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Abstract

In this work we address the asymptotic behavior of regenerative sequences. For stabilized
partial sum we establish convergence in Mallows distance to a Gaussian random variable.
For the associated empirical process and the empirical quantile process we show the weak
convergence to functionals of a mean-zero Gaussian process with continuous sample paths
B, being B a modified Brownian motion. As a by product asymptotic null distributions
are derived for the classical statistics of Kolmogorov-Smirnov and Cramer-von Mises. And,
applications include similarity tests of location-scale families for Harris Markov chain with

atom.

Keywords: Mallows Distance; Empirical Process; Regenerative Process; Invariance Princi-

ple; Goodness-of-Fit.



Resumo

Neste trabalho abordamos o comportamento assintético de sequéncias regenerativas. Para
somas parciais estabilizadas mostramos a convergéncia em distancia Mallows para uma
variavel aleatéria Gaussiana. Para o processo empirico e o processo quantil empirico as-
sociados provamos a convergéncia fraca para um processo Gaussiano de média zero e com
trajetérias continuas B, sendo B uma variante da ponte Browniana. Como subproduto
obtemos a distribuicao assintética nula para as estatisticas classicas de Kolmogorov-Smirnov
e Cramer-von Mises. Além disso, propomos testes de similaridade relativo a familias de

escala-locacao para cadeias de Markov Harris com atomo.

Palavras-chave: Distancia Mallows; Processo Empirico; Processo Regenerativo; Principio

de Invariancia; Qualidade de Ajuste.
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Introduction

Regenerative processes have acquired a major importance in applied probability studies.
From its original formulation by Doeblin (1938), it has grown to play a central role in ap-
plied fields as varied as queueing theory, telecommunications, finance, production, inventory,
biology, computer science and physics, all of which use models that sometimes rely on re-
generative structures for their analysis. For regenerative sequences and their applications we
refer the reader to Asmussen (2003), Haas (2002), Sigman and Wolff (1993), Smith (1955,

1958) and references therein.

The essence of regeneration is that the evolution of the process between any two successive
regeneration times is an independent probabilistic replica of the process in any other “cycle”.
Thus, under mild regularity conditions, the time-average limits, the existence of a limiting
distribution and others basic results about the asymptotic behavior are well-defined for a
regenerative process. More specifically, we say that a stochastic process { X}, is regener-
ative if there exists a sequence of random times Ty < 177 < T, < ... at which the process can

be split into i.i.d. “cycles”

noz{Xn,0§n<T1},771:{Xn,T1 §n<T2}, UQZ{Xn,TQ §n<T3}

Irreducible, aperiodic and positive recurrent Markov chains with countable state space con-
stitute a basic example of a regenerative process with {7},}, ., being the times of successive
returns to a given state. Chains with general state space also exhibit regenerative struc-
tures when Harris recurrent chains with atom are considered. In the Markov chain setting,

regenerative analysis has simplified many complicated analytical arguments associated with



the limit theory of such processes. Significant results that detail the connection between
regeneration and Markov chains can be found in the works by Athreya and Ney (1978) and
Nummelin (1978). For a systematic study of the splitting technique and regeneration phe-
nomena in the theory of Harris Markov processes, the reader is refered to two excellent books

written by Nummelin (1984) and Meyn and Tweedie (1993).

Aiming at Goodness-of-Fit type statistics for Markov chains with general state space and
that possess limiting distribution with a continuous and strictly positive density function
we first develop some asymptotic results for regenerative processes. A key element to be
considered is the concept of the associated canonical(or occupational) probability measure
7. As pointed out in Athreya and Lahiri (2006) the expected time that the regenerative

sequence {X,}, -, spends in A over the expected inter-regeneration time provides,

ﬁ(A):iE{iIA(Xj)}, pr = E{T; =T} (1)

In fact, if ¢ is a measurable function then, under mild conditions, the strong law of large
numbers (SLLN) holds and the “time average” > 7 ¢(X;)/n converges almost surely (a.s.)
to the “space average” [ ¢dm. Indeed, the canonical measure determines the limiting dis-
tribution of the process. And, from the Markov chains point of view, the Kac’s Theorem
will allow us to identify the canonical measure 7= with the limiting measure of Harris recur-
rent chain that possesses an atom (see Bertail and Clémengon (2006) or Meyn and Tweedie

(1993)). Mixing conditions and geometrically ergodic chains will also play a role in this

matter (Dehling et al. (2009) and Shao and Yu (1996)).

Thus, to study the asymptotic properties of the process one needs to analyse the partial sum

S, = Z@(Xn). Our approach will rely on the dissection formula used by Chung (1967)
=0

to achieve Central Limit Theorem (CLT) for aperiodic, irreducible and positive recurrent

Markov chains,
Np—1

k=1



where N,, is conveniently chosen,

Ti—1 Trpy1—1
Av =) o(X)), Vi= > ¢(X;) and B, Zw

Based on the dissection formula we prove a version of CLT for aperiodic and positive recurrent
regenerative sequence (Theorem 2.3.2). As compared to similar results such as CLT from
Glynn and Whitt (1993) our hypotheses are somehow weaker. Also, in Chapter 2 induced
by the successfull use of Mallows distance to derive CLT type results for stable laws (see,
e.g., Johnson and Samworth (2005) or Dorea and Oliveira (2014)) as well as to characterize
domains of attraction for extreme values (Mousavinasr et al. (2020)) we will introduce

Mallows distance in our work.

Mallows distance d,.(F,G) measures the discrepancy between two distribution functions F

and G. For r > 0 define
4, (F.G) = inf {B(X =Y}, X LFRY £G.

where the infimum is taken over all random vectors (X,Y’) with marginal distributions F
and G ( =: equality in distribution). Convergence in Mallows distance is closely related to
convergence in distribution (i>) From Bickel and Freedman (1981) : for distributions with

finite r-th moments and for » > 1,
d.(F,,G) = 0 <= F, -5 G and /|x!ran(x) — / |z dG(z).

Via Mallows distance, we will present several variants of the CLT for regenerative sequences.
Some related results concerning strong approximation and their rates of convergence are also

included in the last section of Chapter 2.

Next, consider the canonical distribution function

F(z :—E(TQZ:lI o] ) (3)

Jj=T



and the associated empirical process and the empirical quantile process

Ba(z) = Vn(Fu(z) — F(z)), v €R, (4)
an(t) = V(M) = F7H(t)), t € (0,1). ()

Where F,, is the empirical distribution function

1 n
Fn<33') = EZI(_OOM(X]') ,reR, n>1,
j=1

F ! and F~1! are the generalized inverse of F, and F, respectively.

Note that from the above results we have for r > 1,

d (\/ﬁ(Fn(x) — V) Z) 0

pu )
where the constants p and o are conveniently chosen. Interpret above as the Mallows distance
between the corresponding distributions with Z having N(0,1) distribution. For the i.i.d.
case Donsker’s Theorem (cf. Billingsley (1968)) states that the empirical process (3, converges
weakly (=) to a Brownian bridge process B. The dependent case is far more complex, see,
for example, the works of Berkes and Philipp (1977, 1978), Doukhan et al. (1995), Borovkova
et al. (2001), Dedecker and Prieurd (2007), Shao and Yu (1996) and Dehling et al. (2009).

In our case, under regularity conditions, we will show that the empirical process (3, converges
weakly to a zero-mean and continuous sample paths Gaussian process By with covariance

function given by

E(Bp(x), Bpy)) = FlzAy)—F(2)F(y)

+ Z E {f(foo 21 (Xo) = (), L(—ooy)(X;) — F(y)}
BT (X0) = P) I (X)) = F@) . (6)

Unlikely as in the i.i.d. case, the well-known Delta Method cannot be used directly to show
the weak convergence of the empirical quantile process ¢,. Different set of arguments such

as the Skorokhod Theorem and properties of locally uniformly aproximation of monotone



functions were needed to establish the desired convergence

N o BO
w0 =R E )

As by product of these weak convergences, for the statistics

(Kolmogorov-Smirnov)

W2 —p /_ T (Fu(2) — F(2)dE ()

[e.9]

(Cramér-von Mises)
we obtain the asymptotic null distributions

1
D, % HBFH and W2 -4 / By (t)2dt.
00 0
On the other hand, del Barrio et al. (1990,2000) proposed a set of similarity tests of location-

scale families based on the empirical distribution and the 2nd-order Mallows distance. We

extend its use for our regenerative settings by considering the statistics

Jidy(Fy, ) = <n /0 (R — Fl(t))2dt> v

R,=1- </ Fa 1<t>G‘1<t>dt) |

52
On

and

The latter tests whether F' € Gg and G is a standard member of the location-scale family
Ga.

We will provide conditions that guarantee the convergences

Vnds(F,, F) -5 (/ FF 1%’ )1/2

and the convergence in distribution of the statistics nR,, to

[ e ([ i) - ([ %)

(8)
After this brief description of our objectives, motivations and tools used, we now detail how

this work is organized. A better characterization of each chapter will be provided in the
introduction of each one



In Chapter 1, we present preliminary concepts and results that are fundamental for the
understanding of the subsequent chapters. It includes some details on Markov chains, renewal
theory, Mallows distance, moment inequalities, uniform integrability, empirical processes and

weak convergence.

In Chapter 2 we will focus on the convergence of the partial sum S, = Z?:l o(X;) to a
Gaussian random variable. First, we present some basic concepts concerning regenerative
processes and explore the role of the canonical measure 7. Illustrative examples and results
such as the existence of a limiting distribution, conditions for SLLN to hold as well as
Glivenko-Cantelli type theorem are gathered in Section 2.2. Our Theorem 2.3.2 provides a
variant of the CLT for regenerative sequences and in 2.3.1 our hypotheses are compared to
known conditions for CLT to hold. Theorem 2.4.6, under r-th moment conditions on blocks
n;’s, we obtain convergence in Mallows distance and moments convergence for w to a
n

standard normal random variable. In Section 2.5 we discuss the approximation of the partial

sum S,, by a Brownian motion with rate of convergence O(logn).

In Chapter 3 we establish the weak convergence in the Skorokhod space D for the empirical
and empirical quantile processes. Basic assumptions include aperiodicity and positive recur-

B(t
rency of the regenerative sequence. Theorem 2.3.2 and g¢,(t) N —# lead to the

-1
convergence of finite dimensional distributions of the process 3,(-) ané(éz(-)(.t)())ur Theorem
3.3.5 shows that the empirical process 3,(z) converges weakly to the zero-mean Gaussian
process B 7. For its proof Shao and Yu'’s tightness criterion (1996) and a-mixing properties
of the sequence {X,,}, -, are used. Our Theorems 3.4.4 and 3.4.5 establish the weak conver-
gence of the uniform quantile process and of the process g, (-), respectively. For its proof our

approach makes use of the Skorokhod’s Representation Theorem and properties of locally

uniformly aproximation of monotone functions.

Finally, in Chapter 4, we study the asymptotic null distribution for statistics associated to a



regenerative sample. In Section 4.3, our Lemma 4.3.2 provides sufficient conditions to obtain
the asymptotic null distribution for the classic statistics of Kolmogorov-Smirnov D,, and
Cramér-von Mises W? . In Section 4.4 we use the 2nd-order Mallows distance between the
empirical distribution and the canonical measure F to study the statistics y/ndy(F,, F ) and
R,, defined by (4.2) and (4.4), respectively. The Lemma 4.4.2 provides sufficient conditions
to obtain the convergence (4.3) and Lemma 4.4.3 establishes the limiting distribution of the
statistics nR, under the null hypothesis that the canonical measure F belongs to the tested
location-scale family. The results derived in this chapter are directly related to the weak
convergence of the empirical and quantile process associated to X,,. Since any Harris chains
{Xn}n21 on a general state space that possess an atom A is a regenerative process with
limiting distribution Fy;,,, by Kac’s Theorem we have Fj;, = F where F is the canonical
distribution given by

Ta—1

F(z) = EA(lTA)EA { ;} I(_w,x}(xj)} ,z € R,

where Ty = inf{n >1,X, € A} the hitting time on A. So, our invariance principle is
valid for Harris Markov chains and then we can use the statistics described above to test
Hy: F = Fyor F' € G;. On the other hand, in Subsection 3.2.1, we established that the
empirical process associated with a L-geometrically ergodic Markov chain {Xn}n20 under
some assumptions on the Markov transition function satisfies the invariance principle of
Theorem 3.2.2. Thus, as stated in 4.3.1 the proposed statistics are applicable to a class of
Markov chains that includes £-geometrically ergodic chains and positive Harris recurrent

chains with an atom.



Chapter 1

Preliminaries

1.1 Introduction

In this chapter we gather the necessary concepts and known results to be used in the sub-
sequent chapters. As basic references we refer the reader to Chung (1967) and Meyn and
Tweedie (1993) for Markov chains, Serfozo (2009) and Athreya and Lahiri (2006) for Re-
newal Theory, Mallows (1972), Bickel and Friedman (1981) and Dorea and Ferreira (2012) for
Mallows distance, Shorack and Wellner (1986) and Csorgé and Révész (1981) for empirical

processes and Billinsgley (1968) for weak convergence.

1.2 Some Notation and Terminology

ii.d. : Independent and identically distributed
CLT : Central limit theorem

Strong law of large numbers
Convergence in distribution

Equality in distribution

Convergence in probability

e e E
Z

Almost surely, with probability 1



— : Almost sure convergence

= : Weak Convergence
d,(F, Q) . Mallows distance of r-th order
alNb : Minimum of @ and b
la] . the integer part of a, i.e,|a] =kif k<a<k+1
a, = o(by) nh—glo Z—: =0
b, = O(by,) limsup [—| < oo

n—oco | bn
N(u,0?) . Normal distribution with mean p and variance o>
C10,1] : Space of continuous real-valued functions on [0, 1]
DJ0,1] . Space of functions on [0, 1] that are right-continuous and have left-hand limits.
o(X) : Sigma algebra generated by X.
E(Y|F) : Conditional expectation of Y given F
P(A|F) . Probability of A given F

I4() or I(A) : The indicator function of a set A

1.3 Markov Chains

Classical Markov chains possess a denumerable state space S and a transition probability
matrix P = ((P,;))iesjes. For any set A C S, the first hitting (passage or visit or return)

time to the set A of a chain {X,}, - is defined by
Ti(A)=inf{n: X, € A,n>1}.
For a fixed state ¢« € S the r-th visit to state ¢ is given by
T.(i) =inf{n:n>7T,_41(i), X, =i}, r>1

and

The state 7 is said to be recurrent if
P(T1(i) < 00| Xg=1i) =1 or P(X,, =i for some 1 <n<oo|Xy=1i)=1.

9



and is positive recurrent if E {T5(i) —T1(i)} < oo. The chain {X,} is said to be

n>0"

irreducible if

P(T1(j) < 00| Xg=1) >0 or P(X, =jforsome 1 <n<oolXy=1)>0ViVj.

The following result states that we can break the time evolution of a Markov chain into i.i.d.

cycles.

Theorem 1.3.1. Let n, = {X;,T,.(1) < j < T,41(7); To41(3) — T(¢)} forr =0,1,2,.... Let
t be a positive recurrent state. Given Xo = 1, the sequence {nr}rzo are i.1.d. as random

vectors with a random number of components. More precisely, for any k € N,

P; (777’ = (x’/‘m Lrys 'nyrjr)a Tr—i—l(i) - TT<Z> =Jrr =01, k)
k

= [P (n= (2 20y 0,), Ti(0) = i)

r=0

Jor any x,y, Tpps e, m =01, k.

In the regenerative context, the visit times Ty (i) < T1(i) < To(i) < ---T,(i) are the regener-

ation times and the 7,’s are the cycles or excursions.

We will be interested in Markov chains with general state space. Let (S,G) be a measurable
space and let {Xn}nzo be a stochastic process taking values on S and equipped with a

transition probability kernel
P={P(z,A) : z€S,Ae}.

Where P(z,-) is a probability measure on (S,G) for all z € S, P(:, A) is an G-measurable

function for all A € G and P satisfies
P((Xp41 € A)|Xo, X1, ..., X)) = P((Xos1 € A)|X,) a.s. for all n>0

and for any initial distribution of X,. It follows that for Ag, Ay, ..., A, € G and any initial
po(A) = P(Xy € Ap) we can write

P(XO € A(),Xl S Al,...,Xn c An) :/
Ao

,ug(dato)/ P(xo,d:tl)---/ P(z,_1,dx,).
Ay An

10



The concepts of irreducibility, recurrence or aperiodicity can all be carried out to general
state space by making use of an auxiliary measure ¢. In the case of discrete space S, the
measure ¢ is just the counting measure on S. The following notation will be used : P,(-) for

the probability of chain started at z; and P,(-) for the chain with initial distribution .
Definition 1.3.1. Let ¢ be a non-zero o-finite measure on (S,G).

(i) The Markov chain { Xy}, (or equivalently, its transition function P(-,-)) is said to
be ¢-irreducible (or irreducible in the sense of Harris with respect to measure ¢) if for

any A € G and all x € S we have

®(A) > 0= P,(Ti(A) < c0) > 0.

(i)) The Markov chain {X,}, >, that is Harris irreducible with respect to ¢ is said to be

Harris recurrent if for all x € S we have

A€G, ¢(A)>0= P,(T1(A) < o0) =1.

(iii) The set A € G is an atom if there exists a probability measure v such that P(x,B) =
v(B), z € Aand A€ G. The set A is an accessible atom for a ¢p—irreducible Markov

chain if $(A) > 0 and for all z € S and y € S we have P(x,-) = P(y,-).

Remark 1.3.1. If a chain has an accessible atom then the times at which the chain enters

the atom are regeneration times.
For A € G define the successive return times to A by
Te(A) =inf{n:n>T, 1(A), X, € A}, k> 2.

When the chain is Harris recurrent then, for any initial distribution, the probability of
returning infinitely often to the atom A is equal to one. By the strong Markov property it

follows that, for any initial distribution p, the sample paths of the chain can be divided into

11



i.i.d. blocks of random length corresponding to consecutive visits to A. The cycles can be

defined by

TII — (XTl(A)7 XTl(A)—I—l; ceey XTQ(A)—1)7 ceey nk — (XTk(A)a XTk(A)+17 ceey XTk+1(A)—1)'
The previous remark is a consequence of the following result.

