Fy(u))
where

it L2(Q) — W™12(Q) continuous embedding and
ir : W2 (Q) < L*(Q) compact embedding (Rellich-Kondrachov).

Since v € Im(G), then u € W&’Q(Q). Thus, given u € L?(f2) there exists w € Wol’z(Q) such
that w = G(F,(u)).

/ M(2)Vuw - Ve = / Dy / 0@, O ¥ g € WEA(Q).
Q Q Q

Taking ¢ = w in the weak formulation of the fisrt equation of (2.1) and using the hypothesis
(P5) and Holder’s inequality, there follows that

a/ |Vw\2</ r<1>||w|+/ rgT<x,a,c>r|wr<u<1>||m/ rw|+f/ o]
Q Q Q Q 9]

< @]l e ]| 2meas(2)!2 4 7jw]| p2meas(2)'/? = [[|@]| oo + 7] meas(€2)'/|[w]] 2,
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hence
IVw|72 < [[@]]z + 7] meas(€)"/?|[w]| 2. (2.3)
In particular by Poincaré inequality we get

Hw”wg*2 < Ry and |w|z2 < Ry, (2.4)
where Ry = C'[||®|| 1 + 7] meas(Q)'/2 and C'is Poincaré constant.

Let B= B(0,R)) = {w € L2(Q); ||lwllrz < Ri}. Then of estimate in w € L*(£2), namely
(2.4), there follows that G(F»(B)) C B.

It is clean that G o F; is continuous, because G and F) are continuous. It remains to

be shown that G o F,(B) is relatively compact in L2(Q), i.e., G(F-(B)) is compact in
L?(2). In fact, since F; is continuous and bounded, for each k € N, we get

F(B) is closed in L2(Q) and F,(B) is bounded in L2(€2),
by continuous embedding we have
ie(Fr(B)) = F-(B) is closed in L2(2) and i.(F,(B)) = F,(B) is bounded in L2(Q).
As (@ is linear and continuous, there follows that
G(F;(B)) is closed in W, () and G(F,(B)) is bounded in W, ().

Thus by Rellich-Kondrachov we obtain G(F,(B)) is compact in L2(f).
Therefore, by Schauder’s Fixed Point Theorem, there exists u € I/VO1 2(Q) such that

/M(w)VU-V¢+/gf(w,u,C)¢=/flw Vo e Wyt (Q).
Q Q Q

Furthermore, by an analogous argument, given u € I/VO1 ’Q(Q) fixed, there exists n = T'(u) €
W&’Q(Q) satisfying

/M )V - Vip = / (,u,m) %)1/1 V1 € WEA(Q).

Taking ¢ = 1 in the weak formulation of the second equation of (2.1) given above and using
the hypothesis (P5), Holder’s and inequality we get

1 1
o [ 190 = [ (he(osum) + 3 ) < rlgllzameas(@)!/2 + ] emeas()
0 0 T T

_(7'2—1—1

il zmeas(©)'/2
thus

[l < Rz and |2 < Ra, (2.5)

where Ry = C’(T H)med(Q)l/Q and C' is Poincaré constant.

We are now going to prove that T oS satisfies the assumptions of Schauder’s fixed point
Theorem. By estimates (2.4) and (2.5) we consider

B =B(0,R) = {u€ L*(Q); |lulz> < R}
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where R = max{R;, R2}. Note that, B is invariant by T'o B i.e. T(S(B)) C B. In fact,
given w € B, we have that S(w) = u, solution of first equation of (P4), so by (2.4) we get
S(w) = u € B, thus for this u we have n = T'(u) = T'(S(w)) € B, because holds (2.5).

Besides, T o S is continuous. In fact, let ¢, — ¢ in L*(Q). Since uy is bounded in
WOI’Z(Q) we have

ur — u in WOI’Q(Q) up to a subsequence,
up — u in L?(Q)) up to a subsequence.

As uy = S({k), there follows that
[ M@V ves [ auce= [ o0 veewit@. @0
Note that by weak convergence of ux — u in W01’2(Q) we get
/QM(IU)VUk -V — /QM(:E)VU V.

Since uy, — u and ¢, — ¢ in L?(Q2), up to a subsequence we have
ug(z) — u(z) and (x(z) = ((z) a.e in Q.
As g, is continuous, there follow that g,(z,ug, (k) = g-(x,u,() a.e in . Moreover
lgr (z,ug, k)| < 7 ae in Q VkeN,
and by Dominated Convergence Theorem ||g-(z, ug, (x) — g-(z,u,()||z2 — 0, when k — oc.

Thus, passing the limit in (2.6) we get

[ M@Tu- Yo+ [ goucro= [ 4o voewii@).
Q Q Q
That is, u = S(¢) which implies that S is continuous.
Since ng = T'(u), by estimates (2.5) we have
e — 1 in WOLQ(Q) up to a subsequence,
mr —n in L?(2) up to a subsequence.

Thus passing the limit in

/M YV - Vi = / (2, u,m) %)1/1 V€ W),
we obtain

/M Y- Vep = / (2, u, ) %)w v e WhA(Q).

That is, n = T'(u) = T(S({)), thus T o S is continuous.

And to finish we have T'oS(B) is relatively compact in L?(Q), i.e., T(S(B)) is compact
in L2(Q). Indeed, as we saw earlier B is invariant by 7o S which implies that given wy € B
we get 7 = T(ug) = T(S(wg)) € B. Since 7 and @y, are limited in Wol’Q(Q) there exist u
and 7 € Wol’z(ﬂ) such that

Uk, Mk, — W, 7 in W01’2(Q) up to a subsequence,
Up, T — 0,7 in L*(Q) up to a subsequence.

Thus as T'o S is continuous there follows that ||y —7||2 — 0 when & — co. Therefore, by
Schauder’s Fixed Point Theorem, there exists v € B C W&’z(Q) such that v = T'(S(v)) =
T(u). O
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2.2 Approximate Problem

This section comprehends the heart of the contributions on the present chapter. Indeed, we
explore the choice of tailored test functions for a favorable approximate version of (P) in
order to obtain certain key estimates, see Lemmas 2.4 and 2.5.

Nevertheless, we start by obtaining estimates for a first version of approximate problem,
i.e., that the solutions given by Proposition 2.1 are bounded in W&’z(Q) NL>(9). We stress
that, surprisingly, in order to obtain L°° estimates for v, we have to impose that 6 < ﬁ.

Lemma 2.3. Let ® € L™(Q2) withm > 1 and let (u,v) be the solution of system (Pa) given
by Proposition 2.1. Then there exists a constant C > 0 such that

(i) if ® € L™(Q) for m = (2*) then
fallyae + [olyaz < Cl@] o
(ii) if ® € L™(Q) form > & and 0 < 6 < %5 then
[ullzee + vl oo < O[] Lm-

Proof. By taking ¢ = w in the weak formulation of the first equation of (Pj4), and by
combining the ellipticity of M with Holder’s and Sobolev’s inequalities we end up with

[ull e < Cl[ @] L,
|Vu||22 < C||®||m and (2.7)

/QA%MMU<@@MW

Q

Further, we claim that
[l < )], (2.8)
Q

In fact, by (P}) and the definition of g,, see (2.1), it is clear that

/w@mww>/ o u, ),
Q {lgl<T}

and thus, from (2.7), we get
[ glauvu< o,
{lgl<}

In this way, if we recall (P1), by taking 7 — +oo in the latter inequality, as a direct
application of Fatou’s lemma we arrive at

[t < [ g vy < o),
Q Q
proving our claim.

Moreover, by taking ¥ = v in the weak formulation of the second equation of (P4), by
combining (P3) and the ellipticity of M, we have

1 1
a/ Vv!2</ (hT(x,u,v)+)v</ ]hT(x,u,v)\|U\+/ v
Q Q T 0 T Jo

C
0+1
< [ ol + Sl
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Thus, taking 7 — 0 and by (2.8) there follows that [, |[Vv|? < C||®||» and hence, by
combining (2.7) and the last inequality, we get

[va+ [ [9ep < clfun,
Q Q
which proves (4).

Now we proceed to the L>°(2) estimates. For this, let us recall the definition of one the
standard Stampacchia’s truncation, Gi(s) = (|s| + k) Tsign(s). Then, we take ¢ = G(u) in
the weak formulation of the first equation of (P4), obtaining

/QM(JU)VU,-VUG?C(U)—|—/Qg7(x,u,v)Gk(u):/Q<I>Gk(u). (2.9)

In addition, notice that clearly, there holds

et /{lm} (@, 0, 0) G ()
/{u>k}gr(:v,u,v)(u—k)+ [ sl

{u<—k}

Moreover, as a straightforward consequence of (2.1) and the definition of G(.), we have

/ gr(x,u,v)Gr(u) = 0.
Q

Thus, from the latter inequality, by using the ellipticity of M and Holder’s inequality on
the right-hand side of (2.9), we get

2N L * L*
o [ el < [ et < ([ o) ([ ewr)”
) Q u

where A} = {|u| > k}.
Additionally, recall that by Sobolev’s and Hoélder’s inequalities there follows

2 L
/ Gi(u |2* / Grlw) )™ (A - 2

so that by the latter inequalities we arrive at

]N+2

2
( / Grw)*)7 < €l mmeas(Af) T (2.10)
Q

Moreover, by Holder’s inequality and (2.10), we have
/ka(u)y:/ Gi()] < meas(AY) 5 /Gk ) < Ol mmeas(47)°.
Q

Where o = 1 + % — % > 1, since m > % Hence, by Lemma 6.2 in [6] p. 49,
u € L™®(Q) and ||u||p~ < C||®||pm,

where we stress that the restriction of 8 was not used.
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Finally, we handle the L*°(f2) estimates on v. Indeed, if we take ¢y = Gg(v) in the
second equation of (Py4), by combining (P3), the ellipticity of M and the L%(2) estimate
for u, we obtain

@ [ NG < [ (relu) + @ < [ G+ [ 6

2C
< dy|ul| 700 / |U\9\Gk(v)\ + —HUHW1 ameas(Q)), where A} = {|v| > k}.
AR

Taking 7 — 400 we have

o / VG (0)? < dyflullf / Wl |G(v)].
Q AY

Further, by a straightforward combination of Sobolev’s and Hoélder’s inequalities we get

2 L 1

* 2% *\/ To*\T * 2%

o8* ([ 160 ) " <aulte ([ 10)F7 ([ 1enr) "
Q Ap Q

= 1
s (o) < (] ey
AR

and then, by applying once again the Holder inequality on the right-hand side, with the
exponents (22),0 and T 9(2*),, we arrive at

( / |Gk<v>\2) < Cmeas(ap = 1 ( ([ w#)
Q

[2* e£2 ) ]
CHUH 12meas(A“) :

so that

(2*)’

Nonetheless, recall that

S / G(v)] < meas(A) BT ( JC

Thence, the combination between the latter inequalities implies

J16w@1 = [ 1Gut0) < meastapr

where o« = (;)/ [1 + 2*_2952*)/} > 1, since ﬁ > . Therefore, once again by invoking

Lemma 1.3, we have v € L>®(£) and

1
2*> 2z

[o][ o < CJ|®]|zm.
O

With these tools at hand, we are able to prove existence of suitable solutions for a more
favorable approximate version of our problem which will be explored in our investigation of

(P).