Theorem 1.3.2 (Athreya and Lahiri (2006); Theorem 14.2.9). Let {X,},-, be a Harris
Markov chain with transition function P(-,-) and state space (S,G), where G is countably
generated and. Then there exists a set Ay € G, a constant 0 < a < 1 and a probability

measure v(-) on (S,G) such that for all x € Ay,
P(z,A) > av(A), VA € g, (1.1)

and for all x € S,

P.(T1(Ap) < o0) = 1.

Besides, for any initial distribution p, there exists a sequence of random times {T;},., such

that under P,, the sequence of excursions n; = {X1,,,,0 <r < Tjy —Tj, Tjy — Tj}j>l are

+r?

ii.d. with Xq, 2 ().

1.4 Renewal Processes

The results that we will present in this section are important tools for characterizing the
limiting behavior of probabilities and expectations of regenerative processes. Basic references
are Athreya and Lahiri (2006) and Serfozo (2009).

Suppose 0 = Ty < T} < T, < .... are finite random times at which a certain event occurs.
The number of the times T, in the interval (0, ] is given by

N(t) =) Iy t>0, N(0)=0.
n=1

Definition 1.4.1. A point process N(t) is a renewal process if the inter-occurrence times
Tn =T, — T,_1, forn > 1, are independent with a common distribution F' and 79 = 0. The

T, s are called renewal times, referring to the independent or renewed stochastic information

12



at these times. The T, are the inter-renewal times, and N(t) is the number of renewals in

(0,1].

Note that

T,=n+7m+ - +7, n>1

Also note that for each ¢t > 0and n =0,1,2,....
{Nt)=n}={T, <t,Tpn1 >t} ={T, <t <Tp1.} (1.2)

These equations state, loosely speaking, that ¢ — N(t) is the inverse function of n — T,

and suggest that classical results on {7}, -, could be converted to results on {N ()},

Theorem 1.4.1 (Renewal Theorem). Let ur = E {Ty — T} be the mean of the inter-renewal

distribution. Then

lim M iy L (1.3)
t—o00 t ILLT
im ZV®F 1 (1.4)
t—00 t Ut

We are interest in discrete renewal process. So, let {7; }j>0 be independent positive integer
valued random variables such that {7;} ., are i.i.d. with distribution {p;},,,. Let T =0,

Tn=3_¢Tjn>0and
u, = P(there is a renewal at time n) = P(T}, = n for some k > 0).

Theorem 1.4.2. [Lindvall (1992); Theorem 1.4.2] Let g.c.d.{k:p, >0} = 1 and p =

> Jpj € (0,00). Then
: 1
i) u, — — asn — oo.
1
i) If 0 < Y222, j*p; < oo some k > 1 then u, — ™' = o(n—#-D),
Consider the discrete renewal equation

n =by+ Y an_jp;, n=01,2, .. (1.5)
j=1

In the general case, it can be shown that the unique solution to (1.5) is given by
n
Ap = Z bn,]"LLj.
=0

13



Theorem 1.4.3 (Discrete Renewal Equation). Let {b;},., be a such that 3377, |b;| < oo.
Let {an},>o with ag = by and
Ay = bn + Zan_jpj, n Z 1.
j=1

Ifo<pu= Z;‘;l Jpj < oo and assume the g.c.d.{k :py >0} = 1. Then

[e.o] . 1 o0
an = ijun_j, n >0 and T}Lrgoan = " ij.
j=0 7=0

For a renewal process NN, the following processes provide more information about renewal

times.

Definition 1.4.2. i) A, =t—Ty,, the backward recurrence time at n (or the age), which

1s the time since the last renewal prior to n.

ii) B, = Tn,+1—n, the forward recurrence time at n (or the residual renewal time), which

15 the time to the next renewal after n.

Then

n—oo

k
1
Jj=0

(cf. Example 48 - Chapter 2 from Serfozo (2009)).

1.5 Mallows distance

The Mallows distance (1972) between two distributions functions F' and G generalizes the
“Wasserstein distance” appeared for the first time in 1970 (case r = 1). Thus, in the litera-

ture, the name distance of Wasserstein has also been used instead of Mallows.

Definition 1.5.1. Forr > 0, the Mallows r-distance between distributions F' and G is given
by

4,(F.G) = inf {B(X - Y)Y XL RY £G. (1.7)
where the infimum is taken over all random vectors (X,Y) with marginal distributions F'

and G, respectively.
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For » > 1 the Mallows distance represents a metric on the space of distribution functions

Lr:{F:AJﬂWF@)<u}.

The following metric relationships are valid
d.(F,G) < d.(F, Fy) + d,.(Fy, G), (1.8)

where Fj is a distribution function.
There is a close connection between convergence in Mallows distance convergence and the

convergence in distribution.

Theorem 1.5.1 (Bickel and Freedman (1981)). Forr > 1 and for distributions G € L, and

{Fu}ps1 C Ly we have, as n — oo
A (Fo G) = 0 = Fy % & and /erdﬁ;@»-+(/ﬁxrdecm. (1.9)

Theorem 1.5.2 ( Dorea and Ferreira (2012)). Let r > 1, X* LFY*LG and (X", Y") <
H, where H(z,y) = F(z) AN G(y) = min{F(z),G(y)}. Then the following representation
holds .
d(F,G) = E{|[F7(U) -G (U)["} = / [F7H (u) = G™H(w)["du
0
= B{ =YY= [ e ydH ()
R2

where U is uniformly distributed on the interval (0,1) and 0 < u < 1.
Theorem 1.5.3 (Johnson and Samworth (2005)). Let X, X1, Xo, ..., i.i.d. random variables.

Assume var(X) > 0 and for some r > 2 we have d.(X,Z) < oo where Z has normal

distribution with mean 0. Then as n — 00

d<&+&+w+&

,ZO> 0, (1.10)
nvar(X)

where Zy < N(0,1).
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1.6 Moment Inequalities, Mixing and Uniform Inte-
grability

We gather below some known moment inequalities. They can be found in the books of
Billinsley (1968), Gut (2005), Hall and Heyde (1960). For easier referencing purpose we

have stated the inequalities as Lemmas and Theorems.

Lemma 1.6.1. a) Let Y1,Y5,....Y,, random variables. Then

E{iY } < En:E{mv’} if0<p<l1. (1.11)
{5

b) Let {>°" Vi, Fu} o, be a martingale. Then there exists a constant c, such that

P n p/2
E{ } <c,E (Z Yf) if p>1. (1.13)
= i=1
1 1
Ifp>1and — + — =1 we have
P q

zy
) o) = () oo

DY
i=1
Rosenthal (1970) proved the following inequality which is a extension of the classical con-

IN

n Y CE{YP} ifp> 1 (1.12)
=1

m

DY

i=1

n

> Y

=1

vexity inequity:

n p
>y } <o if 1<p<2.
=1

Lemma 1.6.2 (Rosenthal(1970) ). Let Y1,Y5,....Y, i.i.d. random variables with E(Y;) =

0, 0* = E(Y}?), then ezists a constant ¢, such that
E {

>,
=1

Let (€, F, P) be a probability space and F; and F; be two o-algebras contained in F .

p
} <c,{o"n?? + EYi|Pn} if p> 2. (1.15)

Define the following measures of dependence between F; and Fo:

a(Fy, Fr) = S |P(ANB) — P(A)P(B)|.
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Let {X,},>, be a sequence of real-valued random variables on (2, F, P) and let F* =

o(X;,n <i<m) be g-algebras generated by the indicated random variables and put

a(n) = sup o FY, FiSp).
k>1

Definition 1.6.1. The sequence {X,}, -, is said to be a—mizing (or strong miring), if
a(n) = 0o as n — 0.

The following result is a Rosenthal-type inequality for a—mixing.

Theorem 1.6.3. [Shao and Yu (1996), Theorem 4.1] Let 2 < p < r < o0, 2 < v <r
and {X,} be and a-mizing sequence of random variables with E{X,} = 0 and ||.X,|, :=

(B|X,|")Y" < co. Assume that
a(n) =0(n™"), for some 6> 0.

If0 >v/(v=2) and 0 > (p—1)r/(r—p) then for any € > 0 there exists K = K(e,r,p,v,0, )
such that

E{|S,]"} < K (W max | X, 2+ 1 max Hxiuf) - (1.16)

Now, let S,, = Z Y where {Y;},. is an i.i.d. sequence of random variables and let N be a
j=1

stopping time, we will need estimates of the moments of Sy in terms of moments of N and

Y;. For this we recall the definition of stopping time.

Definition 1.6.2. A positive integer valued random wvariable N is called a stopping time

with respect to {Yj}j21 if for every j > 1, the event {N = j} € o(Y1,....,Y}).

Theorem 1.6.4. Suppose that E|Yy|P for some r > 0 and that EY, = 0 when p > 1. Then

for a stopping time N we have
i) E|Sy|P < EY4P-EN for0<p<1.
ii) E|Sn|P < c,E|Y1[P- EN for1<p<2.

i) BISx|? < ¢,({EOR)Y BNV} + BYi["- EN) < 26, BYi- E{N"?} forp>2,
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where ¢, s a numerical constant depending on p only.

In Chapter 2 we will need to establish moment convergence. Convergence in distribution by
itself simply cannot ensure convergence of any moments. An extra condition that ensures

convergence of appropriate moments is the uniform integrability.

Definition 1.6.3. A sequence of random variables {Yn}n21 is said to be uniformly integrable
if
lim sup/ |Y,|dP = 0.
(IYn]>a)

a—00 n

Theorem 1.6.5. Suppose Y, Ly, If {\Ynlk,n > 1} is uniformly integrable, then
E{|Y.]"} — E{|Y|"} for every 0 <r <k.

Theorem 1.6.6. Let Y1,Ys, ..., X1, Xo, ... be random variables.

i) If |Ya| < X a.s. for all n, where X is a positive integrable random variable. Then

{Yo},s1 is uniformly integrable.

ii) Let |Y,| < X, a.s. for all n, where X1, Xs, ... are positive integrable random variable. If

{ X}y is uniformly integrable, then so is {Y,}, -, -

ii) If {Xn}, and {Yo}, 5, are uniformly integrable, then so is {Y, + X}, 5, -

1.7 Empirical Processes

Now we will present some definitions and basic results on empirical processes. For references

on this section see for example, Csorgé and Révész (1981) or Shorack and Wellner (1986).

Definition 1.7.1. Let X1, X, ...., X, be random variables. The empirical distribution func-

tion associated with X1, Xo, ...., X,, 1s defined as

A P
Fo(z,w) = M,x €R, (1.17)
n

where 14 is the indicator of event A.
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Definition 1.7.2. The empirical process associated with X1, Xo,...., X,, with distribution

function F' is defined as

Bn(z) = Vn(Fn(z) — F(z)), © € R, (1.18)

and the uniform empirical processes is given by

where U,(t) is the uniform empirical distribution.
Note that if F'is a continuous function then
() = un(F(2)).

For every fixed x € R, E(F,(z)) = F(x) and VarF,(x) = n"'F(z)(1 — F(z)), because
nF,(x) is binomial (n,p = F(x)) random variable. Hence, by the classical law of large
numbers, we get

F,(z) 2% F(x) as n — oo.

On the other hand, viewing {F,(x) : x € R,n =1,2,3,...} as a stochastic process in x and

n, its sample functions in z are distributions functions and we have

Theorem 1.7.1. [Glivenko- Cantelli Theorem]
SLel]g |Fo(z) — F(z)] <30 as n — oo.
and also, we have the CLT for empirical processes:
Theorem 1.7.2. Let x € R such that 0 < F(x) < 1, then
Bu(x) ~5 Z(x) £ N(0, F(2)(1 — F())). (1.19)

Observe that a Brownian bridge B(t) has a normal distribution N(0,¢(1 —t)).

Definition 1.7.3. A zero-mean Gaussian process {B(t) : 0 <t < 1} is called a Brownian

bridge if the covariance is given by Cov(B(t), B(s)) = min(s,t) — st. Or, equivalently,
{B(t) L) —tw):0<t < 1},
where {W(t) : t > 0} is the standard Brownian motion.
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Now we will present the concept of quantile empirical process which can be considered as

the inverse of the empirical process f3,,(t).

Definition 1.7.4. Let X, Xs,...., X,, be random wariables with distribution function F.

Then
a) The inverse distribution function (or quantile function) of F' is given by

FYt)=inf{z: F(x) >t}, F1(0)=F(0").

b) The inverse empirical distribution function (or empirical quantile function) is given by

E7't)=inf{z: F,(z) >t}, 0<t<1.

n

As for F,,, we associate the empirical quantile function F; ! a stochastic process.

Definition 1.7.5. The empirical quantile process associated with X1, Xo, ...., X,, with distri-

bution function I is defined as

gu(t) = Vn(F, (1) = F7H(1), 0<t < L. (1.20)

un(t) = V(UM (t) —t), 0 <t <1,
where U71(t) is the uniform empirical quantile function.

Observe that for random variable X with a continuous distribution F' we have that F/(X) <

U, where U is a uniform [0, 1] random variable and consequently, if F'(z) exists

and using the mean value theorem, we can write

n(t) = V(U ') — t) (F71(&))", for t AUHE) < & <tV U, (1),

Moreover, if (F~1(t))" = FE) < oo fort e (0,1) and f = F', then we have
. Un(t)
L EI)

Now, not so immediately as for empirical process ,(t) we have the following quantile CLT.
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Theorem 1.7.3. [Shorack and Wellner(1986), Proposition 1, Chapter 18 ] Let X1, Xo, ..., X,

be random variables with distribution function F with derivate in F~1(t), t € (0,1). Assume

that F'(F~1(t)) = m > 0. Then as n — oo
d B(t) a4 t(1—t)
)= iy = (0 7). 2

To obtain a quantile CLT in the a—mixing case, we have the following Bahadur representa-

tion of sample quantiles.

Theorem 1.7.4. [Xing, Yang, Liu et al. (2012), Theorem 2.3] Let {X,}, 5, be an strictly
stationary and a—mixing sequence of random variables with a common distribution function
F, where F is absolutely continuous and has a continuous density function f such that
0 < f(F7Yt)) < oo, t € (0,1). If f" is bounded in some neighborhood of F~1(t) and
a(n) = O(n=P) for some 3> 1. Then, as n — oo,

t— F(F(1))
fFE())
where R, = O(n=3/*logn) is such that \/nR, — 0.

+ R, a.s., (1.22)

1.8 Weak Convergence

Let S be a metric space. We will present some basic results concerning the weak convergence
of sequences of probability measures on the o-algebra S of Borel sets in S. For references

on this section see Billinsgley (1968).

Definition 1.8.1. Let P, and P be probability measures on (S,S) such that

/S fdp, — /5 fdp

for every bounded, continuous real function f on S, we say that P, converges weakly to P
and write P, = P.
Let {X,,} be a sequence of random elements on (S,S), we say that {X,} converges in dis-

tribution to the random element X, and we write
X, -5 X (or X, = X),
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if the distributions P, of the X,, converge weakly to the distribution P of X.

Suppose that h maps S into another metric space S’, with Borel o-field §’. If h is measurable
then each probability P on (S,S) induces on (S’,8’) a probability Ph~! defined as usual
by Ph='(A) = P(h='A). If h is continuous then P, = P implies P,h~' = Ph™!, but the
continuity of the mapping h can be a replaced by a weaker condition. Assume only that h

is measurable and let D;, be the set of its discontinuities.

Theorem 1.8.1 (Continuous Mapping Theorem). Let h : S — S’ be measurable . If
P, = P and P(Dy) =0, then P,h=' = Ph™L.

The following notion of tightness proves important both in the theory of weak convergence

and in its applications.

Definition 1.8.2. A family of probability measure P on (S,S) is tight if for each positive €

there ezists a compact set K such that P(K) > 1—¢, for all P € P.

Now, let DI[0, 1] be the space of functions x(t) on [0, 1] that are right-continuous and have
left-hand limits.

The following theorem establishes sufficient conditions for weak convergence in D[0, 1].

Theorem 1.8.2. Let P,, P be probability measures on DI[0,1]. If the finite-dimensional
distributions of P, converge weakly to finite-dimensional distributions of P, and if {P,} is

tight, then P, = P.

The following theorem establishes sufficient conditions for the tightness of a sequence X,,.

It is a version of Theorem 15.5, Billinsgley (1968).

Theorem 1.8.3. Let X1, Xa, .... be a random variables in D[0,1]. The sequence { Xy}, -, is

tight if and only if these two conditions hold:

1. For each positive n, there exists an a € R such that for each n > 1

P{|X,(t)] > a} <n, for everyt e [0,1].
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2. For each positive € and n, there exist a 6, with 0 < d < 1, and an integer ng such that

P{ sup | X, (s) — X, (t)] > e} < dn, n > ny.

t<s<t+d

The following result is one of the main tools to prove the convergence of finite-dimensional

distributions of a stochastic process.

Theorem 1.8.4 (Cramer-Wold). Let X,, = (X1, X2, -, Xpx) and X = (X3, Xo, ..., Xi) be

random vectors of dimension k. Then

X, 4L x

iof and only if:
k k
S X -5 Y X
j=1 j=1
for each (ti,...,tx) € R¥ that is, if every fived linear combination of the coordinates of X,

converges in distribution to the correspondent linear combination of coordinates of X .

In order to obtain the weak convergence of the empirical quantile process, object of study

of the second section of chapter 3, we will present some important results and definitions.

Definition 1.8.3. Suppose E is a set and {j‘},,}n21 s a sequence of real-valued functions on

it. We say the sequence {fn}n21 1s uniformly convergent on E for f if

sup | fn(z) — f(z)] — 0 as n — oo. (1.23)
el

For functions defined on R, the sequence {fn}n21 15 said to be locally uniformly convergent

if (1.23) holds for any compact interval.

n—o0

Remark 1.8.1. If x,(t) — x(t) in the Skorohod topology and x(t) is a continuous func-

n—oo

tion(defined on a compact set), then x,(t) — x(t)(locally) uniformly.

In mathematics and statistics, Skorokhod’s representation theorem is a result that shows
that a weakly convergent sequence of probability measures whose limit measure is sufficiently
well-behaved can be represented as the distribution of a pointwise convergent sequence of

random variables defined on a common probability space.
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Theorem 1.8.5 (Skorokhod’s representation theorem). Let S be a separable space. Suppose
that { Xy}, is a sequence of random elements on (S, S) such that X, %y X. Then there is
a probability space (2, F, P) on which are defined S-valued random variables X! ,n = 1,2, ...

a.s.

and X' with same distributions of X,, and X respectively, such that X] — X'.