42



Proposition 2.2. Let {fi} be a sequence of L*°(Q) functions strongly convergent to f in
L™(Q), m > 1, for which |fx| < |f| a.e. in Q. Then, there exists (ug,vg) € Wol’z(Q) N
L®() x W (2) N L®(K2), solution to

—dW(M(CU) k) + 9(@, up, ) = fk
—div(M (z)Vuy) = h(z, ug, vg) + E’ (AP)
v =0 on 0f),

Uf

where T, > 0 and 7, — +00 if k — 4+00. Moreover, if f > 0 a.e. in Q then up > 0 a.e. in
Q and v > 0 a.e. in Q.

Proof. Given k > 0 consider 7 > (c1 + d1)C"9k™*% where C is given in Lemma 2.3 and
c1, dy in (P1), (P3). Let us recall the standard truncation T(s) = max(—Fk, min(s, k)) and
then take fr = Tx(f). Thus, for ® = fi, by combining Proposition 2.1 and Lemma 2.3, we
obtain a couple (ug,vy) € Wol’2(Q) N L>*(0) x W&’Z(Q) N L>(2) solution for (Py).
Observe that g (., ug,vk) = g(., ug,vg) and hr (., ug, vr) = h(., ug,vg) a.e. in Q. As a
matter of fact, from Py, Lemma 2.3 item (ii) and the choice of fi, we have
|9(, ug, vg)| <
< clcr+9”f Hr+9
< ClCT+€kT+0.

Thence, since by the choice of 7 > ¢;C" k™ from (2.1) we have that g, coincides with
g. Analogously using the hypothesis Ps we conclude that h, = h.

Finally, remark that if f > 0 a.e. in Q then f; > 0 a.e. in Q. Thus taking ¢ = u; =
— max(—ug, 0) in the first equation of (AP), we have that

/QM(.CI})V[UZ_ —uy |- Vu, + /Qg(:v,uk,vk)u; = /qu,;,

by using the hypothesis (P5) we get

—a/|Vuk|2 / 9(x, ug, vi)u /fuk,
Now, note that

/ g(fL’,Uk-,'Uk)’U,k_: _/ g(m,Uk,’Uk)u]; = _/ g(xaukvvk)uk g 0
Q {u<0} {ur<0}

where the last integral is negative, by hypothesis (P}). Which implies that

—a/|Vuk\2>/fuk>O
Q Q
0</ Vu, > <0
Q

lug e = IVl =0 = wy =0.

Thus

thence

Consequently we get up > 0 a.e. in ).
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Now we prove that v; > 0 a.e. in . In fact, consider wy, € CH*(Q), with 0 < a < 1,
the solution of

i (2.11)

—div(M (z)Vwg) = % in Q,
wr =0 on 99.

Remark that, since M € W% (Q) the existence of this wy, is standard, for instance see
Corollary 8.36 in [15]. Then, by a straightforward application of the Strong Maximum
Principle of Vasquez in (2.11), see Theorem 4 in [20], we obtain that wy > 0 in Q. After
that, let us stress that

—div(M (z)Vug) = h(z, ug, vi) + = > —div(M (z)Vwy)

Tk

then by the Comparison Principle vx > wy a.e. in €2 so that vy > 0 a.e. in €. O

2.3 Estimates

At this point, we are finally ready to obtain a set of delicate uniform a priori estimates
which play a key role in our results. First, we adress the “energectic case"

m>(r+6+1).

Let us stress that we strongly use the fact that one of our approximate solutions of the
decoupled system is strictly positive, i.e., vy satisfies vy > 0 a.e. in €.

Lemma 2.4. Let f € L™(Q) where m > (r+ 0+ 1), and f > 0 a.e in Q, r > 1 and
0<6<1. Then

r+6+1 1
foule oo+ [+ [t <o(Ua® + %), @
0 0 0 0 Tk

where C' > 0 and 1, — o0 if k — oo.

Proof. Let us take ¢ > 0 and by considering ¢ = uiﬂ(vk +¢)7% as a test function in the

second equation of (AP), after dropping the positive term, we get
/ (2, ug, v )ulb T (o 4+ )70 < (0 + 1)/ M (2)Vuy, - Vugul (v, +¢)~°
Q Q
- 9/ M (z)Voy - Voguh ™ (vg + g)~(6+1),
Q

Then by (P3), (P4) and (Ps5), it is clear that

/ uf“e“vz(vk +e)7 %+ 040/ \Vvk\zqu(vk +¢)~(0+D)
Q Q

<0+ 1)5/Q ok [V (v + ). (2.13)

Before letting € — 0, let us consider 2 = {z € ; v:ia <1} and Qo = {z € O v:ig > 1},

so that Q = )y U Qs. In this way, by Young’s inequality

20
(9+1)5/ IV 0l |Vt [ (05 + )~ gC’,,(GJrl)ﬂ/ \Vuk|2+n(9+1)ﬁ/ (R -
Q Q Q (v +¢€)
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(9+1),3/ |vuk|yvukyuz(vk+s)*9 <C’n(0+1)ﬁ/ \vuk|2+n(9+1)5/ Vo2
Q Q
9—‘,—1 '
9+16/|V%F

STt
and hence, by combining the above estimate with (2.13), we have
/Quzw+1 o) (v +€)” +a9/ﬂ Vg 2ul (v, +e)~ O+ < 0, (0 + 1)5/ V|2
9+1
ot o

Thus, by taking n = (Gﬁﬁ’ and C' = max {C, (0 + 1)5,0a} and by the Fatou Lemma, we

n(6+1) B/IVvkl2+77 0+1) ﬁ/rvm?

arrive at

‘/14”+1<1mnn3/ w0l (vg + )7 [/|vmﬁ ./|Vuﬂﬂ (2.14)
QO e—0 0

Now, let us proceed to the other estimates. Indeed, by choosing ¢ = uy in the first equation
of (AP), it is clear that

0</Q|Vuk|2+/Q (, ug, vg)u /kak (2.15)

In particular, by combining Hélder’s inequality with

0+1
C1/uzvk+ </g($ Uk, Vg U /fuk
Q Q

[ kol < €l s, 2.16)

then

where we strongly used that f € L™(Q) for m > (r +6 + 1)".
Further, by taking v = vy, in the second equation of (AP), from(P3) and (Py), it is clear
that

C
o [19ul < [ hesuno < b / ! / < ClS i lnllrwomi+ = V2.
Q Q

However, it is clear that

C Co « 9
—|IV <=+ -V
Tk:H Vg2 < P + 2|| Okl 72
whereas, by combining with (2.15), give us
1
/ |Vuk|2 +/ \Vvk|2 < C(Hf||LmHukHLr+9+1 + 7) (2.17)
Q Q T
In particular, by (2.14) and Young’s inequality, we obtain
r+6+1 T+igl 1
ol < (115 + %), 218
T
Therefore, gathering (2.16), (2.18) with (2.17), we finally have
2 2 0+1 Higl 1
g + oty + [ oot <0117 + )
where we stress that 7, — oo if k — . O
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/
Lemma 2.5. Let f € L™(Q) with f > 0, (Tl_f%1> <m<(r+60+1) and0<6<3
Then

r—0+1 1
0+1 T
ol [t [ el < o (UA1ET + ) and

q T 9«51 1 ﬁ
el ., < <||f|r;+ ) (2.19)
0 Tk

where T, — o0 if k — 00, p = 2(:;99:11), q= 2]]\]\](_1;90), and C > 0. Moreover, if r > N+2,
then {ur} and {vi} are bounded in Wol’q(Q).

Proof. Let us consider p. = (ur +¢)Y —&7,0<e<1,0 <~y <1, as a test function in the
first equation of (AP), so that

ory/Q |Vug|?(up +¢)7 1 + /Qg(a:,uk,vk) [(up +e)7 —&7] < /ka [(up +)7 —&7]. (2.20)

Then, by using that ui € L>°(€2) and the Dominated Convergence Theorem, it is clear that

im [ Sl +e =7 = / Sl

e—0
Thus, by taking e — 0 in (2.20), by recalling Lemma 2.2 and (P;), we end up with

a’y/ |Vuk|2uz_1+cl/ u2_1+7vz+1 < / ful < oo, (2.21)
Qk Q Q

+

which is finite for every fixed k € N, where Qf = {u;, > 0}. Now, we address the set of
estimates arising as a byproduct of the coupling between both equations of our system.
We must stress that for us, the fact that vy > 0 a.e. in € will be crucial. As a matter of
fact, by considering ¥ = (v + £)7 — €7 in the second equation of (AP) it is clear that

ory/Q |Vu|? (v, + )77 < /Qh(x,uk, vi) (v + )7 — 7] + 1 /Q(vk +e) =7, (2.22)

Tk

Then, once more, by taking e — 0 and by recalling (P3), from Lemma 2.2, we obtain

Oé’)’/Q‘VUHQUk /h T, Uk, V) U}, dg/ukvzw /vk (2.23)

Further, take ¢ = (uj, + €)Y (vy 4+ £)7? in the second equation of (AP). By dropping the
positive term, one has that

/Q (e, g, o) (g + )70 (v + )70 < (v +6) /Q M (z)Voy - Vg, (ug + )70 (v +¢)7?
-0 /Q M (z)Voy - Vog(ug + )70 (vg + )7+
Then, by (P3) and (P4) it is clear that
o /Q wl (g + )+ (v + )0 + af /Q Tk 2 (g + £)*0 (v + ) ~O+D
< B +6) | V0Vl 27 4 2)

— By +0) / (V0 [V (g + )7+ (v + ),
Q+

(2.24)
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since Vuy, = 0 a.e. in the set u, = 0, where QF = {uy, > 0}.
Given 1 > 0, by Young’s inequality, we have that

/k |Vor || Vug| (ug + )40 (o + )7 < /k |Vok| Vg (ug, + €)7oy |~
Q Q

+ +

77/ [Vor[*0, " + CW/ V| (uy, + )20+,
Q Q{c‘_
By combining the above inequality and (2.24) we get
1 / U};’Uz(uk + [—;)’H‘@(vk + g)_e + ae/ ‘Vvk’2(uk + 6)’Y+9(vk + 5)—(9-{-1)
@ Q

<Blv+ 9)77/Q Vor*o? + B(y + 0)C, /Qk Vg |? (ug + £)200-D),
+

At this point, it is natural to choose an adequate  in order to guarantee that certain crucial
exponents coincide, what allows us to explore the coupling between the equations. Indeed,
by fixing v = 1 — 260 so that 2(y 4+ 6 — 1) = v — 1 = —20, after dropping the positive term
there follows that

o1 [ ol + )+ ) 7 < 51— 0 [ [V
Q Q
L1-0C, [ [VuPut . (225)
Q+
However, remark that by (2.21), for every k fixed, we have |Vuy,|[>u;?? € L' (QF). Thus

by taking ¢ — 0 in (2.25), employing the Fatou Lemma combined with the Dominated
Convergence Theorem, we arrive at

cl/u; o+ < B(1— Oy /\Vvk|2vk29+ﬁ(1— ), / IV 2u . (2.26)
Q
Now, it is clear that

/ ! </ e </U2 20,041 and / ol </u7];9+1‘
{ur<ox} {ur<vr} Q {ur>vr} Q

The latter estimates clearly guarantee that

/ ujv,” b < / u};*eﬂ +/ (T zeszrl. (2.27)
Q Q Q
Thus, by gathering (2.23), (2.26) and (2.27), and by using (2.21) twice, since y+60 =1 — 0,

there follows
1
2. —20 6+1 1+ 9+1 1-20
/!Vv\ \/T +/uz 7 +/vk

1
/|VU |27)k29+0/fu1 20 /U;—w’
7 Jo

where we combined (2.21) and (2.26) in the right-hand side. If we consider n = %,

it is clear that

/|Vvk|2 -2 <C/ fup 2+ / v < o0, (2.28)
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which is finite for every k fixed.

At this point, for the sake of simplicity, observe that, given € > 0, by the locally Lipschitz
Chain Rule, |Vug|?(vg +¢)7%¢ = ﬁw(vk +¢)17%2. Thence, by combining the Sobolev
Embedding, the Fatou Lemma and the Dominated Convergence Theorem, we have

2 2
o

(1-6)2 lim inf / -2\ T
()" <t ([ )
ghminfc</ |V (vy, + €)'~ 9|>
e—0t

2
oF

:/ Vg v 2, (2.29)
Q

where in the latter estimates we used that |Vug[>v;2 € LY(Q) for every k € N, fixed.
Moreover, observe that (1 2)9 > 1 and thus, by combining Hélder’s inequality for (11:92)3*
and U=92N (ith the last estimate, we arrive at

N+2-46"

=
20 1-60)2* -
frr=e( [ 4)

Q Q

1-26

< C(/ \Wk\%k—”) o (2.30)
Q

Further, from (2.28) and (2.30) with Young’s inequality for % and 2 — 26, we obtain

—26
2-20
/Q|Vvk]2v C’/fu1 20 4 </|Vvk]2 29) ”

<L/P‘fu1 29 > + u/ﬁ|‘7vk|2vk—29
T 27 Ja
which clearly guarantees that

1
/Q\wk\%k—%’ < C(/qu};%’ + m) (2.31)

Now, by (2.26), (2.23) and (2.31), we get

/QUZ 041 ¢ (/ Ful ¢ ;)

1
20
O (7 e gl sy + )

(=t

where we used that (1 —20)m’ = ym' < r —60+ 1, for m’ < ’"79;91. Further, by means

r—6+1 and = 6+1

of another application of the Young inequality, for after straightforward

1—26 r+6
compensations, we end up with
o+1 = 1
r— T
/ uy, <C(Hf||L 3 +>. (2.32)
Q Tk
In particular, by (2.31), we have
9 _ T 9;1 1
[vuri <o(iE* + 1), (2.33)
Q Tk
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Further, by gathering (2.21), (2.27), with an analogous argument used to prove (2.33) we

obtain
1-0 Trﬁl 1
[ <o + 2 ).
Q Tk

As a final step, we will handle the coupling estimates for the gradients Indeed on one
hand, observe that for 1 < p < 2, by Holder’s inequality with exponents 2 2 and we get

2p’

Liur = [ o < <[2|Vuk|2<uk+s>—29)g~(/Q<uk+e>ff‘%>2
= (/Qk ’Vuk!Q(Uk+6)_29>g ' </Q(Uk +€)%>2_2p

+
Then, since by (2.21), |Vuk|2u,;29 € L1(Q%), from the Lebesgue Convergence Theorem, we

can take € — 0 so that
20p 2%10
2
Q

/Vuk\pg / |Vuk|2u];29
Q ok

By choosing % =r—0+1,ie,p= 2(:+09:11), from (2.21) and (2.32), there follows that

T G-é—l 1
[ 1w < (HfHL”* )
Q Tk

Finally, by combining (3.26) and (2.33), we already know that

_ « r—0+1 1
([et=)" <o + 1), (234
Q Tk

Moreover, recalling that vy > 0 a.e. in €0, and then for 1 < ¢ < 2 by Holder’s inequality
with exponent %, we get

VS|

2
5%

2—gq

q 20q \ 254
/ ’vvk’q < </ ’vvk’%}k—w)? . (/ ka: q> 2 .
Q Q Q

Hence, so that it is enough to choose (1 — 6)2* = 223‘31, ie., qg= 2]]\[\[(1290), and by (2.33) and

(2.34), after straightforward computations, one arrives at

r—04+1 1 ﬁ
/ |Vug]? < (Hf\|L’+9 ) , where C' > 0.
Q Tk

In addition, remark that by the choice of ¢, if r > %, then ¢ < p. Thus, by the gradient

estimates obtained above, its clear that both {u;} and {v;} are bounded in Wol’q(Q).
O

2.4 Proof of Theorems 0.1 and 0.2

Theorem 0.1. Let f € L™(QQ), where f >0 a.e. inQ, m > (r+6+ 1) ,r>1, and 0 <
0 < 5. Then there exists a weak solution (u,v) for (P), with u € W, () N LT H0+1(9),

u>=>0ae inQ andv € Wol’z(Q), v>=0 a.ein .
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Proof. By Lemma 2.4, there exist {uy}, {vg} C WOI’Q(Q), and u, v in WOI’Q(Q) such that,
up to subsequences relabeled the same,

up — u weakly in W01’2(Q), up — win L% (), and a.e. in €

v — v weakly in W01’2(Q), v — v in L°2(Q), and a.e. in €,

where u > 0, v > 0 a.e. in €2, and

r4+60+1
g+ Wl + [ w4 [ ot <l

and s; < max{2*,r 4+ 60+ 1} and sy < 2*.
In order to prove that the couple satisfies (Pr) it is enough to show that

g(z,up, v) = g(z,u,v) in L'(Q) and h(x, uy, vp) = h(z,u,v) in L1(Q).

For this, take A > 0, and consider ¢ = w as a test function in the first equation of
(AP) so that

/M(x)Vuk-VukG%(uk)W+/g(w,uk,vk)w §/ fe- (2.35)
Q Q U >N

However, since T}, and G,, are both monotone, by using (Pj) it is clear that

T (G (G
[ @9 w5 o g pen ) RO 5
Q A Q A
Further, by (P}) and by the very definition of T and G,
T\ (G
/g(x')ukvvk‘))\(z(um 2/ g<$7uk77)k)7
0 {ugp>n+A}
Hence, by combining the latter estimates with (2.35), we get
/ g(z, uy, vg) </ f,
{ug>n+A} {ug>n}
and then, by letting A — 0, from (P;), we have
/ uz_lvzﬂ <C I
{up>n} {up>n}
In this way, as a direct consequence of Lemma 2.1, for s = t = 2 there follows that
g(z,u, vg) — g(w,u,v) in L1(Q), where clearly 2 > %féﬁ:i, forall 0 < 6 < 1.

It remains to prove that h(z,ug,vy) — h(x,u,v) in L'(Q). First observe that we can
consider up to subsequences relabeled the same, that % < 1. Indeed, remark that by
estimate (3.11) and Holder’s inequality,

T
o1 6
[l < < / |uk|’"+9+1) - meas(E) 7
E E

6+1

r40+1 Py
< C(HfHLI,Tg + 1) (meas(E)) rHo+1
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and then uj, is clearly uniformly integrable. Moreover, by (3.11) it is clear that

r+6+1
[t ).
{vg>n}

clearly uniform with respect to k. Thence, once again by Lemma 2.1 for s = ¢t = 2 we have

h(z, ug, v) = h(x,u,v) in L1(Q).

And also, it is trivial that

1
—1 — 0.
Q Tk

Therefore, by letting k — 400 in (AP), we arrive at
[u@vu-ver [ gwuve= [ fo veecE@
Q Q Q
/ M(z)Vv -V = / h(z,u,v)p ¥ € C*(Q),
Q Q

where g(x,u,v), h(x,u,v) € L*(Q) and the result follows. O

1—20
and 0 < 6 < 6, for 6 = min{ 5y 2 x5, 5}. Then there exists a solution (u,v) for (P),
with uw € Wy P(Q) N L™01(Q), u > 0 a.e. in Q and v e Wy (), v >0 a.e. in Q, where

= 2((:;99:11)) and q 2N(1299) Furthermore, if r > %+§, then (u,v) € Wol’q(Q) X Wol’q(Q).

Proof. Since this proof is analogous to the last one, we will omit certain details. In this
fashion, from Lemma 2.5, there exist {up} C W,?(Q), {vp} € WyU(Q), and u € Wy (Q),
v E VVO1 /() such that, up to subsequences relabeled the same,

/
Theorem 0.2. Let f € L™(Q2), where f >0 a.e. in £, (7”_9+1> <m<(r+60+1),r>1

up, — u weakly in W, P(Q), up — uin L¥(), and a.e. in

vp — v weakly in Wi 9(€), vp — v in L%2(Q), and a.e. in ©,
0

wherep:%, :%, >0,v>0a.e. in , and
r—0+1 N(r—0+1)
fallyo+ [ =+ [ o= <A and ol < CIAIDT, (236)

and s1 < max{p*,r — 60+ 1} and sy < ¢*.
Once more, we still have to prove that g(z,ug,vr) — g(x,u,v) and h(z,ug,vy) —
h(zx,u,v) strongly in L'(€)), whereas the proof of the first convergence is the same, i.e., we

take p = w in the first equation of (AP), and after the same computations analogous

to the last case, we get
[ rtltce [y
{lug>n} {luk|>n}

and then, by (3.37) and Lemma 2.1 we obtain that g(z,us,vx) — g(x,u,v) in L'(£).
Finally, once again by (3.37) we know that {|ug|"} is uniformly integrable. Indeed, note

that by Lemma 2.5, since 6 < min{zg\,—t%, ﬁ’% ,

.
o 10
/ uy, < (/ uy 9+1>T - meas(FE)—0+1
E E
r—0+1 07T %
<o 4 1) (meast))

o1




and then, {|ug|"} is uniformly integrable. Further, by (3.17), we also have that

-0 r—0+1
[ et <o(Ia" 1)
{vg>n}

so that, once again by Lemma 2.1 there follows that h(u,ug,vy) — h(z,u,v) a.ein LY(Q).
Therefore, by passing to the limit as & — 400 in the first and second equations of (AP),
we obtain that (u,v) is a solution of (P). O

2.5 Regularizing Effects

In this section there are presented the proofs of Corollaries 0.1 and 0.2, where we inspect
the conditions on the data determining the presence or absence of regularizing effects of
the solutions of (P), i.e., in the light of Definition 0.1, we show whether the solutions are
Lebesgue or Sobolev regularized. Despite being direct, for the convenience of the reader we
give the details .