In addition, we will present a lemma which together with Skorokhod’s representation theorem
and with the relation explained in Remark 1.8.1, allows us to obtain the weak convergence
of the empirical quantile process. This lemma is an adaptation of Vervaat’s Lemma (1972).

For more details and their demonstration, see (Resnick, 2007) and (Vervaat, 1971).

Lemma 1.8.6. Suppose for any n, z,(t) € D|[0,1] is a non-decreasing function and zy(t) €

C10,1]. If ¢, — oo and

en (@ (t) — 1) =5 z0(2) (1.24)
locally uniformly, then
en(z (1) — 1) =3 —z(2) (1.25)

locally uniformly.
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Chapter 2

Asymptotics for Regenerative

Sequences.

2.1 Introduction

In this chapter we study the asymptotic behavior of a regenerative sequence {X,} -, on

(S,G) and with regeneration times {7,},-, . More precisely, we consider a partial sum
X >

Sp = Z ©(X;) with ¢ : S — R be a measurable function and then we obtain convergence
j=1

in distribution, convergence in moments and convergence in Mallows distance. We also
present the approximation of the partial sum S,, by a Brownian motion {W(¢) : ¢ > 0} and

show that this can be carried out at rate of convergence O(logn).

As mentioned before, the Mallows distance measures the discrepancy between two distribu-
tion functions and has been successfully used to derive Central Limit Theorem type results
(see, e.g., Johnson and Samworth (2005) or Dorea and Oliveira (2014)). In this sense, we
establish conditions to obtain convergence in Mallows distance of order r and convergence of
the moments of order r > 2 for regenerative process. It is worth pointing out we will apply
in the next chapter of our work the results obtained in Chapter 2 to analyze the asymptotic

behavior of the empirical process associated with a regenerative sequence.
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In Section 2.2 we present some basic results for regenerative process. First, we define the
concept of regenerative sequences and provide some illustrative examples. Next, in Theorem
2.2.3 we state sufficient conditions for the SLLN to hold, for the existence of a limiting
distribution and for the Glivenko-Cantelli type results. In Section 2.3 we provide a variant of
the CLT for regenerative sequences, Theorem 2.3.2, and in 2.3.1 we show that our hypotheses
are weaker than those used by Glynn and Whitt (1993). We will use the dissection formula
proposed in Chung (1967)

Np—1
Sp=Au+ Y Yi+ By, (2.1)
k=1
where N,, is conveniently chosen,
Ti—1 Trpy1—1 n
A=) 9(X;), Yi= Y @(X;) and B, =) o(X;).

and using renewal theory we show that A, and B, in (2.1) are negligible. The use of a CLT
for randomized sums of i.i.d. variables allow us to obtain the asymptotic normality of the
central term in (2.1). With the control of the tail parts our Theorem 2.3.2 shows that there
are constants a,, and b,, > 0 such that S”b—_na" converges in distribution to Gaussian variable

under second moment conditions on blocks n;’s. Special cases of this result are CLT’s for

renewal and Markovian processes.

In Section 2.4 we prove convergence in Mallows distance of order r > 2 for the partial
sum S,. Under regularity conditions we prove that A, and B, are negligible and then we

study the convergence of the central term in (2.1). In this sense, our Theorem 2.4.2 shows
EZ:1 Y

variable Z, under the condition d,. (Y%, Z) < oo for some k and a normal variable Z. Next,

that converges in Mallows distance and moments of order r to a standard normal

our Theorem 2.4.3 generalizes Theorem 2.4.2 taking the random variable N,, instead of n.

This result is important because it establishes conditions under which randomly indexed

partial sums preserve convergence in Mallows distance. Finally, as a consequence of these

result our Theorem 2.4.6 provides sufficient conditions for convergence in Mallows distance
-

a
b—n to standard normal variable Zj.
n

and moments of order r of
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In the last section, we study the approximating of the partial sum S,, by a Brownian motion
with rate O(logn). In Theorem 2.5.1 we obtain a version for regenerative sequences of KMT
( Komlés, Major and Tusnédy) strong approximation obtained in the paper “Strong approx-
imation for additive functionals of geometrically ergodic Markov chains” by Merlevede and

Rio (2015). This adaptation was possible because the authors used regenerative methods.

2.2 Regenerative Sequences

For references on this subsection see Athreya and Lahiri (2006), Asmuseen (2003) or Serfozo
(2009).

A sequence of random variables is regenerative if it probabilistically restarts itself at ran-
dom times and thus can be broken up into i.i.d. pieces. Below is the formal definition of

regenerative sequences.

Definition 2.2.1. Let (2, F, P) be a probability space and (S,G) be a measurable space. A
sequence of random variables {X,}, o defined on (Q,F, P) with values in (S5,G) is called
regenerative if there exists a sequence of random times 0 =Ty < T} < Tp < T35 < --- such

that the “cycles ” or “excursions”

o = (X07X17X27 '-'-7XT171>T1 - To)
mh = (XT17XT1+17""7XT2—17T2 _Tl)

= (Xrp, Xrpsts oo, Xy -1 Tiorr — Tie)

are i.i.d. as random vectors with a random number of components. More precisely,

P (T — Ty =kj, Xrj € Ay, 0 < U< kj,j=1,2,...,7)

=[[P(T = kj, Xy € Ay, 0 <1< ). (2.2)

J=1
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Vkikoy..,ky € Ne Aj € §,1 <1 < k;j,j=1,...,r, and r > 1. A regenerative sequence
{Xu},so 18 called delayed when the first cycle, no := {X;: 0 < j <Ti} has different distri-

bution than all the other cycles.

The random times {7}, -, are called regeneration times and clearly, {7},}, -, is a renewal
process i.e.,

=TTy, n=T—-T), 3=T3—T5, ---,

are i.i.d. random variables and T,, = 7y + 7 + - - - 7,,. So we can define the counting process

N,, by the relation
Ny=Fkif T <n<Tpq for k=0,1,2,....,
i.e., N, counts the number of regenerations up to time n.

Example 2.2.1. Any independently and identically distributed sequence {Xn}nzo of random

variables 1s regenerative with Ty, = k as the embedded renewal process.

Example 2.2.2. By Theorem 1.3.1, any Markov chain {Xn}n20 with a countable state space
S that is irreducible and recurrent is regenerative with {Tn}n21 being the times of successive

returns to a given state.

Example 2.2.3. Any Harris recurrent chain satisfying (1.1) is regenerative by Theorem

1.3.2.

Example 2.2.4 (The GI/GI/1 Queue). This is a model where the n-th customer arrives at
time t,, waits in a common queue (in a first in first out manner) that has one server, and
when served, has service time S,. Arrival times form a renewal process with independently
and identically distributed interarrival times T,, = t .1 — t,. The delay sequence {Dn}1121
defined by the recursion D, 11 = max(0, D, + S, —T,,), which denotes how long each customer

waits in the queue before entering service form a positive recurrent regenerative process.

Example 2.2.5. Let {Y,},., be a Harris recurrent Markov chain as in Evample 2.2.3.

Given {Y, = Yn},50, let {An}, 5o be independent positive integer valued random variables.
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Set
Yo 0<n <A

Y1 Ag<n< Ay + Ay

Yo Ao+ A <n<Ag+ A+ Ay

\

Then {X,},>, is called a semi Markov chain with embedded Markov chain {Y,, = yn},~, and
sojourn times {An},5o. Since {Yy},5, is regenerative, it follows that {X,}, ., is regenera-

tive. See Example 14.2.14 in Athreya and Lahiri (2006) for more details.

Example 2.2.5 presents a regenerative sequence that is not a Markov chain. So, we have that
a regenerative sequence {X,} .., in general, need not be a Markov chain. Now we present

some elementary properties of regenerative sequences.

Proposition 2.2.1. [Asmuseen (2003), Proposition 1.1] Let {X,},>, be a regenerative se-
quence with regeneration times {Tn}nzo- If p + S — T s any measurable mapping, then

{0(Xn)},50 1 regenerative sequence with the same regeneration times.

The above proposition means that the regenerative property is preserved under arbitrary
mappings. For instance, take {Xn}nzo to be a regenerative sequence with regeneration
times {7}, },~, and consider the function X,, = I4(X,) for some set A € G . Since {X,}, -,
is regenerative, then so is {X"}n>o with the same regeneration times. In this sense, the

following result is an immediate consequence of the definition of regenerative sequence.

Proposition 2.2.2. [Glynn (1982), Proposition 2.7] Let {X,}, -, be a regenerative se-
quence with regeneration times {T,.}, .. Assume that py Sk=8xSx---xS —R
1s a sequence of real-valued functions such that ¢y is measurable for every k. Let'Y, =
O (X1, X141, -+ Xy —1) forn > 1, where 7, = T,,—T,,_1. Then the sequence {(Yn,Tn)}n21
is 1.4.d.

From the previous proposition we have that if {Xn}nZO is a regenerative sequence with

regeneration times {7}, ., and ¢ : S — R is a measurable function then the sequence
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Tpi1—1
Y, = Z ©(X;) is i.i.d. We use this fact in most proofs of our results.
J=Tn

2.2.1 Some results for regenerative sequences

A regenerative sequence {X,,}, 5o on (S,G) with regeneration times {7}, ., have indepen-
dent and identically distributed cycles and cycle lengths, so ergodic theorems are elementary
consequences of the Renewal Theory, the Strong Law of Large Numbers and the Central
Limit Theorem in the i.i.d. case. To study the asymptotic behavior of the partial sum

Sy = Z ©(X;) the main tool is the decomposition
=0

T —1 N,—1 n
Su=>_ o(Xp)+ Y Vit Y (X)) (2.3)
k=0 k=1 j=Tn,,
where
Tk+1_1
Y. = Z o(X;) are i.id. and N, =sup{k : T}, <n < Ty}
J=Ty

and then to analyse the asymptotic behavior of the central term in (2.3), since the other two

terms are negligible.

In analogy with Markov chains, we need some notation and terminology. {Xn}n20 is said
to be positive recurrent if ur = E{Ty — T1} < oo and null recurrent otherwise. Also, we
say that {X,},., is aperiodic if ged{j:p; > 0} = 1 where p; = P(Ty — T = j). In the
remainder of this work, we will assume that { X}, is an aperiodic and a positive recurrent

regenerative sequence with up > 0.

For a regenerative sequence { X, }, -, on (S, G) with regeneration times {7}, }, -, we can define

the occupation probability measure

#(A) = MLTE { Z [A(Xj)} JA€eg, (2.4)

j=T

and for a measurable function ¢ : S — R we can define the distribution function by

F(x) =7(s: ¢(s) < x).
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Observe that 7(A) defined by (2.4) is equal to the expected time that the sequence spent in
A, A € G, over the expected inter-regeneration time. And for any function ¢ € Li(S,G,7)
the integral de ¢ with respect to 7 (denoted Ex {¢}) represents the expectation of the
function ¢ summed along the path of the process {Xn}nzo from T7 to Ty — 1, over the
expected inter-regeneration time:

LE { z_: @(Xj)} = /cpdfr. (2.5)

M T
It can be easily seen by taking a simple function (s) = Z a;l4,(s) with A; € G and a; > 0.

i=1
By definition of © we have

iaiﬁ(Ai):iﬂE TQZ_IIAi(Xj) > Tiliai%(&) - — & TZ_ISO(XJ') :
- Hr ur ur

i=1 j=Ty j=T1 i=1 j=T1

And can be easily extended to any function ¢ € Li(S,G, 7).

Now, we present the strong law of large numbers and a limiting distribution for regenerative
sequences under conditions that are mild and usually easy to verify. In the following result
we will see that the value of a time-average limit is determined by the expected behavior of

the process in a single regenerative cycle, this fact has important applications.

Theorem 2.2.3. [Athreya and Lahiri (2006), Theorem 14.2.10] Let {X,.},5, be a regener-

ative sequence with regeneration times {T,.}, .. Let & given by (2.4) . Then, as n — oo,

(i) ( SLLN for regenerative sequences)
- Z@(Xj) — fip, = /gpdw Vo € Ly(S,G, 7). (2.6)
=0

4 7. In the real-

(i) If the distribution of Ty — Ty is aperiodic, then X, 4y X where X
valued case, this amounts to showing that P(X, < x) — F(z) = #(—o0,z| for all

continuity points of the cumulative distribution function .

Remark 2.2.1. Leti be a positive recurrent state for a Markov chain {X,},5, on a countable

space S with transition probability matrix P. Let the occupation probability measure

1 T1(i)—1

T = mﬂ 2 I( Xy =1j) 7, (2.7)
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where Ti(i) = inf{n: X, =i,n>1} Then © = {7;},.g is a stationary distribution for
P. Besides, if {X”}nZO 18 a positive recurrent irreducible Markov chain there is a unique

mwvariant measure m given by

m= {7, =(E{T()}) " .j€S}.

On the other hand, let {Xn}n20 be an aperiodic Harris Markov chain on a countably generated
state space (S,G), with transition probability P(-,-), and initial probability distribution v.
Assume that A is an accessible atom. Then {Xn}nzo 15 positive recurrent if and only if P
has a unique invariant probability measure w, (See Kac’s theorem in [46]) in which case

coincides with 7 given by (2.4), i.e.,

Ty (A)—1
(B) = mm ; mx,) Y Beg (2.8)

where T1(A) = inf {n > 1, X,, € A} the hitting time on A. Therefore, Theorem 2.2.3 holds
for Markov chains with enumerable state space and for Harris Markov chains with occupancy
measure given by (2.7) and (4.5), respectively. ( See, Athreya and Lahiri (2006), Theorem
14.1.20 and Theorem 14.2.11). Thus a Harris ergodic chain converges in distribution to a

unique invariant probability measure.

A Glivenko-Cantelli theorem is a fundamental result in statistics. It says that an empirical
distribution function uniformly approximates the true distribution function for a sufficiently
large sample size. Athreya and Roy (2016) proved a general Glivenko-Cantelli theorems for
three types of sequences of random variables: regenerative, stationary and exchangeable. In
particular, these results hold for irreducible Harris recurrent Markov chains that admit a

stationary probability distribution.

Theorem 2.2.4. [Athreya and Roy (2016), Theorem 3 | Let {X,},5, be a regenerative
sequence with regeneration times {1y}, such that 0 < up < oo. Suppose that ¢ : S — R

18 a mensurable function and let

Fa(@) = 3 Ioon(9lX,) and Fyfa) = 7(s: pls) Sa),w R, n 21 (29)
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Then

sup |F(z, ) — Fo()] 2% 0 as n — oo. (2.10)
zeR

Remark 2.2.2. Note that

To—1

Fy(z) = —E (Z I oom(i )) (2.11)

J=T
Roughly, (2.10) means that the empirical distribution of {p(Xn)}, >, when n is large is
approximated uniformly by the expected value of the empirical empirical distribution of the
1.1.d. blocks in which the sequence is divided.
On the other hand, let { Xy}, be a positive recurrent irreducible Markov chain on countable
space S with transition probability matriz P and limiting distribution ™ = (7;),es. We can
assume that Xo has distribution 7. Then F,(x) = P(p(Xo) < x) where ¢ is a real-valued

function on S.

The following is a regenerative analogue of the classical CLT for sums of independent random

variables.

Theorem 2.2.5. [Glynn and Whitt (1993), Theorem 3] Let {X,},~, be an aperiodic and

positive recurrent regenerative sequence with regeneration times {Tn}n>1. Suppose that pur =

E{Ty—T)} >0, E{(Ty — T\)*} < o and E { (SEt el ))2} < 00. Then

Sy — Ny

@p\/ﬁ i)ZOiN(O,l) as n — oo,

)

In the next subsection we present an alternative demonstration of CLT for regenerative

E { (Zha (e (x) — i)

Hr

N———

where fi, = Ex {0} and 57 :=

sequences. The proof makes use of some ideas from the proof of CLT for Markov chains with

enumerable state space from Chung (1967).
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2.3 CLT for Regenerative Sequences

Let {X,},>, be a regenerative sequence on (S5, G) with regeneration times {7}, .. For

p:S — Rlet i, = /godfr = E:{p} and S, = Z(p(Xj). We can write
=0

Ti—1 Np—1 n
Sp—njlg = Y (p(Xe) = i)+ D Yt Y (9(X;) = fi), (2.12)
k=0 k=1 i=Tnn,
where
Tk+1—l
Y = Z (p(X;) — fip) and N, =sup{k: T <n <Typu1}.

J=Ty

Since { X, },,5 is a regenerative sequence, {Y; },,; arei.i.d. random variables with F(Y}) = 0.
In fact, ur = E(T> — T1) and by (2.5) we have

Tk+171

E(Yy)=E ( > sO(Xj)> — [ E(Ty —Th) = #T/sodfr — fiphr = 0.

J=Th
Thus, to analyse the asymptotic normality of S,, when 0 < var(Y};) < oo, we must guarantee
the asymptotic normality of the central term in (2.12), since we can show that the other two
terms are negligible. For the central term, in the same way as in Serfozo (2009) ( Chapter
2, Theorem 65) we use a CLT for randomized sums and for other two terms in (2.12) we
adapt to the case of regenerative sequences the arguments used in the proof of the CLT for

Markov chains in Chung (1967) (see Theorem 8, Chapter 14).

Theorem 2.3.1. [Gut (2013), Theorem 3.1. (A wversion of Anscombe’s Theorem)] Let
Y1, Ys, ... i.i.d. random variables with mean p and variance o® > 0. Let N(t) be an integer-

valued process defined on the same probability space as the Y, where N(t) may depend on

N(t
the Y, . If ﬁ L ¢, where ¢ is a positive constant, then
OO 4y 74 N(0,1) and YO 7, £ N(0,1) as n s oo
o/ N(t) ’ Veot ’ ’
N(t)
where Sy = Z(Yk — ).
k=1
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Now we present an alternative proof of the central limit theorem for regenerative processes
that provides conditions under which this limiting distribution is a normal distribution. We
will see in Remark 2.3.1 that as compared to similar results such as CLT from Glynn and
Whitt (1993) our hypotheses are somehow weaker. Special cases of this result are CLT’s for

renewal and Markovian processes.