Corollary 0.1. Let (u,v) be the weak solution of (P), given by Theorem 0.1.

(A) If r+ 60 +1 > 2* and (r + 0+ 1)) < m < (2*), then u is Lebesgue and Sobolev
regularized.

(B) If r+0+1>2*" and (2*)) <m < % then u is Lebesque regularized.

(C) If2* <r+60+1< % then v is Sobolev reqularized.

Proof. (A) Tt is easy to see that r + 6 + 1> 2* < (r+60+1) < (2*).

Thus, if (r +6 + 1) < m < (2*), by Theorem 0.1 we have to u € Wy*(Q) N
L™+9+1(Q).  Moreover, since r + 6 + 1 > 2* we obtain the following continuous
immersion L™t+1(Q) ¢ L?'(Q). As m < (2¢) <= 2* > m**, implies that
L¥ () € L™ (Q) is the continuous immersion. Therefore, we have also a regularizing
effect for the Lebesgue summability of the solution .

(B) Knowing that r +6 +1 > 2* < (r+60+1) < (2*) and m > (2*)’, there follows
m > (r 4 6 + 1), then by Theorem 0.1 we get u € Wy*(Q) N L™+1(Q). Moreover,
it is easy to see that

N(r+6+1)

0+1 = .
rHosLem S NT2r 10+ 1)

Therefore, we have a regularizing effect for the Lebesgue summability of the solution
u.

(C) By the Theorem 0.1 we know that v € L™+1(Q) and v € L? (Q), so it is easy to see

r+60+1

that u” € L~ + () and |v|? € L%(Q) Thus, by interpolation inequality, we get

Itz = ([ o) < (@ [ o)’

< dgHuTHL%HUGHL% < 00,

where for s > 1

1 r 0 . 2°(r+60+1)
2+ 0(r+60+1)

s_r+9+1+27*
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It is enough to prove that 1 < s < (2*), or equivalently,
2% r+60+1 2%
< <
2*—40 r 2*—(0+1)
and thus v is going to be Sobolev regularized. For this, remark that, since

/ !/ /
r4+60+1 _ r46+1 2% _2* 2* . 2*
(7r ) = 5 (2*70> = 4 and (72*_(%1)) = 577, and by hypotheses, we

have

2*(0+1)
9 Y
we prove that v is Sobolev regularized. O

<r+0+1<

Corollary 0.2. Let (u,v) be the weak solution of (P), given by Theorem 0.2
(A) If r — 0+ 1 > 2* suppose that
2N(r—60+1)

N&+0+U+Qw70+1)<m<(fy
Then u 1s Lebesque reqularized.
(B) If r — 60 + 1> 2* suppose that
2N(r—0+1)

<7r_0+1>/<m<
1-26 N(r+60+1)+2(r—0+1)

Then wu is Sobolev and Lebesgque reqularized.
(C) If 2" > r—60+1>2%(1—0) suppose that
(r—9+1>’ 2N(r—60+1)
— ] <m< .
1-26 N(ir+60+1)+2(r—0+1)
Then w is Sobolev and Lebesque reqularized.
(D) If r—0+1>2%(1 —0) then v is Sobolev reqularized.

Proof. (A) First, remark that u € Wol’p(Q), by the Sobolev embedding we get u € LP" ().
Thus, since 7 — 6 + 1 > 2* > 2*(1 — ), there follows

pr<r—0+1 <= 2"(1-0)<r—0+1.

Thus, in order to prove that u is Lebesgue regularized, it is enough to contrast r—6-+1
with m™*. Indeed, observe that m < (2*)" <= m** < 2*. However, by hypothesis we
know that 7 — @ + 1 > 2* which implies that » — § 4+ 1 > m**, that is, L"9T1(Q) C
L™ (Q), strictly, and thence, u is Lebesgue regularized.

(B) In order to show that w is Sobolev regularized, remark that it is enough prove that
p > m*. Indeed, it is clear that
2N(r—6+1)
(r+60+1)+2(r—0+1)

>mt = m<
p N

Thus, since v € W1P(Q)) we obtain that u is Sobolev regularized. Moreover, once
again to prove that u is Lebesgue regularized we shall concentrate in L™~+1(0Q), since
p* < r —0+4 1. In this fashion, remark that by straightforward computations,
2N(r—0+1)
Nr+60+1)+2(r—0+1)
that last one being a direct consequence of m < (2*)'. Hence, as r — 0 + 1 > 2%, there
follows that r — 0 + 1 > m™*, and therefore, u is Lebesgue regularized.

< (2%) and 2* > m**,
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(C) It is easy to see that r — @ + 1 > 2*(1 — 0) is equivalent to

N(r—0+1) - 2N(r—0+1)
N+2(r—6+1) Nr+o+)+20—0+1)

However, by hypothesis

ON(r — 6+ 1)
Nr+60+1)+2(r—0+1)

> m,

what in particular guarantees that p > m®*, i.e., since u € VVO1 P(Q), it is Sobolev
regularized. Finally, as a consequence of the latter inequalities, we have

N(r—0+1)

> that r —0+1>m™
N+2(r—60+1) M, SO that T + e

and consequently, u is also Lebesgue regularized.

(D) Notice that ¢* = 2*(1—6), where g = w Moreover, for p = 25":96_:11),

0.2 we know that u € L™ t1(Q) N Wy*(Q) and v € LI (), or equivalently, u” €
r—60+1

L= (Q) and v? € L (Q). Now, by combining (P3) with the standard interpolation
inequality for Lebesgue Spaces, it is obvious that

by Theorem

2%(r — 0+ 1)(1 — 6)
2r(1—0)+0(r—0+1)

h(z,u,v) € L*(Q2) where s =

In order to show that v is Sobolev regularized, remark that it is enough prove that
q > s* or equivalently g, > s where g, = %. In fact, it is clear that r—6+1 >

2*(1 — ) <= ¢, > s and the result follows.
O

To conclude this chapter, a natural example of satisfying non-linearities (P1)-(P4) we
may consider g(z,s,t) = |s|""2st* and h(z,s,t) = |s|", the classical Maxwell-Schrédinger
case, or g(z,s,t) = |s|"2|t|%st* and h(z,s,t) = |s|"|t|’. For another interesting example,
consider 1 > 0, V;(x), bounded and measurable, such that V;(z) > e; > 0 a.e. in Q, i = 1,2,
and then set

Vi(@)]s|" 2|t (s*(n + 1) + nt*)st T
2 +t2

Va(a)ls|"[t]"(s* + #2(n + 1))

and h(z,s,t) = 2 P
s

g(x,s,t) =

o4



Chapter

Regularizing Effect for a Class of
Kirchhoft-Maxwell-Schrodinger Systems

In this chapter we analyze existence and regularity of solutions to the nonlocal counterpart
of the system from Chapter 2. Indeed, we consider

—div((M(z) + [|Vu||9.)Vu) 4+ g(z,u,v) = f in O
—div(M (z)Vv) = h(z,u,v) in Q; (K)
u=v =0 on 09,

2(r—6+1)

r4+60+1 and

where p =

U:{ 2 if m>(r+0+1), 3.1)

p if m<(r+60+1).

For the sake of completeness, let us recall that € is an open bounded subset of RY,
for N > 2, f € L™(Q) with m > 1, r > 1, and once again g,h : @ x R x R — R are
Carathéodory and satisfy hypotheses (P1) - (P}) and M : Q — RY x R¥ is a bounded
measurable matrix satisfying (P5), see page 12.

3.1 Approximate Problem

Once again, our approach is based on showing the existence of a solution to problem (K) in
the case f € L*(£2). In order to do that, we will employ the Minty-Browder Theorem, see
Appendix B, Theorem 4.6.

Our starting point is the following continuity result.

Lemma 3.1. Let f € L(Q) and up € Wy*(Q) such that
a) up — u in Wol’z(Q).

b) wy satisfies

/(M( )+HV'LLkHL2 )Vuk V(p—i—/nguk,Ck /f<p V@GW&’%Q).
Q Q
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wehere . 1s fized for each k. Then up — u in WOI’Q(Q).

Proof. Talking ¢ = (ux — u) we get

| @)+ 1901 0y) T Ve =)+ [ g G =) = [ =),

Adding and subtracting the term
[ (@ + 190l P V= ),

by (P5) and discarding the positive term we have

o [ =P+ [ oot 6w~ ) < [ |l (3:2)
+ /Q (M(z) + ||Vugl|72) Vu - V(ug — u).
As f € L*®(Q) and ug — u in L'(£2) up to subsequence, there follows that

lim [ f(ux —u)=0.

n—oo Q

N

On one hand, since M(z)Vu € (LQ(Q))N7 (Vup — u) — 0 weakly in (L*(Q2))" and

{HVukHQLQ}Zozl is bounded, we get

lim [ (M(2)+||Vug|[32) Vu - V(ug —u) = 11m M(z)Vu - V(up —u)

k—oo Jo k—oco Jo

+ lim ||Vuk||%2/ Vu-V(ur —u) =0.
k—o00 Q
On the one hand, as |g, (2, ug, ()| < 7 and ux — u € L' () up to subsequences, we have

lim g‘r($a Uk, Ck)(uk - U) =0.
k—o0 (¢}

Thus, taking limit on (3.2), we obtain

o lim/|V(uk—u)|2:

k—o0 J
Which proves the result. ]

Now we will focus on obtaining the existence of solutions for the first equation in (K).
Indeed, we will proceed as follows. For fixed ¢ € L?(2) we will use the Minty - Browder
Theorem, see 4.6, to ensure that there exists weak solution u = S(¢) € Wol’2(Q). Further,
by considering u € I/VO1 2(€2) fixed, we will show that there exists 7 = T'(u) solution of the
second equation of (K), and then, finally, in order to conclude that there exists a weak
solution (u,v) € W01’2(Q) X Wol’Q(Q), we will use Schauder “s fixed point Theorem, see 4.5.
By doing so, we will ensure that there exists v € WOI’Q(Q) such that v = T(S(v)) = T'(u).
We also emphasize that the use of hypothesis (P4) is crucial for proof that the operator
T o S it is well-defined.
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Proposition 3.1. Let ¥ € L>(Q). There exists a weak solution (u,v) € W01’2(Q) X WOI’Q(Q)
of the system

—div((M(z) + ||Vul[32)Vu) + gr(z,u,v) =¥ in
—div(M(x)Vv) = h(x,u,v) + % in € (K')
u=v=0 on .