Theorem 2.3.2. [CLT for regenerative sequences| Let {Xn}n21 be an aperiodic and positive

recurrent regenerative sequence with regeneration times {1}, <, . Assume that

To—1 2
pr=E{Ty, —T1} >0 and 0 < Var(Yy) = F (E:@uw—g@> < 0.
J=T1
Then
Sy — nji
Tﬂ%#ig%iN&Dasm%m, (2.13)
Var(Y,
where G2, = Var(Ys) k)
Hr
Proof. By decomposition (2.12), we have that
n Np—1

» (2.14)

where
-1

- &@\/ﬁ ;(@(Xk) - ﬁ<ﬂ) and B, = U@\/_ sz:

To obtain the convergence in (2.13) we will show that

Np—1

1 d d a.s. p
— Y. — Z = N(0,1), A, — 0 and B, — 0.
Usﬂ\/ﬁ ;

In fact, we know that the Y} “s are i.i.d. with mean 0 and finite variance and from Theorem

n a.s. 1

1.4.1 we have — —% — as n — oo. Thus, by Theorem 2.3.1 as n — oo
n

HT
Np—1
1 = Var(Y;
Z v, L z< N(O 1) where 62 = M. (2.15)
O'tp\/_ M
Ty—1
Since Z (¢(X%) — fi,) does not depend on n, we have
k=0
A, 2250, n— oo. (2.16)
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On the other hand, to prove the convergence B, — 0 we makes use some ideas from the
proof of Theorem 8 (chapter 14), from Chung (1967). First, we will show that > 37 5 (p(X;)—

fi,) is bounded in probability. In fact, for « > 0 and fixed k , we have

n TNn+i
Pl D (e(X) = fip)| >up < Pqmax| > (9(X) = fip)| > u
J=TnN,, J=TnN,,

Ty, +i

max | Y (p(X;) = fip)| > u,n — Ty, <k

0<i<n |
J=TnN,,

IN

0<i<n |
J=Tn,,

T, +i

max | > (p(X;) = jip)| >up + P{n—Ty, > k}.

0<i<k

IN

P{
Ty, +i
+ max Z (p(X;) = fip)| >u,n—"Ty, >k
P{

J=Tn,

(2.17)

The second term in the last inequality tends to 0 as k& — oo uniformly with respect to n.

Indeed, by hypothesis ur = Z P(Ty — T, > j) < oo and by (1.6) we have

j=1
1 oo
lim P(n—Ty, >k)=— Z P(T, =T, > j).
n—00 ur okt

Thus given any € > 0 there exists ng and kg such that n > ng and k > kg imply
P{n—"Tn, >k} <e.

Then n — Ty, is bounded in probability. On the other hand, since {X,},, is regenerative
the first term in (2.17) does not depend on n and tends to 0 as u — oo, for each fixed k.

This implies that Z (p(X;) — pyp) is bounded in probability.
7=Tn,,
Therefore,

B, 0. (2.18)

Finally, from (2.15), (2.16) and (2.18) we obtain the convergence in (2.13). O
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Corollary 2.3.3. Let {X,}, -, be a positive recurrent irreducible Markov chain on countable

n>0

space S with transition probability matrizc P and limiting distribution @ = (7;)jes. Let i be

a fized arbitrary state and denote by T,(i) the r-th time of visit to state i. Assume that
2

T (i)—1

fip = > icgP(j)m; < 00 and 0 < 0,(i) = E Z (p(X;) — fip) < oo. Then S,

1s asymptotically normally distributed with mean ;ﬂj(;)nd variance nai with ai = Wiai(i),
i.€.,

S = 11fly i>Z0i]\f(0,1) as n — oo. (2.19)

ogo/n

On the other hand, Theorem 2.3.2 also leads to CLT for Harris Chains, since the Harris

chains are regenerative.

Corollary 2.3.4. Let {X,} be an aperiodic and positive recurrent Harris Markov chain

n>0

with an accessible atom A. Let i, = {EA(T1(A)} " Ea {Z]T;(()A)_l cp(Xj)} < 00. Assume
2
that 0 < E 4 { (Zji((]A)_l(gO(Xj> — [LSO)) } < 0o. Then

% s Zo £ N(0,1) as n — oo, (2.20)

B (R e ) | N
;= Fa(Th(A) and T1(A) = inf {n > 1, X,, € A} the hitting

time on A.

where &

It is worth pointing out the CLT for ergodic Markov chains has been under study for years
and an extensive literature exists (e.g. see, Athreya and Ney (1978), Chen (1999), Chung
(1967), Meyn and Tweedie (1993)).

Ty—1 2

Remark 2.3.1. Note that if E{(Ty —T1)*} < oo and E (Z |<,0(Xj)|> < oo then
Jj=T

Var(Yy) is finite. In fact, from Cauchy—Schwarz inequality follows that
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Tr—1 2
Var(Vi) =ES | Y (p(X;) ucp))
J=T1
To—1 2
=LB ZSO(X) (Ty —1T1) )
J=T1
Tp-1 2 T—1
j=T j=T1
To—1 2
<ES(> !@(&')\)
j=T1
Tr—1 To—1 2 1/2
_ 1 2
+2uT1E{Z |¢<Xj>|} (BT, - T2 <Z (X )
J=T j=T1
To—1 2
+up?E{(Ty =)’} E <Z (X ) < 0.
Jj=T
To—1
In the last inequality we have used that ji, = pu'E { Z gp(Xj)}. For instance, if [ is
Jj=T

bounded or the state space is finite S and E{(Ty — T1)*} < oo then Var(Y;) < oco. Thus,
the CLT is valid for the regenerative sequence {I(_OOJ] (X”)}n>o for fired x € R whenever
E{(Ty — T1)*} < co. In Chapter 3, we use this result to study the empirical process associ-

ated with a regenerative sequence.

2.4 Asymptotic Behavior via Mallows Distance

Let a regenerative sequence {X,},., with regeneration times {7} As described in

n>0"

Section 2.2 the cycles,
ﬁo—{Xn,0<n<T1—].} mh = {Xn7T1<TL<T2—].} T2 = {XT“TQSTLST:;—].},

are independent and, in addition, 7,172, ... have the same distribution. Similarly as in the

previous section we can write

S = S X~ + Y Yk Y (605~ ) (220
k=0 k=1 J=Tny,
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where

Thp1—1

Y, = Z (e(X;) — fp) are id.d. and N, =sup{k: T <n < Tpy1}.

=Ty
Note that if d,(Yx, Z) < oo where Z has normal distribution we have E|Y;|"” < oo. In fact,
by Theorem 1.5.2
d; (Y, 2) = E{|Yx = Z°[}",
where Z* £ Z and (Y, Z7%) < H with H(z,y) = P(Yy < 2,Z* < y). Since Z has normal

distribution then F|Z|" < co and by Minkowski inequality
(E|Yi|Y" < d(Ye, Z%) + (E|Z*|")Y" < 0. (2.22)
The previous observation suggests the following condition.

Condition 2.4.1. Let {Xn}n21 be an aperiodic and positive recurrent regenerative sequence
with regeneration times {1}, satisfying 03, = Var(Yy) > 0. And assume that for some

r>2,d. (Y, Z) < oo where Z has normal distribution.

Theorem 2.4.2. Assume that Condition 2.4.1 is satisfied and let Zy 2 N(0,1). Then as
n — oo,
7
d, <@,ZO) — 0. (2.23)
o./n
Moreover,
n Y n Y r
—2k:1 ko d, Zy and E{ i } — E{|Z|"}- (2.24)
ooV oeV/n

Proof. By hypothesis we have that E|Y;|" < oo for some r > 2 and then by Liapounov
inequality o2 = E{(Y})’} < oo. On the other hand the Y}’s are ii.d. with E(Y;) = 0. So
(2.23) follows from Theorem 1.5.3. Now, to obtain the convergence (2.24) we will verify the
conditions of Theorem 1.5.1. Since Z, = N(0,1) then E{|Z|"} < co. So we just need to

r{ <o

show that
ZZ:1 Y
oo/
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Since {d,_, Y, 0(Y1,Y5,...,Y,)} is a martingale by Lemma 1.6.1 there exists an constant

¢, > 0 such that

n r n r/2
1 Cr 9
nr/QUTE{ PIRE } < BV
¥ k=1 ® k=1
r/2—1

cn?n .
< e E{[Y["}

= o, E{|Y:]"} < o0

Therefore (2.24) follows from Theorem 1.5.1. O

We can generalize the previous theorem taking N, instead of n, where N, is the random

variable of the number of regenerations by time n, i.e, N,, = sup{k : T, <n < Typ11}, k,n=
2

o
1,2, .... In this case it will be necessary to replace o, = Var(Y;) by 67 = —*.
KT

Theorem 2.4.3. Assume that Condition 2.4.1 is satisfied and let Zy 2 N(0,1). Then as

n — 00,
d (VN"‘l Z)—>0 v, —iy and 52—03’ (2.25)
r = y 40 y Yno — k - - .
Go/n — Y ur
Moreover,
YWt 4, 7 and B4 |2 1, E{|Zo|"}. (2.26)
Gov/n T/

Proof. We will obtain the convergence in (2.26) and then the convergence in (2.25) will follow
from Theorem 1.5.1. In this sense, first we will obtain the convergence of the left side in

(2.26). We have that the Y;’s are i.i.d. with E(Y;) = 0 and from Theorem 1.4.1 follows

Nn —1 a.s. 1
— — as n — 00. S0 by Theorem 2.3.1 we have that
n wr
VN -1 d . ~9 02
= — th = £ 2.27
6¢\/ﬁ 0 WIE 9 ur ( )

Now we will obtain the convergence of the right side in (2.26). By convergence (2.27) and

by Theorem 1.6.5 is sufficient to prove that
VN, -1

s

In fact, since E|Yy|" < oo given € > 0 we can choose M > 0 large such that

,n > 1} is uniformly integrable. (2.28)

E(Vi'T{Yi| > M}) < e. (2.29)

40



Let

n

Vé:iYk’ and V::ZYkH,
k=1

— k=1
where

Note that
Vi1 Vi1

E((}Nﬁrf{ - 2r}. (2.31)

To see this, let V' be a positive random variable. Then
EWV'I{V > a}) = / v dFy(v) <a" / v dFy(v) < a "TEV?.

« «

/
Np+1

>a}) ga—rE{ V

G/

o

On the other hand, the event
{N{#t)=n}={T,<t, Ty >t} ={T, <t <T,u}

is o(Ty, ...., Tpy1)-mensurable. So the event N, + 1 = n is o(11,...., T,)-mensurable, i.e.,
N, +1 is stooping time with respect to o (11, ....,7,,). Thus by Theorem 1.6.4 (iii) there exist
¢, > 0 such that

/

Npt1

. {v
a "FE

G/

n

QT} < 2(ad,) e E{(Y)"}-E { (Nn 3 1>}

< 2" (ad,) e, M*". (2.32)

In the last inequality in (2.32) we use the definition of Y} given in (2.30) and the inequality
N, +1

< 2. So by (2.31) and (2.32) we obtain that

V](] ™ V/ r
O AR Ry i LIk S B < 2 aG,) e, M. 2.33
(5l Al = o) sz em 25

On the other hand, by Theorem 1.6.4 (iii) and by (2.29) for ¢ > 0

E{ 7«} 25;TCT'E{(Y]€H)T}_E{<N71+ 1)r/2}

n
From previous results we can show that {

#(laval

1
VNn-H

G/

IN

< 27PHG e (2.34)

VNn—H

G/

,n > 1} is uniformly integrable, i.e,
for 6 > 0 given we have
VN, +1
Fo/n

41

V.41

G/

> 2 <. 2.35
b (2.3



To see this, let U and V' be positive random variables, such that FU" < co and EV" < 00

for some r > 0. Then for a > 0

EU+V)I{U+V >a} < E(max{2U,2V})"I{max{2U,2V} > o}

<

UEUTI{U > af2} + 2EVTI{V > a/2}  (2.36)

Thus by (2.34), (2.36),(2.33) and by the triangle inequality we obtain

g (| Len| Y] S0 V) < p(|Yen y Yen | p S| Y| | |V | Lo,
GV GV B Gov/n  Gpy/n GoV/n G/
< 9"F M I M > o
- Govn| o
Vi ] 1%¢
IR n+1 I Np+1 >
i ( Gor/1 { G|
22r+1M2rCT 23T/2+IC7«E
(05.)" = <0, (2.37)
¢ ¢
3r/2+1c €
provided we first choose M so large that € is so small that — < §/2 and « so large
o
©
22r+1M2T .
that = < §/2.
(ady,)"
Now note that
Vi, 1| Not1 | Yn, |”, [ YN

< 37“—1

(2.38)

+ -

V T
G (] + ol 152l )
Since the sequence {Y,},, is i.i.d. with E{Y'} < oo we have that the family of random

Y,
Go/n

that the family {

variables { , > 1} is uniformly integrable. On the other hand, we proved above

V.41
Go\/n

by inequality (2.38) we obtain (2.28).

,n > 1} is also uniformly integrable . So, by Theorem 1.6.6 and

Finally, by (2.27) and (2.28) we obtain the two convergences in (2.26) and the convergence
in (2.25) follows as a direct application of Theorem 1.5.1 . This complete the proof.
[l

Let V,, = Z Y}, as before. The CLT for regenerative sequences ( Theorem 2.3.2 ) states that

k=1
if 0 < Var(Yy) < oo then as n — oo

Sn _n,&cp d

G/

42

A Z L N(0,1) where &

2
@)

< 0

(2.39)
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Moreover, we can write

Sn — Nl V-1
On My 4o YNl B 2.4
GoV/n i v i (240)

where
A ik (9(X5) — fiy) Yy, (P(Xk) = fiy)
" Goy/n G/ '

Note that if Condition 2.4.1 is valid for some r > 2, we can apply Theorem 2.4.3 to obtain

and B, =

the convergence

VN,.—
d, (fV” 1,ZO> — 0. (2.41)
ToV/n

So, we would like to obtain convergence d, in (2.39). For this, we will need a condition a

little stronger than Condition 2.4.1.

Condition 2.4.4. Let {Xn}n21 be an aperiodic and positive recurrent regenerative sequence

with regeneration times {T,},~, satisfying 0% = Var(Yy) > 0. And assume that for some

Tr—1 r
r>2,E (Z [p(X4) —zm) < oo.

k=T,
First we considerer the case r = 2. Thus, by considerations made above, we obtain the

desired convergence in d,.

Corollary 2.4.5. Assume that Condition 2.4.4 is satisfied for r = 2 and let Z 2 N(0,1).

Then as n — oo,

Sp—nfp
dy (2—"Fe 7 . 2.42
(Trrta) o .

Moreover,
Sp — n/]go d Sy — nﬂg&

o Zy and E { (W)Z} — E{Zj} =1. (2.43)

Proof. Since Condition 2.4.4 implies Condition 2.4.1 we can apply Theorem 2.4.3 to obtain

the convergence

VN, -1
i 7 ) 2.44
dy (@;\/ﬁ’ 0) —0 ( )

By decomposition (2.40) we have

TN e(Xy) — fig)
G/

ZZ:TNn (@(Xk) - /jbso) .

A, =
Fo/n

and B, =
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Thus

B{A2} = F ( <w<xk>—ﬁ@>>

¥ k=0

2
Since £ (Z;‘?:_Ol lo(Xk) — ﬂ¢|> does not depend on n and is finite, we obtain

da(A,,0) < E(A2) — 0. (2.45)
Thi1—1
Now, let Uy, = Z [(Xk) — fi,| for k > 1. Since {X,,}, 5, is regenerative we have that the
J=T

sequence {Uy},~; is ii.d. and by Condition 2.4.4 for r = 2 we have E{|Uy|*} < oo, k > 1.

On the other hand, Ty, <n <Ty,4+; and 1 < N, <n. So

(S, (60— )]

E{B?\ =F
> . N2
(Ziery, [9(X0) — i)
<F =
na?p

\ Vs

1
< TnE {UJQVn}

g

1
STE{ max Ufl} — 0asn— oo.
U¢n 1<m<n

In the last convergence we use the following result by Chung (1967). Let Uy, Us, ..., U, i.i.d.

random variables with finite mean, then

1
lim —E{ max |Um|} (2.46)
n—oo M 1<m<n
To see this, let F' to be the common distribution of the |U,,|. We have

p{ max |Up| > k:} — 1 [F(R)]" <nl - Fk)

1<m<n

It follows that

1 1 ad 0 1 1 o0
—F<{ max |Uy,|p = — P<{ max |Up,| > k:} = / y"dy < — 1-F(k)] < o0.
n {1%”\ r} P> {1%”\ | 2 2 21— )

Thus the series in the middle converges uniformly in n. Upon letting n — oo each integral

tends to zero and (2.46) is proved. So
da(Bp,0) < E(B2) — 0. (2.47)
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On the other hand, by Minkowski Inequality and by decomposition (2.40) we obtain the

convergence in (2.42). Instead,

ds (ﬂ Zo> < dy(An,0) + ds (m Zo) +dy(B,,0) — 0 as n = oo.
o\/n Go/n
Sy — Ny
G/

This concludes the proof. O

2
Since E ( > } < oo by Theorem (1.5.1) we have the two convergences in (2.43).

The following theorem generalizes the previous result for r > 2.

Theorem 2.4.6. Assume that Condition 2.4.4 is satisfied and let Zy 2 N(0,1). Then as
n — 0o,
g, (2= 7\ o (2.48)
T 5_90% s 40 . .
Moreover,

Sy — Ny Sn — Ny
G/ G/

Proof. To obtain the two convergences in (2.49) we will verify the conditions of Theorem

4 7, and E{

7} — E{|Z|"}. (2.49)

(1.5.1), i.e., we will show that (2.48) is valid and
Sy, — Nfiy

i G

In fact, by decomposition (2.40) and Minkowsky inequality we have

In (2.28) we proved that {

} < 00. (2.50)

Sy, — Nfiy

Fo/n

VN, -1
Fo/n

+11Bull,- (2.51)

< A, + \

T

VN, -1

G/

,n > 1} is uniformly integrable. Then

Vit
5o/

< 0. (2.52)

On the other hand

T —1

1 ] r
E{JAY = 55 E{ [ D (0(Xe) = fip)
armn —
T1—1 "
Since £ (p(Xk) — fip)| does not depend on n and is finite follows that
k=0
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d (A,,0) < E(JA,]") — 0. (2.53)
Tk+171
As in the previous proof, consider the i.i.i random variables Uy = Z lo(Xk) — fi,| for

J=Tk
k > 1. By Condition 2.4.4 we have E {|U;|"} < oo for k > 1. Since Ty, <n < Ty, 41 and

1 < N,, <n and by (2.46) we have

S, (00X = )|
E{B,I) E{ M/Q
(Zio, le(X0) = ]
O-rnr/Z
1
< )
1 1
<———F4 max U’ » — 0.
U;nrﬂ_l n 1<m<n

Since r > 2 and E {|Ux|"} < oo the last convergence follows by (2.46). Thus
d (Bn,0) < E(|B,|") — 0. (2.54)

Thus, the finitude of the r-th moment in (2.50) follows from (2.52),(2.53) and (2.54). To
obtain convergence in (2.48) we can use the same argument used for case r = 2 and so

convergence in (2.49) follows from Theorem (1.5.1). O

If ¢ is bounded and E {(Ty — T1)"} < oo for some r > 2 then the condition 2.4.4 holds. So,

from last Theorem we obtain the following result.

Corollary 2.4.7. If ¢ is bounded and E{(To —T1)"} < 0o, r > 2 then as n — oo,

Sp — njl
d, (2n—"te 7 0.
( G/ °> 7

Moreover,
Sy — Ny
Go/n

Sy — nfi,|"

d
7 d F
— %0 an { G/

b— Bz,
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2.5 Strong Approximation

Let {X,},, be asequence of i.i.d. centred real-valued random variables with a finite moment
generating function in a neighbourhood of 0 and let 02 = VarX; and S, = X; + Xo +--- +
X,. Komlés—Major—Tusnddy Theorem (1975 and 1976) proved that one can construct a
standard Wiener process {W ()}, in such a way that

P (Sup |Sk — oW (k)| > clogn + :v) < aexp(—bx), (2.55)

k<n

where a, b and ¢ are positive constants depending only on the distribution of X;. From this
result, the almost sure approximation of the partial sum process by a Wiener process holds

with the rate O(logn).

The Komlés—Major—Tusnady Theorem is one of the most important in probability approx-
imations because many well known probability theorems can be considered as consequences
of results about strong approximation of sequences of sums by corresponding Gaussian se-
quences. Due to the powerful consequences of KMT approximation (see, e.g., Csorgo and
Hall (1984) or the books of Csorgo and Révész (1981) and Shorack and Wellner (1986) for
its applications), extending these results for dependent random variables would have a great
importance but the dyadic construction of Komlds, Major and Tusnady is highly technical
and utilizes conditional large deviation techniques, which makes it very difficult to extend

to dependent processes.

In this section, we present a version for regenerative sequences of KMT approximation ob-
tained in the paper “Strong approximation for additive functionals of geometrically ergodic
Markov chains” by Merlevede and Rio (2015). This adaptation was possible because the
authors used the fact that an irreducible and aperiodic Harris recurrent Markov chain is
regenerative. Thus, the chain can be divided into i.i.d blocks. and then it is possible to

apply known approximations.

As in the previous sections, consider {X,},., be a regenerative sequence on (5,G) with
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regeneration times {7,},., and ¢ : S — R a measurable function. Let fi, = Ez {¢},

n Tpy1—1
Sp =Y (p(X)) = fip), Yo = > (o(X;) = fip) and N, =sup{k:Tp <n < Tra}.
Jj=1 J=Tk

Theorem 2.5.1 (KMT approximation for Regenerative Sequences). Let {X,},5, be an
aperiodic and positive recurrent regenerative sequence with regeneration times {Tn}nzo such
that E{(Ty — T1)}? < oco. Assume that Var(Yy) = E { <Z]Ti}1l(<p(X]) - ﬂ¢)>2} > 0 and
@ : S — R is bounded. Suppose there is § > 0 such that E(e!™~T)) < oo for any |t| < J.
Then, there exists a standard Wiener process (W (t))i>o and positive constants a,b and c
depending of ¢ such that, for any x > 0 and any integer n > 2,

P (lilgg Sk — o ,W (k)| > clogn + x) < aexp(—bx). (2.56)

g Var(Yy)

where 6@ =
HT

The following corollary is an immediate consequence of this theorem.

Corollary 2.5.2. For S, and W (t) given in Theorem 2.5.1

Sp —a,W(n) =0(logn) a.s. (2.57)
Proof. 1f x = 21(2‘2;” in (2.56) we have for C' = ¢+ %
= |Sn — G, W (n)| ) ( 2logn>
P >(C | < P Sh > cl +
Z < o - Z 2D 18n = G Wn)| > clogn + =

< aZ—<oo

Thus by Borel-Cantelli lemma we obtain

P (lim sup [Sn — U$W(n)|

n—00 logn

<c)-1
[l

Proof Theorem 2.5.1 . First, note that is sufficient to show (2.56) for any real positive x

such that < 4n ||¢||, . Indeed, consider x > 4n ||| . Since ¢ is bounded we have that
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|Sk| < Z?=1 |(e(X;)| + |fze]) < 2k |l¢]|,, for any integer & > 0. On the other hand, for any
1 1 _»
standard Wiener process (W(t)),5, we have P{W(1) >z} < ——¢" /2 and by Lévi’s

V2nx

inequality

P (max W (k)| > x) <2P(|W(n)| > ).

1<k<n
This implies that

P ( sup |Sk —a,W (k)| > Clogn—I—x) <P

1<k<n

sup (i +15,W (B} > clogn + 2

sup |6,W (k)| > clogn + x — E)

1<k<n 2

<P (s W0 = clogn+ 220117,

<2p (|5, W(n)| > )

= 2P (IW(1)| > 255\/5>
< % ) a—@\/ﬁexp{_ v }

VA Y T

c Ve (el
el van 203

< 2v/25, exp{—xusfgoo}.
el v 26

Therefore, we will consider < 4n ||¢|| .. Recall that

Tp—1

Yi= Y (p(X;) = i) and 7 =Ty = Tr,

J=Tk—1

are i.i.d. sequences and from this notation we have that Z?Zl Y, = Sp—1 + (0(Xo) — fip).

On the other hand, Var(r) > 0 because we are assuming that {X,}, -, is a aperiodic re-
Cov(r, Y1)
Var(m)
of i.i.d. random vectors in R? with F(Y;) = 0 and Cov(rs, Yy — a(7x — E(1))) = 0.

generative sequence. Thus, {(73, Y — a(7, — E(7)) };5, with a = is a sequence

By hypotheses E(e'™) < oo for [t| < 4, so

E (et(Yl—a(n—E(n)))) < etaB(m) p (et(2H<P||oo+|a|)T1) < oo for [t] <82 |¢ll, + a7t

Taking into account all the considerations above mentioned, we can apply Theorem 1.3 in

Zaitsev (1998) (which is the multidimensional extension of the results of Komlés, Major and
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Tusnady (1976)) to the multivariate sequence of independent and identically distributed
random variables {7y, Yy — a(mx — E(7%))} r>1- Lherefore, there exists a sequence (}72, Zi)i>1

in R? of independent random variables such that (ﬁ)izl is independent of (Z;);>1 and

Y;

Hu

N(0,v%), Z 2 N(0,Var(r)) where v* = Var(Y; — a(r — E(1))),

and satisfying, for some positive constants C7, A; e B; depending on ¢, the following in-

equalities: for any integer n > 2.

P (13;5” Z[Yi —a(ri — B())] — ZY

1<k<n

= P ( sup |Sp,—1 + (9(Xo) — fip) — Ty — kE(11)) — Zfﬂ-

> Chlogn + x>
< A exp(—Bix) (2.58)

and

1<k<n |%

k k
P(sup Z ZZz
=1

> C’llogn+x>

Cilogn + a:)

< Ajexp(—Bx). (2.59)

1<k<n

k
= P(sup T, — kE(11)) ZZz

Using the Skorohod embedding theorem, we can then construct two independent standard

Wiener processes {B(t)}., and {B’ (t)} such that for any positive integer k,
= >0

k

k
= Zﬁ and /Var(r)B(k) = ZZZ"

i=1
Thus, by (2.58) and (2.59) and using the same argument in the proof of Corollary 2.5.2 we
obtain

St, ., +o(Xo) — fi, — a(T,, —nE(r)) —vB(n) = O(logn) a.s

and

T, —nE(r — /Var(r)B(n) = O(logn) a.s

Next, since a Poisson process is a partial sum process associated to i.i.d. random variables

with exponential law, using the Komlds, Major and Tusnady strong approximation Theorem,
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2 ~
we can construct a Poisson process N(t) with parameter A\ = % from B(t) in such a
ar(m
way that

nE(r) +v/Var(r)B(n) — yN(n) = O(logn) a.s. (2.60)

and the processes B(t) e N(t) are independent. From previous strong approximations we
can show that there are two independent standard Wiener processes W*(t) and W (t) such
that

S, = W*(n)+W(n)+ O(logn) a.s. (2.61)
Let W(t) = W*(n) + W(n). Since W(t) is a Wiener process, (2.61) implies the strong
approximation in (2.56). The proofs of approximations (2.60) and (2.61) are too technical

and too extensive. These proofs are made in detail in the proof of Theorem 1.1. in Merlevede

and Rio (2015). O

Remark 2.5.1. If there exists 6 > 0 such that E(e''?) < oo for any |t| < &, then the Theorem

2.5.1 1is also valid for delayed regenerative sequences. See Theorem 1.1. in Merlevede and

Rio (2015).
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Chapter 3

Weak Convergence

3.1 Introduction

Let {Xn}nzo be an aperiodic and a positive recurrent regenerative sequence with values in
R and regeneration times {7}, -, such that ur = E(Ty —T1) > 0. Consider the canonical

measure
~ 1 To—1
F(z)=—E (Z I o] (Xj)) . (3.1)
Hr T

Define the empirical distribution function F,,(z),x € R and the empirical process g, (z),z €

R by
Fu(z) — %if(_oo,x](xj) ZER n>1, (3.2)
Bu(z) = Vn(F,(z)— F(z)),z €R. (3-3)

The empirical process plays a prominent role in non-parametric statistical inference. In all
statical applications, information about the distribution of the empirical processes is needed.
One says that a process f3,(z) satisfies an invariance principle if it converges weakly to a

mean-zero Gaussian process.

For the case of i.i.d. observations, Donsker proved in 1952 that empirical process converges
in distribution to a Brownian bridge process but this is not always the case for dependent

variables. Donsker’s result has been extended to sequences of weakly dependent random
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variables by many authors. Among others, it shall be remarked that Billingsley (1968) gave a
result for functionals of p—mixing process, Berkes and Philipp (1977/78) under strong mixing
assumptions, Doukhan, Massart and Rio (1995) for absolutely regular sequences, Borovkova,
Burton and Dehling (2001) for functionals of absolutely regular processes, Dedecker and
Prieurd (2007) for new dependence coefficients, Shao and Yu (1996) for mixing and associated

processes, Dehling, Durieu and Volny (2009) for Markov chains and dynamical systems.

In this chapter, we study weak convergence in the Skorokhod space D of the empirical and
empirical quantile processes associated to an aperiodic and a positive recurrent regenerative
sequence { X, },-, with regeneration times {7}, ... More explicitly, we obtain an invariance
principle for regenerative processes using alternative techniques such as the Mallows distance
for the empirical case, and Skorokhod’s Representation Theorem and properties of locally
uniformly aproximation of monotone functions ( Lemma 1.8.6), for the empirical quantile

case.

In section 3.3, under certain regularity conditions, our Theorem 3.3.5 shows that the empiri-
cal process 3,(z) converges weakly to a zero-mean Gaussian process By (z) = {B (F(x)):z € R}

with covariance function given by

E(Bp(x), Bpy) = FlzAy)—F(a)F(y)

2B I (X0) = Fl@). I (X)) ~ F(0)
+ D Bl (X0) = F0) oo () = F@) ). (34)

Proofs of invariance principles usually consist of two parts, establishing finite dimensional

convergence and tightness of the empirical process. Since we can write

() = = Z {1 (X0) = F@)} .

then we apply the results obtained in Chapter 2 to study the process (,(z). In our Theo-

rem 3.3.3 we use convergence in Mallows distance to obtain the finite dimensional conver-
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gence, i.e. convergence in distribution of the sequence of vectors (8, (1), ..., Bn(Zk))n>1 to

(Bﬁ(x1)7gﬁ(372)’ s ﬁﬁ(mk))’

Tightness is far more difficult to establish. One ingredient is usually a probability bound
on the increments of the empirical process §,(t). In this sense, by Theorem 3.2.9 we have
that a regenerative sequence is a—mixing (or strong mixing) then we can use Rosenthal-
type inequality for a—mixing (Theorem 1.6.3) to obtain an estimate for the moments of
the increments of the empirical process. So, tightness follows from Shao and Yu’s tightness
criterion (Theorem 3.2.7) in the same way as in the proof of Theorem 2.2. in Shao and Yu

(1996).

At the end of section 3.3, our Theorem 3.3.8 present an alternative invariance principle for re-
generative sequences substituting mixing conditions for the condition that inter-regeneration
times (or length of the cycles) of the regenerative sequence be bounded. This result is in-
teresting because we show tightness of /3,,(-) without to use estimates of the mixing theory,
we obtain moment bounds for partial sums of regenerative sequences using definitions and

properties we studied in Chapter 2.

Once the weak convergence of the empirical process is obtained, the next logical step is
to prove the weak convergence for the empirical quantile process associated to regenerative
process. Theory and important results related to the empirical quantile process in the i.i.d.
case can be studied in Shorack and Wellner (1986) and Csorgd and Révész (1981), among

other references. In this sense, we extend some known results for i.i.d. data.

In section 3.4, we study weak convergence of the empirical quantile process g, (t) = /n(F;*(t)—

F “1(t)),t € (0,1), associated to an aperiodic and positive recurrent regenerative sequence
{Xn},so - First, for fixed ¢ € (0,1) in our Theorem 3.4.1 we obtain the convergence in dis-
tribution of the uniform quantile process and then in our Theorem 3.4.3 we prove that for ¢
Bp(t)

fixed the quantile process g, () converges in distribution to the random variable ——=—

FEEZ(H)
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< F(t
where f(t) = dd—i) Next, in our Theorems 3.4.4 and 3.4.5 we establish the weak conver-

gence of the uniform quantile process and of the process ¢,(t) in the Skorokhod space D.

In thei.i.d. case these results can be shown using the Delta method which is inconsistent with
our theory. Thus, our arguments are based on properties of locally uniformly aproximation of
monotone functions ( Lemma 1.8.6) together with the Skorokhod Theorem (Theorem 1.8.5)
with the same approach adopted in Vervaat (1971), Haan and Ferreira (2006) and Resnick
(2007). We also use the Bahadur representation for quantiles of a—mixing samples obtained

by Xing, Yang, Liu et al. (2012).

Finally, by Example 2.2.3 we have that any Harris chains {X,,} ., on a general state space
that possess an atom is regenerative and by Remark 2.2.1 if {Xn}nZl is aperiodic and re-
current positive with limiting distribution Fj;, then F;, = F. So, it is worth pointing out

that all the results obtained in this chapter can be applied for this type of Markov chains.

3.2 Auxiliary Results

We mentioned in the introduction of this chapter that some authors have studied principles
of invariance for samples with some type of dependence. In this subsection we present an
invariance principle for stationary processes obtained by Dehling, Durieu and Volny in 2009,
which can be apply to a large class of Markov chains under some assumptions on the Markov
transition function , namely geometrically ergodic Markov chains. We also present a result
about weak convergence for empirical processes of strong mixing sequences by Shao and Yu
(1996). Finally, we study mixing conditions of regenerative processes which will allow us to

establish conditions for an invariance principle for this type of process.

3.2.1 Invariance principle for stationary processes

Dehling, Durieu and Volny (2009) proposed a new technique to obtain an invariance principle

for stationary processes. They developed an approach that is strictly based on properties
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of Lipschitz functions ¢(X;) the original data {X;} More precisely, they made two

i>0°
assumptions, namely that the partial sums of Lipschitz functions satisfy the CLT and that a
suitable fourth-moment bound is satisfied. Thus, to prove a principle of invariance over these
conditions they replaced the usual finite dimensional convergence plus tightness approach

by a method of approximation by a sequence of finite dimensional processes. This method

is different from the traditional methods and requires the following assumptions.

Let {X,}, -, be a stationary ergodic process of R-valued random variables with marginal

n>0

distribution function F(x) = P(X, < z) satisfying the following condition

Condition 3.2.1. i) For any Lipschitz function ¢, the CLT holds, i.e.
RN d d
% ]Zl {p(X;) — Ep(X;)} — Z = N(0, 02) as n — 00, (3.5)

where

0% = B(p(X0) = Ep(X0)* +2)_ Cov(ip(X0), #(X)))

ii) A bound on the fourth central moments of partial sums of {¢(Xy)},5¢, ¥ bounded Lip-
schitz with E(p(Xo)) = 0, of the type

5 (Z@m)) < Cm(n o (X0l log™ (L + 1)

+ 10? [l p(Xo) 17 log” (1 + [lell)). (3.6)

where C' is some universal constant,oc and 3 are some nonnegative integers,

ol = sup (o) -+ sup XL =210 37

and
m, = max {1,sup |g0(a:)|} .
As before, define the empirical distribution function F,,(x) and the empirical process f,(x)
by

1 n
F,(z) = - Z I oon(X;), v €R,
j=1
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Bu(w) = Vn(F,(z) — F(z)), x € R.
Consider the modulus of continuity of a function ¢ : R — R
wy(0) = sup{lp(z) —@y)| : 7,5 € R, [z —y| < b} (3.8)

Theorem 3.2.2. [Dehling, Durieu and Volny (2009)] Let { X}, be an R-valued stationary
ergodic random process such that the condition 3.2.1 holds. Assume that Xy has a distribution

function F satisfying the following condition:
wr(6) < D|log(d)|™" for some D >0 and v > max {%,5} : (3.9)

Then
Bn(x) = B*(x) in D(—00,c0), (3.10)
where B*(x) is a mean-zero Gaussian process with covariances
E(B*(z),B"(y)) = Fl(zAy) - F(x)F(y)

D E {Tcson(Xo) = F(@), Iy (X)) = F(9)}

+ ZE{feoo,y}(Xo)—F(y)J(foo,x](Xj)—F(:c)}. (3.11)

The assumptions of last theorem can be verified for a large class of Markov chains under
some assumptions on the Markov transition operator. Let (.5, d) be a separable metric space
and {X,}, -, be a homogeneous and S-valued Markov chain with stationary measure v and
transition function P. Denote by L the space of all bounded Lipschitz continuous functions

from S to R equipped with the norm defined in (3.7).

Definition 3.2.1. The Markov chain {Xn}nzo 1s L -geometrically ergodic or strongly ergodic
if there exist C' > 0 and 0 < 6 < 1 such that for all ¢ € L,

1P —Tpl| < C0" [|#]
where Iy = E,p(X)).