Moreover, there exists a constant C > 0 such that

(i) if W€ L™(Q) for m > (2*) then

lullya + ez < ClE[m:

(i) if ¥ € L™(Q) form > % and 0 < 6 < 25 then

[ullzoe + [[v]|zee < CI¥|Lm-
Proof. Fixing ¢ in L?(Q2). We will show that there exists u = S(¢) € WOI’2(Q) such that
/Q(M( + HVuHLQ ))Vu - Ve + /QgT(x,u,C)ga = /Q\Ilap Vo e W) (3.3)
Consider the operator A : Wol’Q(Q) — W12(Q) defined by

(A(w), ) = /Q (M(z) + |Vl 22(0)) V- Vo + /Q gr (2,1, Q)p — /Q .

We will prove that A satisfies the hypotheses of Minty-Browder theorem, i.e. A be a pseu-
domonotone coercive operator.

Note that, A is coercive. In fact, by (P5), (P5), Holder’s and Poincaré’s inequality we
have

(A(u),u):/Q(M( )+ (Va2 V- Vu-i—/gT(:U,u,C)u—/\I/u

Q
> Oéllullivol,z + HUIIéVOm = O[] [poe[[ulfyy1.2-

Thus

(A(w), )

— 400 as ||ul|y1.2 — +oo.
Tully2e Wi

Moreover, by (P5), Holder’s, Poincaré’s and Young’s inequality we get

w)| = ‘/ +HVUHL2(Q )Vu - Vw+/QgT(x,u,§)w—/Q‘llw’

(5+HVUHL2

<
2

)l + ol 2] + 7Clwl 22 + Cl e ol

and so ||A(u)||y-12 is bounded if HuHWOm is bounded.

Now, assume that u, — u weakly in W01’2(Q) and 0 > limsup (A(ug), up — u). We will

k—o0

prove that for every w € I/VO1 2(€) we have

liminf (A(ug), ug — w) > (A(w),u — w).

k—o0
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We remark that

(A(ug), u, —u) = /Q (M (2) + [|Vugl|72) Vg, - V(ug — u) + | gr (2, up, ) (ur — u)

U(up — u).

S— 5

Adding and Subtracting the term
/Q(M( )+Hvuk”L2 )VU V(uk—u)

so by (P5) and discarding the positive term, we have
(Aug), ur —u) > / IV (up, —u)|* + /g.r(x,uk,()(uk—u)—/ﬂllf(uk—u)
+ /Q (M(z) + HVuk.HLQ )Vu V(ug — u).
As U € L>*(Q) and uy, — u in L'(2) there follows that

lim [ U(up —u)=0.

k—oo Jq

Moreover, on one hand since M (x)Vu € (LQ(Q))N7 V(u, —u) — 0 weakly in (L2(Q))N
and {||Vuk||%2}zozl is bounded, we get

lim [ (M(z)+ HVukHQLQ(Q))Vu V(up —u) = lim [ M(z)Vu-V(ug —u)

k—o00 QO k—o00 [}

+ lim HVukHQLQ/ Vu - V(up —u) =0.
k—o0 QO
On the one hand, as |g, (@, ug, ()| < 7 and ugp — u € L' () up to subsequences, we have

tim [ gr (@ o) (uk — ) = 0.
k—oo J

Thus

0 = limsup (A(ug), ur, — u) hmsupoz/ |V (ug, —u) hmlnfa/ |V (up, —u)

k—o0 k—o00

hence ||ug — 1,2 — 0 1in Wo (Q), which implies that

UHW

lim inf (A(ug), uk — w) = (A(u), u — w).

k—o0

Therefore A is pseudomonotone, by Minty-Browder Theorem, see 4.6, there exists u €
W, 2() satisfying (3.3).

From an analogous argument used in the Proposition 2.1, given u € W12(Q) fixed there
exist n = T'(u) € Wol’Q(Q) such that

[ M@0 V0= [ heewnyp v o e WiHa) (3.4
Q Q
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Now, taking ¢ = w in (3.3), and discarding the positive term, using the hypothesis (Pj5),
(P}) and by Hoélder’s and Poincaré inequality, we have

a/Q IVul?> < O 9| e || V|| g2 (3.5)
In addition, taking ¢ = n in (3.4), by Holder’s and Poincaré inequality

a/ V2 < O meas(Q)2 (V| 2.
Q

Choosing R = maX{CH\IIHLoo,C’TmeaS(Q)%} by (3.5) and the above inequality, we get
[|lVul|r2 < R and ||Vn]||r2 < R. (3.6)

In particular, by Poincaré inequality ||u||;2 < R and ||n||;2 < R.

Let B = B(0,R) = {u € L*(Q);||u||z2 < R}. We will prove that the operator T o S
defined in B satisfies the hypothesis of Schauder s fixed point Theorem. By estimates (3.6),
it is easy to see that B is inariant from 7T o S. However continuity and compactness are
more delicate to check, so we will give a little more detail in your verification.

Let ¢, — ¢ in L?(Q) such that ug = S(Cx) i.e. uy satisfies

/ (M(z) + | Vug|22) Vg - Voo + / 9r (@, iy Ci)p = / e, (3.7)
Q Q [9]

Since uy, is bounded in VVO1 2(€2), up to a subsequence, we have

up — u weakly in WOI’Q(Q)
ur — u in L?(Q), and a.e in Q.

Thus, by making & — oo in (3.7), by Lemma 3.1, and fact that h, is a Carathéodory
function, we have u = S(().
By estimates (3.6) up to a subsequence we get

e — n weakly in W01’2(Q)
e —n in L2(Q), and a.e in Q.

Since n = T'(uy), that is,

/QM(:B)Vnk Vi = /Q (hT(x,uk,nk) v %)w Ve W),

Thus by (3.8) and fact that g, is a Carathéodory function, making k& — oo in equality
above we obtain n = T'(u).

Moreover, it is clear that T o S(B) is relatively compact in L?(2), i.e., T(S(B)) is
compact in L?(£2). Once, as we saw earlier B is invariant by 7o S and T o S is continuous.
Therefore, by Schauder’s Fixed Point Theorem, there exists v € B C WO1 2(€) such that
v=T(SW)) =T(u).

Now, we will prove that if ¥ € L™(Q) with m > (2*)" there exists a constant C' > 0
such that

el + ol < ClE Lz,
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In fact, taking ¢ = u in the weak formulation of the first equation of (K’), and discarding
the positive term, using the hypothesis (P5),(P}), (P2) and since m > (2*)’ by Hélder’s and
Sobolev’s inequality , we have

o [ 19uP+ o [l ol < ClI el < CIIn] Dl
hence
[lullyy2 < CJ[¥[|m and /,u‘%‘eﬂ < CY|[im
In addition, taking ¢ = v in the weak formulation of the second equation of (K'), by

hypothesis (P5) ,(P3) and the above estimate we get

||lv < C||Y||pm.

||W01’2

Finally, let is show that if ¥ € L™(Q) for m > & and 0 < § < 2.
[lullzee +[lv][L= < C.

For this, we take ¢ = G (u) in the weak formulation of the first equation of (K”) obtaining

/ (M(2) +[[Vul|7) Vu - VuG (u) +/
Q

QgT(m,u,v)Gk(u):/ﬂ\PGk(u)

by definition of G, we have

/gT(a:,u,v)Gk(u)>0 and ||Vu|]fa/ |Vu|*G).(u) > 0.
Q Q

Thus, discarding the positive term using the ellipticity of M and Holder’s inequelity with
exponent ]\%—JL, we get

2 1
L

a/Q|VGk(u)|2 < /Q\I/Gk(u) < (/A}i IWI%)%(A!GMU)!Q*Y

where A} = {|u| > k}. Firthermore, recall that by Sobolev’s and Holder’s with exponent

% there follows

([16er)* < ( [ ieuwr)?

an D2
0| ]meeaS(A};)(l_ avrzym) 2N

so that,

N+2

2N

2% 2% (1_i)
(/ |Gr(u)] ) < C||¥Y||pmmeas(A})"~ ®+2m
Q
hence by Hoélder’s inequality and (3.9) we have

1
[ 16 = [ 1611 < meastat) 5 ([ (67T < Ol lpmens(at)®
Q A 0

where @ = 1+ 1 — L > 1 since m > &. Therefore, by Lemma 1.3 we obtain ||u||fe~ <
C||¥||Lm. Analogous to Lemma 2.3 item (ii), we obtain the estimate L>(2) for v.
O
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Since g-(.,ug,vx) = g(.,uk, vk) and hr (., ug, vg) = h(.,ug,vE) a.e. in , for simplicity,
we consider the following approximate problem.

Proposition 3.2. Let {fr} be a sequence of L*°(Q2) functions strongly convergent to f in

L™(Q), m > 1, for which |fx| < |f| a.e. in Q. Then, there exists (ug,vg) € W01’2(Q) N

L>(Q) x W01’2(Q) N L>(R2), solution to

~din((M () + [Vuel32) Vug) + g, v, 00) = f o
—div(M (z)Vug) = h(z, ug, vk) + %

where 1, > 0 and 1, — 400 if Kk — +00. Moreover, if f > 0 a.e. in Q then uxp > 0 a.e. in
Q and v > 0 a.e. in Q.

Proof. Given k > 0 consider 7 > (c1 + d1)C"T9k™+% where C is given in Lemma 2.3 and
c1, dp in (Py), (P3). Let us recall the standard truncation Ty(s) = max(—k, min(s,k))
and then take fr = Ty(f). Thus, for ¥ = f, by combining Proposition 3.1, we obtain
a couple (ug,vy) € Wol’Q(Q) N L>(Q) x W&’Q(Q) N L>(Q) solution of (K’). Observe that
9r (o ug,vg) = g(., ug, v) and he (., ug, vi) = h(., ug, vg) a.e. in Q. As a matter of fact, from
P1, Proposition 3.1 item (4i) and the choice of fi, we have

Cl|u|r—1|v|0+1

<
< O 7Y
< 1 CT+6 kT+0 .

|g(:c, Uk, vk>|

C

Thence, since by the choice of 7 > ¢;C™ k™% from (2.1) we have that g, coincides with
g. Analogously using the hypothesis P35 we conclude that h,. = h.