The invariance principle for £-geometrically ergodic Markov chains is a consequence of the

following statements in Durieu (2008) and of Theorem 3.2.2.
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Proposition 3.2.3. [Durieu (2008), Corollary 2] If {Xn},5o is L-geometrically ergodic
Markov chain then (3.6) holds for all ¢ € L such that Eo(Xo) =0, with « =3 and = 2.

Proposition 3.2.4. [Durieu (2008), Proposition 3] If { X,,}, 5, is ergodic and L-geometrically
ergodic Markov chain, then the CLT given by (3.5) holds for all ¢ € L.

Corollary 3.2.5. [Corollary of Theorem 3.2.2] Let { Xy}, be an L-geometrically ergodic

Markov chain with values in R. Assume that the distribution function F of Xy satisfies
wr(0) < D|log(8)|™" for some D >0 and v > 2. (3.12)

Then the empirical process associated with the Markov chain {Xn}nzo satisfies the invariance

principle of Theorem 3.2.2.

For more details and concrete examples of the results above see Section 4 in Dehling, Durieu

and Volny (2009).

On the other hand, Shao and Yu (1996) established weak convergence theorems for empirical
processes of strong mixing, p- mixing and associated sequences. Below we present this results
for stationary strong mixing sequences because regenerative processes satisfy this conditions.
First we recall definition of strong mixing or a—mixing sequence.

Let (2, F, P) be a probability space and F; and F; be two o-algebras contained in F .

Define the following measures of dependence between F; and Fs:

a(F, Fo) = Aeﬁugef |P(AN B) — P(A)P(B)|.

Let {X,},>, be a sequence of real-valued random variables on (€2, F, P) and let F" =

o(X;,n <i <m) be og-algebras generated by the indicated random variables and put

a(n) = sup a(Fyf, FiSp)-
k>1
The sequence { X}, is said to be a—mixing (or strong mixing), according as a(n) — oc.

Theorem 3.2.6. [Shao and Yu (1996), Theorem 2.2.] Let {U,}, ., be a stationary a—mizing

sequence of uniform [0, 1] random variables. If
a(n) = O0(n=¢) for some 0 > 1+ /2 and e > 0,
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then we have

u,(t) = B*(t) in D|0, 1].

where u,(t) is the uniform empirical process of Uy, ..., U, and B*(t) is a zero-mean Gaussian

process specified by B*(0) = B*(1) =1 and

Cov(B*(s), B*(t)) = sAt—st

+ Z Cov {[[07S](U1), [[O,t](UJ')}

j=2
+ > Cov {Tpy(Uh), I (Uy)} - (3.13)
j=2

The key point to establishing the last weak convergence was the Rosenthal-type inequality
for a—mixing sequences (1.16) because it allows to obtain an estimate of type (3.14) and
then to use the following Shao and Yu’s tightness criterion for the empirical process in the

space DI0,1].

Theorem 3.2.7. [Shao and Yu (1996)] Let {U,},, be a stationary sequence of uniform
[0, 1] random wvariables and let u,(t) is the uniform empirical process of Uy, ...,U,. If there
exist constants C' > 0,p > 2,p; > 1,0 < p3 < 1,py > 1 — p3 such that for any s,t € [0,1]

and n > 1 the following inequality holds
[un(t) — u,(s)|P < C (|tL — 5Pt 4 P22 — 5]’”3) (3.14)

then the process u,(t) is tight in D]0,1].

3.2.2 Mixing conditions for regenerative processes

Let {X,},, be an aperiodic positive recurrent regenerative sequence on (S,G) with regen-
eration times {7},}, - such that ur = E(Ty —T1) > 0 and let ¢ : S x § x S--- — R be a
bounded function. By definition of regenerative process we have that {Tn}nZO is a renewal
process i.e.,

7'1:T1—T0, TQZTQ_TI, 7'3:T3—T2, cer

are i.i.d. random variables and T,, = 7 +71+- - - 7,. As before, let N,, be the random variable

of the number of regenerations by time n, i.e., N, =k if T, <n < Ty, k=0,1,2,....
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In this subsection, for a better understanding we will rewrite some results shown in technical
report "Some New Results in Regenerative Process Theory” by Glynn (1982). This results
are based on the renewal theory applied to the sequence {Tn}n20 and guarantee under some

conditions that {X,}, -, is strong mixing.

Lemma 3.2.8. Let {X,,},~, be an aperiodic positive recurrent regenerative with regeneration

times {1 },,5o- Then

i) There exist constants v, — 0 as n — oo such that

sSup |E {QO(XT1+TL7XT1+TL+17 )} — Ers {90}| = Tn- (315)
{¢llell o<1}

Moreover, if E(Ty —T1)F < 0o for some k > 1 then 7y, = o(n'~F).

i) Let Fy, = o(Xo, X1, ...., Xi). Fory(n) =sup~y;, n >0 we have
j=n
[ {p( Xkt Xtntt, )| Fet — Ex {p}] (3.16)
< elle @+ 750)P(Tna — k> n/2|Fk) + ol 7(n/2)

where E* denotes expectation with respect to the probability measure ™™ given by

1 To—1
’/T*<A) = M—TE{ZIA(X],XJJrl,)},Aeg Xg X g .

j=T1
Proof. 1) Let
an = E {QD(XTl-H’l)XTl—}—n-‘rl? )}

by = E{o(Xrm Xrysnits ) (T — T > n)} . (3.17)

By the regenerative property, the sequence {a,},, satisfies the renewal equation

Ap = bn + Zan_jP(Tg — T1 = j)
j=0

In fact,
an = by + E{o(X1 40, X1y 1041, - ) I (To = Ty < )}

= bot+ Y E{o(Xnyin Xryingr, )T = Th = )}

Jj=0

= bn + Z E {90<XT1+n*j7 XT1+TL*J'+17 )} P(T2 -1 = j)
=0
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Hence, since T}, = 7 + 11 + - - - 7, where 7; = T; — Tj_; from Theorem 1.4.3 follows

a, = ijuj where u; = P(T}, = j).
=0

On the other hand, |b,| < ||¢|| . P(To —T1 > n) < ||¢||.,, so, by Fubini’s theorem and by

(2.5),
b = E {Z (Xt 4ns Xryn1, - ) (T = Th > j)}
=0 =0
To—1
= Fk { Z QO(XT1+TL7XT1+TL+17 )}
J=T
= prEx{p}.
Thus,
1 (o]
B (o (X Xryonrs )} = Bre o}l = fan == 37
7=0
= Dbty = — D b
j=0 =

A
M3
&
VR
5
4
3
[
N———
+
|.—
NE
&

A
%
3
(]
=
o3
|
M
vV
=
AN
<
3
d
—_
~

+ el > P(T—T1 > j). (3.18)

j=n+1

n 1 o0
Let’yn:ZP(Tg—T1>j) (Unj——>+ Z P(Ty — Ty > j) then v, — 0 as n — oo.

=0 Hr j=n+1

1
Indeed, by Theorem 1.4.2 1) u,, — — as n — o0o. Since ur = E(Ty, —T}) < oo, given € > 0

HT
there exists n such that Z P(T,—T,>j) < % Thus, by (3.18)
j=n+1

sup |E{o( X140, XTy4ms1s )} — Ere {0} = Y-
{#illello<1}

Now, if E {(T> — T1)*} < oo for some k > 1 from Theorem 1.4.2 ii) we have that

1 1—k
U, = — +o(n .
( )

61



This implies that

1
Uj——

i o(n"="%). (3.19)

sup
jzn

Substituting this relation in (3.18) we obtain

B {0 Xanerso)) = B 1o}l < ol 3P =Ti ) sup (=)

j=0 k>n/2 Hr
o0

+ el D, P(To =T > j).

Jj=n+1

1 > .

<l sup (=) +lell Y P75

k>n/2 Hr =

j=n/2

<

1
el sup (ux — —
k>n/2 Hr

+ fellont™ Z JFIP(Ty = Ty > )

j=n/2

= ¢l (0" ""o(1) + o(n' ™)) = llollc o(n' ™), (3.20)

the second-last equality is valid because F {(T2 — Tl)k} < 00. This completes the proof of
i).
ii) Let ¢ = ¢ — Eq« {}. Then

|EA{P(Xktns Xiwntt, ) Fed < | EA{G( Xprns Xiwntt, ) (T <k +n)|Fi}

+ |EA{@(Xktns Xisnits - ) (Tn41 >k +n)|Fr}|

< NEA{S(Xins Xitntt, ) (Tr1 < k+n)| Fi}|
+ @l P(Trsr — k > n|Fy)

< NEA{S(Xksn, Xitnsts - ) I (Tnysr < k+n)|Fi}|

+ 1@l P(Twys1 — k > n/2| Fp). (3.21)

For the first term in the last inequality, we use i) and the regenerative property to obtain
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| E{S(Xktns Xintt, - (1 < K+ )| Fi}|
— B {@(Xktn 1y, 01> Xkt i1 ) | E{I(Tw1 = k < )| Fi} |
< [@lloe ¥+ & = Tryy1) P(Tr 01 — b < /2| Fi)
+ 10l VO P(Th1 — k> n/2| F)
< l@lloe {7(1n/2) + 7 (0) P(Tny41 — k> /2| Fi)} . (3.22)
So from (3.21) and (3.22), ii) follows. O

Theorem 3.2.9. Let {X,},., be an aperiodic positive recurrent regenerative with regener-

ation times {1}, ~,. Then
i) {Xn},so i a—mizing.

i) If, In addition to the above hypotheses, {X,}, -, is stationary and E {(I, - T)*} <

for some k > 1 then {X,.}, -, is a—mizing with constants a(n) = o(n'~").

Proof. 1) Let W be a bounded Fj-measurable random variable and let g : Sx SxS--- — R

be a bounded and measurable function. We will show that

|EAWo(Xkin, Xitni1s )} — EAW} E{o(Xkin, Xktni1, )} < a(n) — 0 as n — oo,

(3.23)
uniformly in k. Clearly, (3.23) is equivalent with the definition of a—mixing.
First, note that from Lemma 3.2.8 ii) follows there are constants a,, — 0 such that
sup | E{o(Xn, Xnt1s )} — Ene {0} = an. (3.24)

{¢:llello<1}
On the other hand, using properties of expectation conditional, Lemma 3.2.8 ii) and (3.24)

we obtain

|EAW@(Xisn, Xirns1, )} = EAW} E{@(Xppn, Xitnst, ) } |
< EAWo(Xitn, Xopni1, )} = Ere {0} | + |[E{W} E{@(Xpin, Xinir, )} — Ere {0} |
< [EAWE{o(Xitn, Xent1, ) Fr} = Bre {03} |+ (Wl o [E{o(Xpsn, X1, )} — Ene {0} |

< Wllg ol {1+ 7(0) P(Tn 41 — k> 1n/2) +7(n/2) + an} — 0 as n — oo,
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uniformly in k. The last convergence is valid because ur = E;; P(Ty,—T, > j) < o by

hypothesis and by (1.6) we have

o0

1
lim P(Ty 41— k>n)=— Z P(T, =T, > j).

k—o0 ur Pt
Thus P(Ty,+1 —k > n) tends to 0 as n — oo uniformly with respect to k. Since y(n/2) — 0

and a, — 0 as n — oo, uniformly in k, the proof of i) is complete.

ii) Since we are assuming that {X,}, -, is stationary then

E{o(Xp, Xiy1, )} = {o(Xo, X1, ...)} = Ere {0}

Thus, using properties of expectation conditional and Lemma 3.2.8 ii) we obtain

[EAW o (Xiins Xipntrs )} = EAW} E{@(Xpin, Xinir, )} |
= [E{EAWo(Xkin, Xinir, )| Fr}} — E{W} Ere {p} |
= [EAWE{o(Xpin, Xitni1, ) Fie} = WEq {0} } |
= [EAW (E{(Xpsn, Xpsntr, )| Fr} — En- {0} }) |
< Wil llelle (T +A(0) P(Thi1 — k> n/2) +7(n/2) (3.25)

Since E {(T» — T1)*} < oo from Lemma 3.2.8 i) follows v(n/2) = o(n'~*). On the other
hand, by (1.6) we have

1 Lontth SN L onih
P(Typ—k>n)<— Y P(T—T > j) < Y P -T > ) = o(1),
A S Hr

the last equality is valid because E {(T» — T1)*} < co. Thus, P(Tw,+1—k > n/2) = o(n'~*).

Finally, from last considerations and by (3.25) we obtain

|EAWO(Xksns Xetnits )} = EAW} E{o(Xiin, Xinir, )} [ = o(n' "),

This completes the proof of ii). ]

3.3 Weak Convergence of the Empirical Process

In this section, we show that 3, (x) = Bj(z) in the Skorokhod space D with 3, (z) defined by

(3.3) and Bj(z) given by (3.4). We prove this weak convergence under a—mixing conditions
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on {Xn}nzo- As in the classical approach, our invariance principle consist of two parts, estab-
lishing finite dimensional convergence and tightness of the empirical process 3, (z). We first

obtain the finite-dimensional convergence using Mallows distance, i.e., we will prove for fixed

21,2 € Rand Vk € N, (Bu(w1), Bulwa), -+, Bu(wn)) = (Bp(wr), Bilwa), -+, Ba(w)) -

For this, note that we can write the empirical process (3, (z) as the sum

ula) = = Z {Ison(X5) — F@)} .

Since { X}, is regenerative, by Proposition 2.2.1 we have the sequence {10 (X")}n>o

is also regenerative. So, we can apply the results obtained in section 2.4 to the empirical

process (,(z). In this sense, from Corollary (2.4.5) we obtain the following results.

Lemma 3.3.1. Let {X,},., be a regenerative sequence with regeneration times {7y},

such that E {(Ty — T1)?} < co. Then, for z fired
dy(Bn(z), Bp(x)) = 0 as n — oo, (3.26)

where By (x) is a zero-mean Gaussian process defined by (3.4).

Proof. Let ¢(X;) = I(_cou)(X;), fig = / ¢pdi = F(z) and

1 -1 ) 2
52 = #—TE <Z I o) (X;) — F(x)) < 0.

Jj=T

Since |¢] <1 and E{(Ty — T1)*} < oo from Corollary (2.4.5) follows

ds (B"(J;) , Zo) — 0 as n — oo,
O¢

where Zy < N (0,1). The last expression is equivalent with (3.26). O
In the same way, we obtain the following result:

Lemma 3.3.2. Let {X,},, be a regenerative sequence with regeneration times {Ty}, 5,

such that E {(Ty — T1)?} < oo. Then, for z fized
Bn(x) N Bi(z) as n — oo, (3.27)

where By (x) is a zero-mean Gaussian process defined by (3.4).
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Next we show the finite dimensional convergence of the empirical process 3, (z) to the zero-

mean Gaussian process B (z).

Theorem 3.3.3. The empirical process [5,(x) converges to a zero-mean Gaussian process

Bp(x) in the sense of finite-dimensional distributions, i.e., for fited x1, ...,z € R andVk € N

(Bu(1), Bul2), -+ Bu(ai)) < (Ba(an), Bp(wa), -+, Bi(wn)) (3.28)

Proof. Case k = 1 follows from Lemma 3.3.2. For k = 2, let a,b € R and F, » and G be the

distribution functions of the random variables

aBn(z1) + bBn(z2) and a]_;’F(xl) + bBg(z2),

respectively.

By definition of Mallows distance and the classic inequality

lz+ylP <227 (|zP + |y[") =,y €R and p>1,

we obtain
d3(Fn2, Ga) < ElaBu(x1) + bBu(x2) — (aBp(x1) + bBj(w2))
= E|a(5n(I1) - Bp(ivl)) + b(ﬁn(@) - Bﬁ($2)>|2
< 2{JaPBIB.(x1) = Bi(w1)? + [P E|B(x2) — Bi(a2) )

2 {lalPB(Balr), Be(an) + [bPa(Bu(2), Bi(2) }

In the last equality we have used Theorem 1.5.2 with (8, (z;), Bz (x;)) L Fo@) N (2, 1=

1,2. From Lemma 3.3.1 follows
d3(Bu(w:), Bp(x:)) =30, i=1,2,

Thus,

i.e., for any a,b € R,

7 n—oo

d5 (aﬁn(xl) + 0B (22), aBp(x1) + bBF($2)) — 0.
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Then by Theorem 1.5.1

afBn (1) + bB(22) LN aBp(z1) + bBg(x2),

and by Cramer- Wold Theorem follow that

(Bul1), Bu(2)) ~5 (Bp(w1), Bp(ws)).

For the general case we use mathematical induction. If p > 1, we have the inequality

k p k
D a;| <2BVE D gy P 4N "2t DE g e € R, j =1, ... k. (3.29)
j=1 j=2
Let ay,aq,....,a; € R and let F,; and G} be the distribution functions of the random
variables .
Zajﬂn z;) and Za]
7j=1
respectively.

By definition of Mallows distance and Inequality (3.29) we have

k k 2
B(Fo,Gr) < B a;Bu(r;) =Y a;Bi(w))
P =1
k 2

- E Zaj(ﬁn(xj) — Bp(x)))

k
< 200y PE(By (1) — Ba(a)? + ) 28T |ay P E| () — Bp(a;)?
7j=2

k
= 20 D|a)Pd3 (B (21), Bp(1)) + Y 20770y Pd5 (B (). Bp(ay)).

=2
In the last equality we have used Theorem 1.5.2 with (8, (z;), Bz (z;)) < Fg@) N By, 1 =

1,2, ..., k. Again, from Lemma 3.3.1 follows

B(Bu(x:), Bpla;) =30, i=1,2,... k.

Thus
dy(Fpp, Gy) =30
Then, we have for any aq,as, ....,ar € R
k koo
dg (Z Cljﬁn<l'j), ZCLBﬁ(iIZ'J)) n—>_o>o 0.
j=1 j=1



By Theorem 1.5.1, the last convergence implies that
k k )
Zajﬂn(:vj) SN Zaij(xj) as n — 0o,
j=1 j=1
and from Cramer- Wold Theorem follows that

(Bu(@1), Bu(@a), -+, Bulen)) = (Bp(an), Bp(ea), - Bp(an))
This completes the proof. O

Observe that from Theorem 2.3.2 we have that CLT is valid to regenerative sequences
{o(Xn)},>o Where ¢ can be a Lipschitz functions. In the case that we have not an suit-
able moment bound of the type (3.6) that would allow us to use Theorem 3.2.2 obtained
by Dehling, Durieu and Volny (2009), we establish an alternative invariance principle under
strong mixing conditions. We already obtained the finite dimensional convergence, then it
remains to show that f,(x) is tight. For this, from Theorem 3.2.9 we have that a regen-
erative sequence is a—mixing. So, tightness follows from Shao and Yu’s tightness criterion
(Theorem 3.2.7) in the same way as in the proof of Theorem 2.2. in Shao and Yu (1996).