Finally, remark that if f > 0 a.e. in Q then f; > 0 a.e. in Q. Thus taking ¢ = u; =
— max(—ug, 0) in the first equation of (AP), we have that

[ 06e) 4 IVl Vi = o]V + [ gl = [ g,
Q Q Q
by using the hypothesis (P5) we get

o+ |[VuglZ) /Q Y+ /Q o g, v > /Q fur,

Now, note that

[ oo = [ gl == [ gleunu <o
Q {ur<0} {ur<0}
where the last integral is negative, by hypothesis (P}). Which implies that
0= ~(a+IVult) [ Vo> [ fug =0
Q Q
Thus
0 < / Vu, |? <0,
Q

thence Hu,;HIZ/VOlQ = |[[Vuy |32 = 0 which implies that w;; = 0. Consequently we get uj > 0

a.e. in €.
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Now we prove that v; > 0 a.e. in . In fact, consider wy, € CH*(Q), with 0 < a < 1,
the solution of

{ —div(M(z)Vwy) = = in Q, (3.10)

wp, =0 on Of.

Remark that, since M € WH*°(Q) the existence of this wy, is standard, for instance see
Corollary 8.36 in [15]. Then, by a straightforward application of the Strong Maximum
Principle of Vasquez in (3.10), see Theorem 4 in 20|, we obtain that wi > 0 in Q.After
that, let us stress that

1
—div(M (z)Vug) = h(z, ug, vg) + — = —div(M () Vwy)
Tk

then by the Comparison Principle vy > wy a.e. in €) so that vy > 0 a.e. in €. O

3.2 Estimates

Initially we will get uniform a priori estimates that play a key role in our results. First, we
adress the “energy case"
m>=(r+60+1).

In this case, the non-local term in the second is |[Vul[3,.

Lemma 3.2. Let f € L™(Q) where m > (r+0 + 1), and f > 0 a.e in Q, r > 1 and
0<6<1. Then

r4+60+1 1
0+1 0 1
foulle oo+ [+ [t <o(IA57 +5) e

k

where C' > 0 and 1, — oo if k — oo.

Proof. By taking ¢ = u9+1(vk 4+ €)7% in the second equation of (K ), after dropping the
positive term, from analogous manner to Lemma 2.4 we obtain

/ rHot1 /|vu,€|2 /\vm (3.12)
Q

Now let us proceed to the other estimates. Indeed by choosing ¢ = wuy in the first equation
of (K4) we get

/ M(z)Vuy - Vuy, + HVU;CH%Q / Vug - Vug, + / g(x, ug, v )ug, = / frug
Q Q Q Q

discarding the term positive and using the hypothesis (P5) we have

a/Q\VukF—i—/Q (x, ug, vK)u /fkuk (3.13)

Hence, since f € L™(Q) with m > (r + 6 + 1)’ by Holder’s inequality on the right - hand
side of the above inequality and by (P1) we get

/Qukvz+1 CHf”LmHUk||Lr+9+1. (314)
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By talking ¢ = vy, in the second equation of (K 4) and using the hypothesis (P3),(P4), (P5)
and (3.14) we have

1
/\Vvk|2 /( (x,uk,vk)—i-m)vkgdg/ukvzﬂ /vk

< Ol fllpm |lugl prvo+1 + TkaVUk:HL?'

However, it is clear that

C Co « 9
E”W’“”LQ < TT? + §||Vvk||L2
then by (3.13) we get
1
[ v+ [Vl < Ol lulon + ). (3.15)
Q Q T

In particular, by combining (3.12) with (3.15) and Young’s inequality, we obtain

lal 2% < (1l + 4 (3.16)
kllpr+o+1 X m 7']? . .

Therefore, by combining (3.14), (3.16) with (3.15), we finally have get
r+0+1

1
||uk||€[/1,2 + ||Uk“l2/Vl’2 + / ukvz+1 < <||f”Lr+0 2>’
0 0 Tk

where we stress that 7, — oo if k — . O

The next lemma will establish estimates under a weaker regime for source, specifically
for f € L™(§2) where
r—0+1y/ ,
— < < 0+1).
(a5 ) <m<t+0+1)
In contrast to Lemma 3.2, we consider another set of test functions to compensate for

the additional uniqueness in our system. In this case, the non-local term in the second is
|[Vull7,

Lemma 3.3. Let f be a positive function in L™(Q) with (T 92+1> <m< (r+0+1) and
0<b< % Then

r—6+1 1
foulfgs + [ o7+ [od? < (11T + 1) ana

q Tr-?—Gl 1 ﬁ
Joullypo < (1A + 2 (3.17)
where p = 25;_99111), q = 2N(1;69) and C' > 0, where 1, — oo if kK — oco. Moreover, if

r> % N+2 then {uy} and {vy} are bounded in W, L9Q).

Proof. Consider ¢, = (u+¢)? —&” where 0 < € < 1, as a test function in the first equation
of (Kg4), we get

/ (M (z) + ||Vug| [} ) Vug - Vg (ug + )7 + / g(x, ug, vi)[(ur + €)7 — &7]
Q Q

- / fullug + )7 — €], (3.18)
Q
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Note that

7/ (M () + || Vug|[} ) Vg - Vug(ug +¢)771 = ’y/ M (2)Vuy - Vug(ug + €)1
Q Q

ST OIS / Vg 2o + )7
Q

discarding the positive term and using the ellipcity hypothesis of M we have
7 [ (M) + [Furll) T - T+ 27 > 0y [ [T+
Q Q

Combining the above inequality with (3.18) we have

047/9 Vurl*(ur +€)77 " + /Qg(x, ug, vk) [(ug +€)7 — €7] < /ka[(uk +¢e)7 —¢&".

Since ug € L>®(2) and 0 < ¢ < 1 for the right hand side we have |fi|[(ux + ¢)? —€7]| <
|f] - [(JugllLee + €)Y + &) and fi[(ur +€)7 — 7] — fru] ae. in Q when ¢ — 0. Thus, by
the Dominated Convergence Theorem

/ fkuz; = lim / fk[(uk + E)PY — 87].
Q e—=0t Jo
Thus, by taking ¢ — 0 in (2.20), by recalling Lemma 2.2 and (P;), we end up with

ow/ \Vuk|2uzfl +02/ usz'yvzH g/ | flu) < oo, (3.19)
Qk Q Q
which is finite for every fixed k € N, where Q% = {u;, > 0}.

Using the coupling terms of the two equations together with the appropriate choice
of test function, we will obtain fundamental estimates to conclude our result. Indeed, by
considering 1. = (v 4+ €)Y — &7 in the second equation of (K 4) it is clear that

a7/9|vvk|2(uk+e)“ < /Q (e o) + ;)[(UHE)W )

Then, once more, since v, > 0 a.e. in , by taking ¢ — 0 and by recalling (P3), from
Lemma 2.2, we obtain

_ 1 1
oz’y/ |Vvk|2vz ! </ (h(x,uk,vk)-i-f)vz < dg/ u};vg—‘_e—l—/ vg. (3.20)
Q Q Tk Q Tk JQ

Further, take v/ = (uy, +¢)77%(v), + €)% in the second equation of (K 4) and discarding the
positive term, one has that

/Qh(:r, wpe, vp) (g + )00 + )70 < (v + 0) /Q M (z)Vuy - Vg, (ug + &) (o + )70
iy /Q M (2) Vg - Vog (g + )7+ (v5 + )~ 0D
Then, by (P3), (P4) and (P5) it is clear that
o /Q wfl (g + )+ (v, + )0 + af /Q Tk 2 (g + £)*0 (v + ) ~O+D
< B +6) | 190Vl 27 4 2)

— By +0) / (V0 [V (g + )7+ (v, + ),
Q+

(3.21)
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since Vuy, = 0 a.e. in the set u, = 0, where QF = {uy, > 0}.
Given 1 > 0, from Young’s inequality, we have that

F e e C A ey L 2 | A O
Q Q

+ +

< 77/ ’vkaUk_Q@ + Cn/ (Vg ? (ug + )21,
Q Qljr
By combining the above inequality and (3.21) we get
c1 / ubvd (up, + )70 (v + )70 + a@/ (Vo2 (g, + )7+ (vg + )~ +D)
Q Q

< Bl + 9)n/ Vo Pop % + By + 0)C, /k (Vg2 (g + £)20H01,
Q Qk

At this point, it is natural to choose an adequate  in order to guarantee that certain crucial
exponents coincide, what allows us to explore the coupling between the equations. Indeed,
by fixing v = 1 — 26 so that 2(y 4+ 6 — 1) = v — 1 = —20, after dropping the positive term
there follows that

cl/ ubvd (ug, + ) 0 (vp + )70 < B(1 - 9)77/ R
Q Q

£60-0C, [ [VuPu P @2

However, remark that by (3.19) for every k fixed, we have |Vuk|2u,;29 € LY(Q%). Thus
by taking ¢ — 0 in (3.22), employing the Fatou Lemma combined with the Dominated
Convergence Theorem, we arrive at

cl/ﬂu;—"ﬂ < 81— 9)77/9 Vor2or? 4 B(1— 0)C, /Q Va2, (3.23)
+

Now observe that

r—1+4+vy 60+1 __ r—20, 60+1 —20, 0+1 r 1-0
/ w v = / uy vt 2 / upuy o 2 / Uy,

1-60 1-6 1-6 1-6
/ u = / upuy = / uRvy = / uRvE s
Q Q {ug>vi} {ug>vr}

The latter estimates clearly guarantee that

1-0 —0+1 20,.0+1
/ukvk g/u; * +/ up ot (3.24)
Q Q Q

Thus, by gathering (3.20), (3.23) and (3.24), and by using (3.19) twice, since y+60 =1 — 0,

there follows
_ 1
/’V'l} ‘2 —20 / r— 9+1+/ 2 14+ z+1+ / l}: 20
2 1-20 | 1-20
/|Vv |“v —|—C’/ fuy /vk ,
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a(1-20)cy

where we combined (3.19) and (3.23) in the right-hand side. If we consider n = B=0)ds”

it is easy to see that

/|Vvk|2vk C'/ fup” 20 4 /v,ﬁ 2 < 0, (3.25)
Q

which is finite for every k fixed.

At this point, for the sake of simplicity, observe that, given € > 0, by the locally Lipschitz
Chain Rule, |Vug|?(vg + )7 = ﬁ]V(vk +&)1792. Thence, by combining the Sobolev
Embedding, the Fatou Lemma and the Dominated Convergence Theorem, we have

2
5%

2
(/ o 9)2*) < liminf (/ (0 +€)(1_9)2*>2
Q e—0t Q

2
< liminf C (/ |V (vg, + €) 1 9,2)
e—0t
=/ Voo, (3.26)
Q
where in the latter estimates we used that |Vug[>v;2? € L}(Q) for every k € N, fixed.
Moreover, observe that (1 2)9 > 1 and thus, by combining Hélder’s inequality for (1 92)3*
and S\} +g)_2£\9[, with the last estimate, we arrive at

=
* 1—-6)2*
/vi 20 <C’</v](€10)2 >
Q Q
b=
gc(/ |Vvk|2vk_29> : (3.27)
Q

Further, from (3.25) and (3.27) with Young’s inequality for % and 2 — 26, we obtain

1—26
1 2-20
/Vvk\ka C’/f - 20-1—0(/ ]Vvk\%k_%)
Q Q

1
</fu1 29 >+/ ’vvk’27}l€_20,
Th 27 Ja
which clearly guarantees that

/Q\Wk\gvk_ < (/fu1 4 ) (3.28)

Now, by (3.23), (3.19) and (3.28), we get

/ r— 0+1 /ful 20
Q

1
0
<C(Wﬂume\hfwwﬁ+ =

1
O (I e el 220 + ).

where we used that (1 —20)m’ = ym/ < r —60+ 1, for m’ < ’"79;91. Further, by means

r—0+1 r—0+1
T2 and 5=,

of another application of the Young inequality, for after straightforward

compensations, we end up with

r 9+1 - 9;1 1
[ur<e(ina + 1) (320
Q Tk
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In particular, by combining the above estimate with (3.28) we get

Tol2o-2 < C e 1 330
[ wuin? <o (I +2) (3:30

Further, by gathering (3.24), (3.19), with an analogous argument used to prove (3.30) we

obtain
1-0 =1 1
[ <c(Ir1 + =),
Q Tk

Accordingly, remark that by the choice of ¢, if r > %, then ¢ < p. Therefore, by

the gradient estimates obtained above, its clear that both {u;} and {v;} are bounded in
W, (9Q). O

Incorporating estimates obtained by the Lemmas 3.2 and 3.3, we are able to prove
Theorems 0.3 and 0.4.

3.3 Proof of Theorem 0.3

Proof. By Lemma 3.2, there exist subsequences still indexed by wug and v and functions u
and v in W01’2(Q) such that

{ up, — u weakly in Wy2(Q), ug — u in L7 (), and a.e. in (3.31)

v — v weakly in WOI’Q(Q), v — v in L72(Q), and a.e. in €,
where v > 0, v > 0 a.e. in £, and

r+0+1

g+ Wl + [ w4 [ o <l

and o1 < max{2*,r + 6 + 1} and o2 < 2*. Analogous to the proof of the Theorem 0.1 we
get

g(x, ug, vg) = g(z,u,v) in LN(Q) and h(x,up, vp) = h(x,u,v) in LY(Q). (3.32)
By setting 'y, = ||[Vug|[?2, since {uy} is bounded in W01’2(Q), we have that {I';}?° is a

bounded sequence of real numbers, which we may suppose converging to a certain real
number I'. It is clear that

/QM(x)Vuk-Vgoﬁ/ﬂM(x)Vu-Vap.

By the latter arguments, in particular, we alredy have that

{—div( (M(2) +T)Vu) + g(z,u,0) = f ae. in Q. (3.33)

—div(M(z)Vv) = h(z,u,v) ae. in Q.
So to prove the theorem, we have to show that
/Q (M (z) 4+ Ty)Vuy - Vi — /Q (M(z) + [|Vul|32) Vu - V.
We claim that I" # 0. Indeed, otherwise we would have u = 0, which by (3.33) implies that

f € L>®(Q), which creates a contradiction, because f € L™ () with m < (2*)". Thus, since
I'y, is a nonnegative sequence and I' # 0, there follows that I' > 0.
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Now we prove that I' = [|[Vu||3,. First of all, let us remark that by (Ps5)

/Q (M (z) 4+ Ty) Vg - V (u, — Tp(u)) = /Q (M () + k) V (g = To(w) - V (ur = Tn(u))
+ /Q (M (z) 4+ T) VT, (u) - V(up — T (u))
> (a+ Fk)/Q |V (ug — T (u))]?
+ /Q (M (@) + Ty) VT () - V(uk — To(u)).

Further, by taking ¢ = ug — T, (u) as test function in the first equation of (K 4) we get

/Q (M(CC) + Pk)Vuk . V(uk - Tn(u)) + /Qg(x,uk, vk)(uk — / fk uk — )
In this fashion, by combining the last identity and the latter inequality we end up with
o [ 1900 = Tu@)P + [ gteun o)~ Tu(w) < [ fitws ~ Tu(w)
- [ (@) + T Tw) - V(= T (w)

(3.34)

Now, note that by the Fatou Lemma, (3.32) and (P}) we have

0< / g(x,u,v)u < / g(x,u,v)Gp(u) < liminf/ g(x, ug, v) (ug — T (w)).
{|u|>n} Q Q

k—o0

Moreover, remark that, up to subsequences, f(ur—Ty(u)) — fGn(u) in L'(Q). As a matter
of fact, by using that m > (r + 6 + 1)’ and that {uy — T,,(u)} is bounded in L™9+1(Q),
given FE C 2, measurable, Holder’s inequality guarantees that

[ 1= mwr <o [ i)™

However, by the very choice of f; we have that fr — f in L™(2), so that, {|fx|™} in uni-
formly integrable, and, by the latter inequality we have that { fi (uk -T, n(u)) }, in uniformly
integrable. Since it clear that f(ur — T, (u)) a.e. in Q, hence, by the Vitali Convergence
theorem, our claim holds true. In particular, there follows that

kli_)IIOIO/fk up — T, )):/QfGn(U)

Now, recall that VT, (u) - VG, (u) = |Vu|*T! (u)G,(u) = 0 a.e. in §, since T/ ()G (s) = 0
for a.e. s € R. Then, by (3.31),

Jim (M(z) + Ti) VI () V (ug — Tp(u)) = / (M(z) + T) VT, (u)VGp(u) = 0.
—0 JO Q

Thus, by plugging the latter convergences in (3.40) we obtain

: 2
lim oz/Q|V(uk—Tn(u))| </QfGn(u) (3.35)

k—o0
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However, we realise that we can write u = T),(u) + Gy (u), so that

[ V=0 = [ 900~ T+ Gu@) <2 [ V(= Tuw) +2 [ 196, w)

taking the limit when & — oo on the above inequality and by (3.35) we get

1im/|V(uk—u hm 2/|V up — T, \2+2/|VG
k—o0 9]
/fG +2/\VG

/|| fu+2/| |Vu|? (3.36)
ul>n uj>n

Nevertheless, since meas({|u| > n}) — 0 as n — oo, then given € > 0, there exists ne > 0,
such that for n > n. we have

2/QfGn(u)—|—2/QVGn(u)2

Consequently, since € is arbitrary by (3.36) there follows that limyg_, fQ |V (up —u)|? =0,
which means uy — u in W01’2(Q).

Therefore by (3.33) we can pass the limit on the approximate problem (K 4) and get
that (u,v) are solutions of the problem (K). O

3.4 Proof of Theorem 0.4

Proof. By Lemma 3.3, there exist {ug} C Wol’p(Q), {v} C Wol’q(Q), and u € Wol’p(Q),
v E T/VO1 1(€)) such that, up to subsequences relabeled the same,

up, — u weakly in WyP(Q), u, — u in L (), and a.e. in Q;

v — v weakly in Wy'U(Q), vy — v in L*2(Q), and a.e. in €,

wherepz%,qz%,u}O,@}Oa.e. in Q, and
r—604+1 _N(r—6+41)
fallyo+ [ =+ [ o= < I and oy, < CIAIR T, @37

and s1 < max{p*,r — 60+ 1} and sy < ¢*. Similar to the proof of the Theorem 0.1 we get
g, ug, vg) = g(z,u,v) in LN(Q) and h(z,up, vp) = h(x,u,v) in LY(Q). (3.38)

Although the argument for obtaining the convergence of the term local ||[Vug||7, in the
case m < (r+ 60+ 1), be equal to the one used in the Theorem 0.3, some subtle difficulties
arise because we are in a regime of weaker regularity for f. Thus, we chose to present the
details.

Setting Ay, = |[|Vug||?,, since {uy} is bounded in Wol’p(Q), we have {A}72, is a sequence
of real numbers, which we way suppose converges to some real number A. In this case, we
also observed that A # 0. Actually, otherwise we would have u = 0, which by (3.33) implies
that f € L>(Q), which creates a contradiction, because f € L™(Q2) with m < (r+6 + 1)".
Thus, since Ay is a nonnegative sequence and A # 0, there follows that A > 0.

To finalise the proof we show A = [|[Vul||?,. First of all, let us remark that by (Ps)
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/ (M (2) + Ak) Vg - V(ug — To(uw)) = (o + Ak)/ |V(uk - Tn(u))|2
Q Q
+ /Q (M(z) + Ap)VTo(u) - V(up — Tn(u)). (3.39)

Now for n > 0 taking ¢ = uy — Ti(u) as test function in the first equation (K 4) we get

/Q (M() + Ay) Vg - ¥ (g, — To(u)) + /Q o, wp o) (s, — / fulun — To ().

In this way, by combining the last identity with (3.39) we get

o [ 96 = TP + [ gte o) o = Totw) < [ i~ T,(a)

- [ (@) + A VT (0 - Vi~ Ty
(3.40)

On one hand by the Fatou Lemma, (3.38) and (P5) we have

Oé/ g(m,u,v)ug/g(l‘,u,v)G (u) < hmlnf/ g(z, up, vg) (ugp — Tr(u)),
{Ju|>n} Q Q

k—o0

on the other hand, since m’ < r — 6 + 1, as {u} is uniformly bounded in L™~9+1((Q)
there follows that {uy — T},(u)} is bounded in L™ (Q). Consequently up to subsequence
w — T (u) = Gp(u) weakly in L™ (). Thus, as fr — f in L™(2) we have

Jim [ il = T(w) = [ 6u(w)

Moreover, since {uy} is bounded in Wol’p(Q) there follows that V(ug — T, (u)) = V(Gp(u))
n (LP(2))Y, so

lim (M(a:)—l—Ak)VTn(u)-V(uk—Tn(u)):/(M(x)+A)VTn(u)-V(u—Tn(u)):0
—0 JO Q

for the reason that VT, (u)- VG, (u) = |Vul?T (u)G!, (u) = 0 a.e. in , since T/, (s)G",(s) = 0
for a.e. s € R. Thus, using that p < 2 by (3.40) we obtain

C hm a/ |V (ug — )P < hm a/ IV (ug, — T (u))|* < /QfGn(u) (3.41)

However, we realise that we can write u = T),(u) + Gy (u), so that

[ v = [ 9= T+ Ga)l <2 [ 1V -T,)P+2 [ V6P

Hence, by taking the limit and then from (3.41) there follows that

lim / IV (ur —u)P < 2P lim / |V (up, — T, )\p+2p/ VG (u)|?
k—o0 k—o0
< / fGn(u)+2p/ VG ()|
a Jo Q
9p+1
= / fu—|—2p/ |VulP. (3.42)
«Q [u|>n |u|>n
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Nevertheless, since meas({|u| > n}) — 0 as n — oo, then given € > 0, there exists ne > 0,
such that for n > n. we have

9op+1

/ fu+ 2p/ |VulP < e.
«@ [u|>n [u|>n

Consequently, since € is arbitrary by (3.42) we conclude that limy_,q [, [V (up — u)|P = 0.
Therefore, we can take the limit on the approximate problem (K 4) and get that (u,v) are
solutions of the problem (K). O
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Chapter

Appendix A

The following lemma is a fundamental instrument to obtain the chain rule of function in
Sobolev space.