In this sense, the previous observations suggest the following condition:

Condition 3.3.4. Let {Xn}n21 be an aperiodic, positive recurrent and stationary regenera-
tive sequence with regeneration times {T,},~, satisfying E(Ty — T1)? < co. Suppose that the

canonical distribution F is continuous. And, assume the following conditions
i) a(n) = O0n=%) for some > 14 +/2 and ¢ > 0 or

i) F satisfies (3.9) and the partial sums of {0(Xn)},50 with ¢ bounded Lipschitz has a
bound on the fourth moments of the type (3.6).

Theorem 3.3.5. Assume that Condition 3.5.4 is satisfied. Then

Bn(x) = Bp(z) in D(—o00, 00), (3.30)

where By (x) is a zero-mean Gaussian process defined by (3.4).
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Proof. 1f Condition 3.3.4, ii) is valid then the weak convergence (3.30) follows from Theorem
3.2.2. So, we assume Condition 3.3.4, 1). Note that we may confine our attention to the case
in which {X,},., is uniformly distributed over [0, 1]. Indeed, {F (Xn)}n>1 is a—mixing
and regenerative with regeneration times {7}, and, since F' is continuous, F(X,) is
uniformly distributed. If U, (¢) is the empirical distribution function for U =F (X1), Uy, =
F(X,),..,U, = F(X,), and if

wnt) = VA (Un(t) — 1) (3.31)
then, with probability 1,
un(F(2)) = Ba(2)

for all z. If the theorem is true in the uniform case, then u,(-) = B(-) in D[0,1], where B

is a zero-mean Gaussian process and

Cov(B(s),B(t)) = sAt—st

+ 37 Cov {To (F(X0)), o (F(X,)}
+ 3 Cov {Tpa(FX0)), Do (FOX) } (3.32)

Define the mapping z — z o F' from the Skorokhod space D in D . Since z is continuous
follows by mapping Theorem 1.8.1 that u,(-) = B(-) implies 3,(-) = Bz(-). Thus we need
only treat the uniform case. By Theorem 3.3.3, the finite dimensional distributions of u,,(t)
converge to the corresponding finite dimensional distributions of B(t). The tightness of uy, (t)
follows from Shao and Yu'’s tightness criterion (Theorem 3.2.7) in the same way as in the
proof of Theorem 2.2. in Shao and Yu (1996).

O]

Corollary 3.3.6. Let {Xn}n21 be an aperiodic, positive recurrent and stationary regenerative
sequence with regeneration times {T,},~, satisfying E {(T2 — Tg)(’“} < oo for some 0 >
24+ v2 and € > 0. Then,

Bn(x) = Bp(z) in D(—o0, 00),
where B(x) is a zero-mean Gaussian process defined by (3.4).
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Proof. By Theorem 3.2.9 we have that {X,},., is a(n)-mixing with constants a(n) =
o(n'=(+9) . Then Condition 3.3.4, i) is satisfied. So, the result follows from the previous

theorem. O

Remark 3.3.1. Our condition 3.3.4 requires stationarity of the regenerative sequence {X”}nZI'
In many cases {Xn}n21 1s not stationary, but is possible to make the regenerative sequence a
stationary and regenerative sequence with marginal distribution © and with the same asymp-
totic behavior. There are different works about the construction of the stationary version of
{ X} 50 which is quite technical and for which we will omit the details, see, for evample, [61]
for a construction. When {Xn}n21 is not stationary,, the covariance function of the limit

process BF 15 given by

E(Bp(x), Bp(y) = F(My)—ﬁ(fc)ﬁ(y)

- ZE{ (~o0.a] )_p(x),](_w](xj)—ﬁ(y)}

T ZE{ 7y] )_F<y)7l(—oo,x]<X;)—F(l’)}

where { X}, <, is a stationary version of {X,}, <. For the technical details of this relation,

see, for instance, Glynn (1990).

Now, we will present an alternative proof of the weak convergence of the empirical process
Bn(+) substituting mixing assumptions by the condition that the inter-regeneration times (or
length of the cycles) of the regenerative sequence be bounded. This resul is interesting be-
cause we show tightness of 3,(+) without to use estimates valid for mixing process, we obtain
moment bounds for partial sums of regenerative sequences using definitions and properties

we studied in Chapter 2.

The proof of the following estimative makes use of some ideas from Proposition 8 in Clémencgon

(2001).

Lemma 3.3.7. Let {Xn}n21 be an aperiodic, positive recurrent regenerative sequence with

regeneration times {Tn}T121 such that | T, —T,_1| < M for everyn > 1, where M is a positive
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constant. Then for p > 2

p

< Clo. M) {(Bx {¢*})" 0¥ + B {lol'} n} Vo € £1(5,6,7),  (333)

n

Z P(Xi)

i=1

E

where C(p, M) is a constant depending only on p and M.

Proof. To make the notation easier, we will assume that all cycles of { X}, ., have the same
distribution. Let N,, = sup{k : T, < n < Ti11}. Then we have

N,—1 Tiy1—1

ng( Z Yi + Z ©(X;) where Yy, = Z o(X
i=1 i=Tn,, i=T},
Hence, we deduce
n p anl p n P
E|) oX)| <27 CE|) Y| +E| ) o(X)] ¢ (3.34)
i=1 k=0 i=Tn,,

Recall that {Y}},, is a i.i.d. sequence with mean zero and thus by LP- Doob inequality

applied to the positive submartingale (’22:0 YkD , write
I>1

V()

Np—1

P
Z Y.l <F (max
1<I<n

Then, apply Rosenthal inequality

(3.35)

l
Z Yy
j=0

< ) {E{E)EE + E{iPn}

p

~ o E{Z so(X»} w4+ |3 ) n
< Ci(p) (E {(T2 —T) 22_: SO(XJ'>2}> nt+E {(T2 — Ty QZ_: W(Xjﬂp} n
< Ci(p) Mp/zE{i SO(XJ‘)Z} “ngMplE{i \@(Xj)!p}n

= M { (B (&))" b + B {lel} . (3.36)
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In the last equality we have used (2.5). For the second term in (3.34) , we obtain the bound

n P TN’n+1_1 b
E Z p(Xi)| < E Z (X))
i:TNn i:TNn
TNn+1 1
< EQ (Tn,41— Ty, )"t Z p(X3)[P
=T,
TNn+1_1
< wE! 5 exr
=T,
= MPEz{[o]P}. (3.37)

Again, in the last equality we have used (2.5). Thus, by (3.34), (3.36) and (3.37) we have

B> (X)) < (%) Ci(p)M7 { (Bx {¢*})" n + Bx {|g"} n }
+ MPEz{|¢['}n
< G)M” {(B= {¢*})" ¥ + Bz {Jol"} n | (3.38)
and (3.33) follows. O

From the previous estimate, we can obtain an inequality of type (3.14) and thus we can

establish the tightness of f3,,(-) as follows.

Theorem 3.3.8. Let {Xn}n21 be an aperiodic, positive recurrent regenerative sequence with

regeneration times {T,,},-, such that the sequence {T,, — T;,_1}, 5, is bounded. Then we have

Bn(z) = Bp(z) in D(—o00,00), (3.39)
where By (x) is a zero-mean Gaussian process defined by (3.4).

Proof. As in proof of Theorem (3.3.5) we treat the uniform case. Let w,(-) the uniform
empirical process defined in (3.31). By Theorem 3.3.3, the finite dimensional distributions
of u,(-) converge to the corresponding finite dimensional distributions of B (t) defined by

(3.32) . To prove that w,(t) is tight, fix ¢ > 0 and n > 0 and let s,¢ € [0,1]. Take
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o(x) = I g(x) — Ijpq(x) — (t — s) and p = 4 in Lemma 3.3.7. Then
4

FE Z ][07,5]((]1') — ][075]((]1') — (t — S) < C[(E;r {(][07,5}(:(3) — I[O,s] (x) — (t — S))Q})Q n?

+ Bx {[Ton() ~ Tog(@) = (t = 5)[*} n]

< Ot — s|*n® + |t — s|n], (3.40)
where C' depends on p and M alone. If < < |t — s| we have,
n

Blun(t) — un(s)|* < E(t — 5)%. (3.41)

€

Note that estimative (3.41) is of type (3.14). So, tightness follows form Shao and Yu’s

tightness criterion (Theorem 3.2.7).

3.4 Convergence of the Empirical Quantile Process

Let {X,},o be an aperiodic and a positive recurrent regenerative sequence with values in
R and regeneration times {7}, ., such that with pup = E(T> — T1) > 0. As before, the

canonical measure F(z) and the empirical distribution function F,(z) are given by

F(x) = ’u—lTE (Z_ I(—oo,a:](Xj)>

Jj=T

1 n
Fn = - I —00,T X; ) ]Rv > 17
@) = D heX) R
Define the quantile function F~' of F' and the empirical quantile function F;! of F, by

i) = inf{:r; eR: F(z) > t}, 0<t<1, FY0)=F'(0")

i) = inf{:vER:Fn(x) >t}, 0<t<1, F70)=F Y07

Just imitating (3.3) consider

() =vn(E7H ) - F1#),0<t<1,n>1 (3.42)
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be the empirical quantile process associated to regenerative sequence {Xn}nzo with regen-

eration times {7},},-, and consider
v (t) = Vn(U, (t) —t), 0<t<1,n>1. (3.43)
be the uniform quantile process associated to uniform regenerative sequence.

Remark 3.4.1. If ' is continuous, F'(X,,) is uniformly distributed and if U, (t) is the empir-
ical distribution function for F(Xy), F(X,), ..., F(X,), and if the uniform empirical process

18 given by

then, with probability 1,
un(F(x)) = Bo(z) for all (3.44)

where B (x) = /n(F,(x) — F(x)). In this case we also have

Bi(z) = B(E(z)) for all . (3.45)

3.4.1 Pointwise Convergence of the Empirical Quantile Process

In this subsection, we prove that for ¢ fixed, the process ¢,(t) converges in distribution to

the random variable _ﬂﬁ—% where JE (z) = dFdf)

we need to obtain the convergence in distribution of w,(t) and v,(t).

and B(-) is given by (3.47) . For this,

Theorem 3.4.1. Assume that Condition 3.3.4 is satisfied. Then
un() -5 B(:) (3.46)
where B is a zero-mean Gaussian process and

Cov(B(s), B(t)) = sAt—st

+ " Cov {To (F(X0), Toa (F(X,) }

+ D Cov {f[o,ﬂ(F(Xﬂ),1[o,s]<F(Xj))}. (3.47)
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Proof. Since F is a continuous function and by the relationships (3.4.1) and (3.45) we have
un(F(2)) = Bu(x) and Bp(z) = B(F(x)) for all 2 . Thus, the result follows by letting

t = F(z) in (3.27). O

Now, we prove that v,(t) converges in distribution to random variable —B(t), for ¢ fixed. The
proof of this result is based on the Lemma 1.8.6 and Skorokhod’s representation Theorem

(Theorem 1.8.5).

Theorem 3.4.2. Assume that Condition 3.5.4 is satisfied. Then
v, (t) — —B(t). (3.48)

Proof. From Theorem 3.4.1, for ¢ fixed we have /n(U,(t) — t) = u,(t) N B(t). By Sko-
rokhod representation (Theorem 1.8.5) exists random variables u () < un(t) and B*(t) <
B(t) such that /n(Ux(t) —t) = u* (t) =2 B*(t) in Skorokhod topology and by Remark 1.8.1
since B*(t) is continuous this convergence is locally uniform, i.e.,

lim sup |vr(U(t) —t) — B*(t)] “ 0.

n—)ooogtgl
By Lemma 1.8.6
lim sup [vn((US)7(t) —t) + B*(t)| = 0.

n—oo 0<t<1
For ¢ fixed this implies \/n((U*)~t —t) 2% —B*(¢). Since (U)~1(t) £ U-L(¢) and —B*(t) <
—B(t) we have
on(t) = V(U (t) = t) = —B(1)
]

Next for ¢ € (0,1) fixed, we prove the convergence in distribution of the empirical quantile

process q,(t) defined by (3.42).

Theorem 3.4.3. Assume that Condition 3.3.4 is satisfied. If F is absolutely continuous

distribution function with a strictly positive density function f = [ then
d

Qn<t) — = FB,(?

—f( 1)) (3.49)
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Proof. By definition of v, (t) and ¢, (t) we have

“O) i - 1)

— A - { =0

|0 -0 (F)

FL U (1) - F(1)

;—1

= V(U (t) - ) - . ;=1 —0.
| -0 (F)
(3.50)
. FH U 0) = F7N0) nosoo (o1, -1 :
To see this, note that U=1t) = t) — (F (t)) because U, '(t) — ¢ uniformly
and by Theorem 3.4.2, /n(U;'(t) — t) - —B(t).

/ ~
On the other hand, (F ‘1(t)> = m because F' is absolutely continuous. Therefore,

d -1 " 5 B(t)
n(t) —> — (F (75)> B(t) = T )

3.4.2 Weak Convergence of the Empirical Quantile Process

Finally, as a consequence of the Bahadur representation of sample quantiles under a-mixing
coefficients obtained by Xing, Yang, Liu et al. (2012), we derive weak convergence of the
empirical quantile process ¢,(¢) in the Skorokhod space D. First, we obtain weak con-
vergence of the uniform quantile process v, (t) given by (3.43) using properties of locally
uniformly aproximation of monotone functions ( Lemma 1.8.6) together with Skorokhod’s
representation Theorem (Theorem 1.8.5).
Theorem 3.4.4. Assume that Condition 3.5.4 is satisfied. Then
va(t) = —B(t) £ B(t) in D[0, 1]. (3.51)

Proof. Using relationships (3.4.1) and (3.45) and by letting t = F(x) in (3.30) we have

un(t) = (U, (t) — t) =% B(t) in D0, 1].
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Thus, the Skorokhod’s representation (Theorem 1.8.5) gives random elements v’ and B*
defined on a new sample space such that 2w, B* L B and wh(t) =2 B*(t) in D0, 1].
Because B*(t) has a.s continuous sample paths, this implies that
sup |ul(t) — B*(t)] = 0. (3.52)
0<t<1

- (t
Defining U} (t) := () +t, we have U} (t) <

NG

Un(t) and (3.52) is equivalent to

sup [v/n(Up(t) —t) — B(t)] == 0

0<t<1

By Vervaat’s lemma ( Lemma 1.8.6) we have /n((U*) "' (t)—t) =% —B*(t) locally uniformly,
or equivalently,

Va((Up) 71 (t) —t) == =B(t) in D[0,1].

Since (U*)~(t) £ U-(t) we obtain the desired weak convergence

vn(t) = V(U1 (t) = t) = —B(t) < B(t).
]

Using the previous result we prove weakly convergence of the empirical quantile process

qn(t). Observe that q,(t) = /n(F~Y(U;(t)) — F~1(t)) and if I’ exists, using the mean

n

value theorem, we can write
0(t) = V(U (1)~ 1) (F(&)) For t AU (1) < &0 < VU0,

On the other hand, let ¢(s) — (F—l(gn)>'s then gu(t) = (F‘l(fn)>/vn(t). By (3.51) and

since ¢(s) is a continuous function by the continuous mapping Theorem 1.8.1, we have

1) = (F1(€0) 0alt) = dl0a() = 6(~B) = — (F1(&)) B().
Therefore, if F' is absolutely continuous with positive density
B(1)
FE=1(6))

In this sense, using a Bahadur representation for quantiles of a—mixing samples we can

q(t) = — in D[0,1], for t AU t) <&, <tV U, (t).

obtain the weak convergence of ¢,(t) in a more general way.
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Theorem 3.4.5. Assume that Condition 3.3.4, i) is satisfied. Let F(x) be an absolutely
continuous distribution function with a strictly positive density function f = [ such that f’

18 bounded in some neighborhood of Fﬁl(t). Then we have the weak convergence

B(t)
qn(t) = —m in DI0,1]. (3.53)

Proof. By Bahadur representation (1.22) we have
-1 Pl 1 F—1
VAR = FH0) = g Vot BB @) + Vak,
= ==Vt —U(t) + VnR,,

where R,, = O(n~*/*logn). From our Theorem 3.3.5 and from Slutsky’s theorem follow that

B(1)

the first term on the right side converges weakly in D|0, 1] to ——=—=———

FE(®))

. The second term
vanishes as n — oco. Again by Slutsky’s theorem we have

Bt
(1)) = —%
fFEH(D))

)
3
—~
~
~—
I
5
—~
<
—
—~
~
~—
|
esil

in D[0, 1].
This complete the proof. O

Remark 3.4.2. From Corollary 3.2.5 we have that the process empirical associated to an
L-geometrically ergodic Markov chain {Xn}nzo with values in R satisfies the invariance
principle of Theorem 3.2.2. Moreover, {X,}, -, is a—miving (see, Bradley(2005)). So,
from Bahadur representation (1.22) we can obtain the weak convergence (3.53) of the quantile

process q,(t) associated to the chain.
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Chapter 4

Similarity Tests

4.1 Introduction

Let a random sample of random variables X7, X, ...., X, with common distribution function
F. We consider two types of goodness-of-fit problems: i) test the null hypothesis F' = Fj for
a fixed distribution function Fy and ii) F' € G where G¢ is a suitable location-scale family.
One way to study the problem i) consists of employing a functional distance to measure the
discrepancy between the hypothesized distribution function Fy and the empirical distribution

function F),. In this sense two statistics have received special attention in the literature:

D, =+/n|F, - F|,  (Kolmogorov-Smirnov)

W2 =n /_OO (Fo(z) — F(x))*dF (z) (Cramér-von Mises)

oo

where ||F, — F|| = sup|F,(z) — F(x)|.

Asymptotic null distributions of D, and W? are commonly handled by using empirical
process techniques and weak convergence theory on the metric spaces. For the i.i.d. case,
knowing the weak convergence of the empirical process v/n(F, — F') to the Brownian bridge

B and under the null hypothesis we have as n — oo,

1
Dy~ Bl and W? i>/ B(t)%dt. (4.1)
0
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On the other hand, del Barrio et al. (1990; 2000) proposed a new approach for goodness-
of-fit tests based on the 2nd-order Mallows distance between the empirical distribution and

the distribution F'. The statistic used was

Vndy(F,, F) = (n /Ol(F,;l(t) - F‘l(t))th> 1/2. (4.2)

For i.i.d. observations, Samworth and Johnson (2008) showed that under “regularity condi-

tions” the 2nd-order Mallows distance dy(F),, F') satisfies

Vnds(F,, F) =% (/ f282 dt)1/2. (4.3)

Recent literature on statistics based on the 2nd-order Mallows distance has focused on

goodness-of-fit tests for location-scale families

QGZ{H:H@):G(%),uek,aw}.

To test F' € G del Barrio et al. (1999) proposed the used of the statistics

) ( /0 1 Fnl(t)Gl(t)dt) 2

where F), is the usual empirical distribution and 2 the sample variance.

(4.4)

In this chapter, we study the asymptotic null distribution of the statistics D,,, W? and
R, for a regenerative sample. In our results, we replace the common distribution F' and
the Brownian Bridge B of the i.i.d. case by the canonical measure £ given by (3.1) and
by the zero-mean Gaussian process B 7 given by (3.4). In this sense, in section 4.2, our
Lemma 4.3.2 provides sufficient conditions to obtain the asymptotic null distribution of the
Kolmogorov-Smirnov and Cramér-von Mises statistics for a regenerative sequence {Xn}@l.
Finally, in section 4.3 we use the 2nd-order Mallows distance between the empirical distri-
bution and the canonical measure F to study the statistics Vnds(F,, F ) and R,, defined by

(4.2) and (4.4), respectively. So, our Lemma 4.4.2 provides sufficient conditions to obtain
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the convergence (4.3) for a regenerative sample. In our Lemma 4.4.3 we establish the limit-
ing distribution of the statistics nR,, under the null hypothesis, thai is, when the canonical

measure F is a member of the location-scale family being tested.

The results obtained in this chapter follow from the weak convergence of the empirical and
quantile process associated to X,,. In this sense, we know that any Harris chains {X,,} -, ona
general state space that possess an atom A is a regenerative process with limiting distribution

Fiim. By Kac’s Theorem we have Fj;, = F where F is the canonical distribution given by
Ta—1

F(x) = EA(lTA)EA { J;O I(oo,x}(Xj)} , x €R,

where Ty = inf{n > 1, X, € A} the hitting time on A. Thus, our invariance principle

holds valid for Harris Markov chains and we may use the statistics described above to test
Hy: F = Fyor F € Ge. In Subsection 3.2.1, we discuss the empirical process associated with
a L-geometrically ergodic Markov chain {Xn}nzo. Under some assumptions on the Markov
transition function it was shown that the invariance principle of Theorem 3.2.2 holds. Thus,

all the similarity tests proposed in this chapter can be applied for this type of Markov chains.

In order to prove our results we need to introduce some notation. Let C[0,1] denote the
space of continuous functions on the interval [0, 1], endowed with the supremum norm and
the space D0, 1] (respectively (—oo, c0)) denote the space of all real functions on [0, 1] (resp.
on (—o00,00)) which are right-continuous and have left limits, endowed with the Skorohod

distance (see Billingsley 1986).

4.2 Harris Markov chains

In Chapter 2 we showed that any Harris recurrent chain is regenerative and perhaps this
example is the most important examples of regenerative processes. If {Xn}n20 is a Harris
irreducible Markov chain on a general state space that possess an atom A. we may define
hitting time on A by

Ty=inf{n>1,X, € A}
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and the successive return times to A by
Tp(A) =inf{n:n>Tp1(A), X, € A}, k> 2, (T1(A) :=T}y).

And let E4(-) be the expectation conditioned on Xy € A. Also assume that {X,}, .,
is Harris recurrent, so, for any initial distribution, the probability of returning infinitely
often to the atom A is equal to one. By the strong Markov property it follows that, for
any initial distribution p, the sample paths of the chain can be divided into i.i.d. blocks of
random length corresponding to consecutive visits to A, i.e., this type of chain is regenerative
according to the Definition 2.2.1 (see, Meyn and Tweedie (1996) for a detailed review and

references). The cycles can be defined by

m = (Xra)y, Xy a)+1s o Xy (a)=1)s - e = (X1 4y, Xrp(a)+15 -0 X111 (4) 1) -

For Harris recurrent chains the stochastic stability properties of the chain amount to proper-
ties concerning the speed of return time to the atom only. For instance, the following result
show that exist an unique stationary measure and this measure is given by the occupation

probability measure (2.4).

Theorem 4.2.1. [Meyn and Tweedie (1996), Kac’s Theorem| The Harris Markov chain
{ X}, 48 positive recurrent if and only if Ea(Ta) < co. The unique stationary measure

15 the occupation probability measure given by

#(B) = EA<1TA)EA { jz_o IA(Xj)} . BeS. (4.5)

Remark 4.2.1. If the chain is positive Harris recurrent, it follows from Theorem 2.2.3, i)

that .

2 Do) = B o}, (1.6)
for any integrable function . Morejo_ver, if the chain is aperiodic and positive Harris recur-
rent, it follows from Theorem 2.2.3, ii) that X, 4 X asn — oo, where X is distributed

according to 7. Thus {X,},, converges in distribution to a unique invariant probability

measure. In the real valued case, we will denote the limiting distribution by

F(z) = EA(lTA)EA { i I o] (Xj)} ,z€R. (4.7)




On the other hand, as a consequence of our Corollary 3.3.6 and our Theorem 3.4.5 we obtain
weak convergence in the Skorokhod space D of the empirical process f,(z) = /n(F,(x) —
F(z)), z € R and the quantile process q,(t) = n'/2(F;1(t) — F~(t)), t € (0,1) associated
to the Harris Markov chain {X,}, ., where F is the limiting distribution given by (4.7). We

call I as the canonical distribution.

Corollary 4.2.2. Let {Xn}nzo be an aperiodic and positive Harris recurrent Markov chain
on R with an accessible atom A. Assume that the canonical distribution E is continuous. If

E(T4T) < oo for some 6 > 2+ /2 and € > 0. then we have

Bn(-) = B(F(-)) in D(—o00,00) (4.8)
where B(-) is a zero-mean Gaussian processes and

Cov(B(s), B(t)) = sAt—st

+ 37 Cov {Tp (F(X0)), o (F(X,))

+ 3 Cov { o (F(X0)). T (F (X)) (19)

Corollary 4.2.3. Let {X,},, be an aperiodic and positive Harris recurrent Markov chain
on R with an accessible atom A. Assume that F satisfies the conditions of Theorem 8.4.5

with F' = f. If E(T4™) < oo for some 6 > 2+ /2 and e > 0 then we have

B(t)

where B() is the Gaussian process given by (4.9).

The similarity tests proposed below are based on the weak convergence of the empirical
and quantile process. So, as a consequence of Corollary 4.2.2 and Corollary 4.2.3 we will
obtain the asymptotic null distributions for the classical statistics of Kolmogorov-Smirnov
and Cramer-von Mises under the null hypothesis F' = F,. We will also obtain the asymptotic
null distributions of tests based on the 2nd-order Mallows distance include similarity tests

of location-scale families for Harris Markov chain with atom.

83



4.3 Kolmogorov-Smirnov and Cramér-von Mises Tests
The well-known global measures of discrepancy are given by

Vnl|F, = F|. (Kolmogorov-Smirnov)

n / T (Fu(z) — F(z)2dF(z)  (Cramér-von Mises)

o0

where || F,, — F|| = sup |F,(z) — F(z)|.

For a regenerative sequence {X,} -, the common distribution F of the ii.d. sequence is
replaced by the canonical measure F.

Our Theorem 3.3.5 showed that under regularity conditions the empirical process

converges weakly to a zero-mean Gaussian process B = {B (F(x)):xz € R} with covariance

function

Cov(B(s), B(t)) = sAt—st

+ 3 Coo {Tog (F(Xo)), Ton(P(X,)}

+ 3 Cou {Tog (F(X0). o (FLX,) (@1)

Now, we obtain the asymptotic null distribution of the Kolmogorov-Smirnov and Cramér-
von Mises statistics for a Harris Markov chain with atom and for a £-geometrically ergodic
Markov chain {X,}, .. Asin the i.i.d. case this results are based on the convergence of the
empirical processes associated to {Xn}nzr In this sense, our Corollary 3.3.6 and Corollary

3.2.5 suggest the following conditions.

Condition 4.3.1. i) Let {X,.},5, be an aperiodic and positive Harris recurrent Markov
chain on R with an accessible atom A satisfying E(Tg“) < oo for some 6§ > 2+

V2 and € > 0. And assume that the canonical distribution F is continuous, or
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ii) Let {Xn}n20 be an L-geometrically ergodic Markov chain with values in R. Assume that

the distribution function E of Xo is continuous and satisfies
wi(0) < D|log(0)|™" for some D >0 and v > 2. (4.12)
with wi given by (3.8).

Lemma 4.3.2. Assume that conditions 4.3.1 is satisfied. Then

Vi

R TA 13
and

n / T (Fu() — F(2)dF(z) -5 / " B (0)dE(2) (4.14)

o0

Proof. Under Condition 4.3.1 we have the hypotheses of our Corollary 3.3.6 satisfied. Thus
Bn = Bpon (D, D, |||..)- On the other hand, we have that the mappings z — [ 22(z)dF ()
and z — |||, from D in R are continuous and P(Bz € C) = 1. And the results follows

from the continuous mapping Theorem 1.8.1. O

To finish this section, it is worth pointing out again that if {X,} ., is a Markov chain with
general state space, positive Harris recurrent and aperiodic that posses an atom and limiting

distribution Fj;,, then Fj;,, = F where

Tar—1

F(z) = EA(lTA)EA { ; I(m,x}(Xj)} ,x €R,

is the canonical distribution. Also, it is worth mentioning that Merlevede and Rio (2015)
obtained the KMT ( Komlds, Major and Tusnédy) strong aproximation of empirical processes

associated to an Harris recurrent geometrically ergodic Markov chain {X,}, <,

P ( sup |Sk —aWy| > clogn + ZL‘) < aexp(—bx). (4.15)

1<k<n

s{(=pa %))
EA(TA)

k
where S, = E X, Wy is a sequence of Brownian motions, 6% =
7=0

and a,b

and c are positives constants conveniently chosen. And this could well be used to eventually

derive rates of convergence similar to i.i.d. case.
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4.4 Similarity tests based on Mallows distance

For the i.i.d. sequence with empirical distribution F,, and a common distribution function
F, Samworth and Johnson (2008) showed that under “regularity conditions” the 2nd-order

Mallows distance dq(F,,, F') satisfies

Vndy(F,, F) -5 (/ ) 32 t) - (4.16)

where B is the Brownian bridge and f the density function of F.

Using the same type of arguments as in Samworth and Johnson (2008) we will extend the

use of statistics (4.16) to regenerative sequences.

Condition 4.4.1. Assume that condition 4.5.1 is satisfied. And suppose that the canonical
distribution F possesses a density f such that f(F~1(t)) is positive and continuous for 0 <

t <1 and that lgir(r)l FY(t) and ltlgl F~Y(t) are finite.

Essentially Condition 4.4.1 requires that de density f is positive and has a bounded support.

In this case we do not need to worry about existence of 2nd moment ou higher moments.

Lemma 4.4.2. Assume that Condition 4.4.1 holds. Then

2 1/2
Vndy(F,, F) —% </ sz t) (4.17)

where B is given by (4.11).
Proof. The representation result, Theorem 1.5.2, allows us to write
~ 1 3 1
ndy(F,, F) = / n|FHt) — F~Ht)|*dt = / qn(t)*dt (4.18)
0 0
where ¢, (t) is the empirical quantile process
¢(t) = Vn(E7Ht) — F7H(t), 0 <t < 1. (4.19)

- - Bt
Our Theorem 3.4.5 show that ¢,(t) = B, where B, = #
fED)
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Note that Condition 4.4.1 guarantees the maximum of f is positive and the right-hand side
of (4.17) is well defined. Since P(B € C) = 1 we can apply the continuous mapping Theorem
to the function /22(t)dt and (4.17) follows. O

As pointed out in del Barrio et al.(1999) the right side of (4.17) is not easy to handle. For i.i.d.

case where instead of B we have the classical Brownian bridge B with E(B2(t)) = t(1 — t),

/f2 dt /f21_t))dt (4.20)

is not finite even if F' is Gaussian. . If (4.20) is finite and F' has second moment finite was

the integral

shown in Cuesta et al, (2000) that

32
2
nd2(F,, F) / )

Clearly, the condition that F' has a second finite moment restricts the use of this result to
distributions of light tail. To weaken this hypothesis and extend these techniques for heavy
tail distributions one alternative is to use weighted Mallows distance as in Csorgé (2003),

del Barrio et al. (2005) or Dorea and Lopes (2016).

1
Let w : [0,1] — [0,1], w(¢t) > 0 and / w(t)dt = 1. Considerer the weighted Mallows
0

distance

and
ndng(Fn,F) = /1 G2 (t)w(t)dt. (4.21)

By properly choose the weight function w, one should expect

1/2
Vndy (F, F) = </ 2 1t (t)dt) . (4.22)

Remark 4.4.1. Let B be a Brownian bridge, in the i.i.d. case under certain standard

conditions we have:
Lot —1t) B2
1 ]f/ ——————w(t)dt < oo then nd2 (F,,F) — / t.
A ETETn R P
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s/\t—st) Lol —1t) y o then
i) [f/ / IE0G 20 1(ﬁ))w(t)w(s)dt<oo but /0 RF(0) (t)dt = oo th

there exists {an}n21 such that
' B2(t) — E(B(t
nd§7w(Fn,F)_ani>/ () ( ())
0

FAHEZHD))

w(t)dt.

In Gaussian case the used weight function was w(t) = 1 in i), for distributions as

Weibull, Gamma, Lognormal and Gumbel among others,

_1LU(FT()

— o2 ) 1
w(t) I FQ) O<t<
where
= / L2(2) f(x)dz with L(z) = —1— xj{(@;), f(z) = F'(z).
o x
And in the a—stable case
k=P, 0<t<t,
w(t) =
k(1—t)7F t.<t<l
1-p
where 0 <o <2, f < =2/a and ky = 53
e G

iii) An essential result to obtain convergences in i) and ii) is the following approximation

(Theorem 6.2.1 in Csorgd and Horvdth (1993))

g g SE a0 = Bu@] ) Orllogn) ifo=0

SR e B (L —1))° Op(1) if0<ov<1/2

where {B,(t)},>, s an sequence of Brownian bridges

For regenerative samples, w(t) must be such

and then (4.22) follows by continuous mapping Theorem. For work on this direction, we
refer to Csorgé and Yu (1996). On the other hand, in future works we hope to use the KMT
strong approximation (4.15) to obtain an similar approximation as (4.23) for regenerative
sequences and then we could use the techniques of the i.i.d. case to obtain the convergence

(4.22). In this situation w(t) must be such

E(B*( BE(B*(1)
/ R0 w(t)dt < oco.
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4.4.1 Similarity Tests for Location-Scale Families

Consider the location-scale family generated by a distribution G with zero-mean and unit-

variance
ng{H:H(:L’):G(u>,ueR,a>O}. (4.24)
o

For a given distribution F’ we want to test F' € Gg.

Based on the 2nd-order Mallows distance and for a sequence of i.i.d. random variables with

a common distribution F', del Barrio et al. (1999) proposed the used of the statistics

( /0 1 Fn‘l(t)G‘l(t)dt)Q

52
On

R,=1- (4.25)

where F}, is the usual empirical distribution and 62 the sample variance. As shown in del

Barrio et al. (1999) the use of statistics (4.25) is fully justified by nothing that if

do(F, Ge) = inf {do(F, H) : H € G5} (4.26)

1 2
then the infimum is attained by taking H with mean pug = pur and 0% = (/ Gl(t)Fl(t)dt) :
0

L — HH

OH

Indeed, let H(z) = G (

) and pp and 0% the mean and variance of F. Then we have

1 1
H'(t) = 05 G\ (8) + . / (F1(6)2dt = 0% + 112, / ()2t = 0% + 12
0 0

and

1
E(F H) = / (F~'(t) — H'(t))" dt
0
1
= 0f + Wi + 0f + iy — / FY(t) (onG M (t) + pur) dt
0
1
=0p+ ph + 0f + ph — 2 — 2aH/ FH )G (t)dt
0

= (up — pm)? + 0%+ (aH - /0 1 F‘l(t)G‘l(ﬂdt)g - < /0 1 F‘%t)G‘%t)dt) :
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1 2
By taking py = pp and 0% = </ F_l(t)G_l(t)dt) we attain the infimum and
0

BEG
or o
1 2
</ (F~H(t) — pr) G‘l(t)dt>
=1 0
o
The last equality shows that ———=—= is invariant with respect to location or scale changes.

op

Hence, under null hypotheses F' € G we may take I’ with zero-mean and unit-variance.

2

Now replacing F' by the empirical distribution F,, and o% by the sample variance 62 we get
R,.
Moreover, we can write under null hypothesis

né2R, = A, — B, — C, (4.27)

where

2 2

A, = /O ' 20yt B, = ( /0 1 qn(t)dt) and O, — ( /O 1 qn(t)Fl(t)dt)

being ¢,(-) the empirical quantile process associated to F and defined in (4.19).

To establish the limiting distribution of the statistics nR, enough to derive the limiting
distribution of A,, B, and C,, (see, del Barrio et al. (2005) for details). Next we extend the

use of statistics nR,, to regenerative sequences.

Lemma 4.4.3. Assume that Condition 4.4.1 holds. Then the statistics

(/01 F;l(t)ﬁ—l(t)dt)

A

2
On

2

nR,=1- (4.28)

converges to a non degenerated distribution given by

LB (B0 ) ([ BORw,)
o )" </ f(ﬁl(t))dt> </ FF0) dt) e
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Proof. We make use of Theorem 3.4.5:

n(t) = &
fFE=H(D))

and the continuous mapping Theorem 1.8.1. Also, under null hypothesis it is assumed that

F possesses unit-variance. Thus 62 %% 1 by the SLLN for regenerative sequences (Theorem

2.2.3, (i)). Since we are assuming that f has bounded support, questions concerning existence

of moments do not arise. Also being f positive we have the result directly by applying

continuous mapping Theorem. O

Remark 4.4.2. As in the previous section one should explore the use of convenient weight

function in order to weaker the assumptions.
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