Definition 4.1. A function u : [a,b] — R is said to be absolutely continuous if for every
€ > 0 there exist § > 0 such that ifa = 21 < y1 <K 22 < Y < ... K Ty < Ym = b is a
partition of [a, b] with

l
Z |bk — ak| < 4.
k=1

Then l

> Ju(br) — ulax)| < e

k=1
Moreover, if u: Q — R where Q be an open set in RN we say that is s absolutely continuous
on almost all line segments in ) parallel to the coordinate azes if u(ay, ..., a;—1,+, Git1,...,aN) :
I — R s absolutely continuous for each i =1,...,N, e.g. in the case where N = 2, u re-
stricted to the remains r1 and ro 1s absolutely continuous.

(x,22)

Lemma 4.1. Let u € LP(?). Then u € Wol’p(Q) where p > 1. If, and only if, u has a
representative w that is absolutely continuous on almost all line segments in ) parallel to
the coordinate azes and whose (classical) partial derivatives belong to LP(S2).

Proof. The reader is referred to [11, p. 293 or [19, p. 44]. O

Theorem 4.1. (Rademacher) Let ® be locally Lipschitz continuous in 2. Then ® is
differentiable almost everywhere in Q. See [1], p. 296].
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The proof of the next result where ® € C'(R) can be easily found at [11,14] and [19].
However the proof is subtly omitted when ® is a Lipschitz continuous function of R into
itself. That being the case, we have chosen to present our demonstration for such a result.

Theorem 4.2. (Chain Rule Sobolev). Let ® : R — R be a Lipschitz continuous function
such that ®(0) = 0 and v € WHP(Q) where 1 < p < co. Then ®ou € Wol’p(Q) and

(P ou)(x) Ju(x)

o2, = CI)/(U(:E))T:L‘Z

Proof. As the space Wol’p(ﬂ) is the closure of C2°(Q) in WP(Q), given u € Wol’p(Q) there
exists up € C°(Q) such that up — u in WHP(Q). Consider vy = ® o ug. Since uy has
compact support and ®(0) = 0, there follows that vy has compact support. In addition, as
® is Lipschitz continuous and wuy is a smooth function with compact support, we get

e (@) — or(y)| = | (ur(2)) — @(ur(y))| < Llur(z) — ur(y)| < Lilz —y|

which implies that vy is Lipschitz continuous and consequently absolutely continuous on
almost all line segments in 2 parallel to the coordinate axes. Hence taking x 4 te; where e;

is the i*® coordinate vector for i = 1,..., N, we have
0%k ()| = yi DR H ) Zok@)] oy Bl +ten) —un(@)] _ g |Oue |
Oz; t—o0 |t] t—o00 || Ox;

avk (z) € LP(€). Thus, by Lemma 4.1 we obtain v € W, ?(Q).
s
Now, note that

ok () — @(u())| = [®(ur()) — (u(x))] < Llug(r) — u(z)]

consequently

0
it follows that vy — ® ow in LP(Q2) when k — oo. Since { avk} is bounded for each
L
0
1 < k < n, hence 8—%(30) — w; weakly in LP(€2) up to subsequence. Thus give 1 € C2°(Q),
2
there follows that

o o, . o oY

by definition of a weak derivative we have w; = 88—:1_, and so ®ou € I/VO1 P(Q).
Finally, as @ is Lipschitz by Theorem 4.1 we may conclude that

o . N
/Q(q)ou)awi _jlig.lo Q(q)ouj)awi
— fim [ 2o,

ou,;
=—li P’ ouj) 2
J'grolo Q( ou])axi

(8

——/(@’ou)a“¢ Ve CE°.
Q Ox;

x
Therefore by definition of a weak derivative we get

o(Pou)(x) Ou(x)
~om o (U(ﬂf))T% :
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In order to ensure the legitimacy of the test functions taken to obtain the priori estimates,
we established a stronger version of the Chain Rule.

Corollary 4.1. Let ® : R — R be a locally Lipschitz continuous function such that ®(0) =0
and u € WHP(Q) N L*°(Q) such that ||u||p=~ < C where 1 < p < 0o. Then ®ou € Wol’p(Q)
and

A(P ou)(x)
81,‘i

ou(x)
c%:i

Proof. Consider ¥ = & o T}, where T} is Stampacchia truncation function defined at the
beginning of Chapter 1. Note that W is a locally continuous function, Indeed, give z € R,
let V' be a neighborhood, such that Tj(xz) € V. As ® by hypothesis is locally Lipschitz and
T}, is Lipschitz, there follows that

= ®'(u(x))

W(2) = V(y)| = [@(Th(z)) — 2(T(y))] < L|Tk(x) = Ti(y)| < Llz —y| ¥y € R.
Moreover, since ||u||r~ and meas(2) < co we get
(W (u)| = |W(u) = U(0)] = [®(Tk(u)) — ®(Tk(0))] < L|Tk(x) — O] = Lju[ < C
where we conclude ¥ o u € L>*°(Q). Thus, by Theorem 4.2 we have ¥(u) € WHP(Q) and

ov / ou )
9, (1(@)) = ¥ (u(@)) 5~ ace. in Q.

Taking ||u||p < k, since T"(u) = 1 in {x € Q;|u(x)| < k} we obtain
V' (u(z)) = ' (Ti(w(2))) Ty (u(@)) = @' (u(@)).
In this way, as ¥/ ou = ® o u a.e. in €, there follows that

A(® o u)()
81‘2‘

Ju(x)

= o(u(@) 5,

a.e. in .

O]

Let us look at some results of the Measure Theory that were important for the develop-
ment of the work.

Definition 4.2. Let (2, %, 1) be a measure spaces and ug,u functions in Q from R, ¥ -
measurable.

(i) ur — u a.e. in S if there exists a set Qg in Q with u(Qy) = 0 such that for each e > 0
and x € Q\Qq there exists a natural number N(e,xz) such that if k > N(e,x), then
lug(z) —u(x)| < e.

(i1) Let LP(Q) = LP(Q, X, 1) with 1 < p < 00. A sequence ur, — u in LP(QQ) if for every
e > 0 there ezists N(g) € N such that if k > N(e), then

1

llup — ul|r = (/ |ug —u|p)p <e.
Q

By Egoroff Theorem establishes a condition for achieving near-uniform convergences,
based on the hypothesis that the sequence converges almost everywhere. Even though it is
a classic result of the measure theory, we chose to state and present its demonstration.
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Theorem 4.3 (Egoroff). Let u(2) < 0o and up, — u a.e. in Q. Then uy, converges almost
uniformly to u and in measure.

Proof. If up, — u a.e. x € Q then there exists M C Q with u(M) = 0 such that Ve > 0 and
Vo € Q\M there exists N(e,z) € N such that kK > N (e, z) there is

|ur () — u(x)] <e.

Given m,n € N, define
Ep(m) = | J{z € O Ju;(2) — u(z)| >m™'}.
=k
Note that, for fixed m

Ex(m) = {0 € @ fug(@) —u(@)] >m~} ) | {oe® lun@) - u(@)] >m"}
k=n+1

So Ext+1(m) C Ex(m), moreover clearly Ex(m) € 3. As by hypothesis ux, — u a.e. we have
that

k=1

Thus since u(Q) < +o0o and Exyq1(m) C Ex(m) we obtain

0= lim p (ﬂ Ek@”)) = lim p(Eg(m)).

n—00
k=1

Now given § > 0, let kj, such that p(Ej, (m)) < 2% and Es = ;2 Ej, (m)- Note that E5 € o
and

1w(Es) = p (ﬂ Ej, (m)> = ulBj,(m)) <.
k=1 k=1

Then if x ¢ Ej follows that = € Ej, (m), so for j > ji we get
1
lug(z) —u(x)| < p— Vz € O\ E;.

O

The next result is a consequence of the Egoroff Theorem and quite useful for proving
convergence of nonlinear terms.

Theorem 4.4 (Vitali). Let {ug},u € LP(2) where 1 < p < co. Suppose that

(i) ur = u a.e. in Q

(i) lim,,(gy_o [q [ugl? = O uniformly in k, where E C Q is a mensurable subset.

Then ug — u in LP(Q).
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Proof. Consider F C 2 a mensurable subset, so that

/|uk—u]p:/ \uk—u|p+/ lup — ul?
Q O\E E

< / g — uf? + 201 / (lul? — [ul?).
Q\E E

Given € > 0, by hypothesis (ii) there exist d;(g) > 0 such that p(E) < 01(e) implies that

€
p
/‘uk‘ < 9t

Moreover, as f € LP(Q2) there exists d2(¢) > 0 such that u(E) < da(e) implies that

p
/H o

Taking § = min{d;(e), d2(e)} by hypothesis (i) and Theorem 4.3 exists N(e¢) € N such that
k > N(g) we have

/ lug — u]pg where meas(§2) < 4.
O\E 2
Therefore since k > N () we obtain

/|uk—u|p<5
Q

that is ux, — u in LP(92). O

Now we will introduce a fixed-point result for operators over Banach spaces. Schauder’s
well-known Theorem. See [16].
Before starting Schauder’s theorem, we need the following definition:

Definition 4.3. Let E a Banach space. A map T : E — E is completely continuous if it is
continuous and if, for every bounded subset B C E, T(B) is compact.

Theorem 4.5. Let T : K C E — E be a completely continuous map, where K is a convex,
bounded, closed and invariant subset of EE. Then T has a fixed point in K.

The main tool used in the proof Proposition 3.1 is an important result, a kind of Minty-
Browder Theorem. Below, we recall the definition of pseudomonotone operators

Definition 4.4. Let E be a Banach space, E' dual space and A : E — E’ an operator. We
say that A is pseudomonotone if up, — u in E and

limsup < Aug, up —u > <0,
k—+o0

then, liminfy_, o < Aug,ux —v > > < Au,u—v > Yv e FE.

Theorem 4.6. (Minty - Browder). Let E be a reflexive and separable Banach space and
A: E — E' an operator satisfying

(ii) A is coercive, i.e.,
as ||ul||g — oo;

(i) A is bounded and continuous;

(iii) A is pseudomotone.
Then, A is surjective, that is , A(E) = E'.
Proof. For a detailed proof of this result, we recommend that the reader see [6, p. 38]. O
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