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Abstract 
 
 
The influence of small defects on the fatigue limit of 304L stainless steel is investigated in this 

work. Fully reversed axial-torsional fatigue tests were carried out at room temperature on 

specimens containing a cylindrical defect with √area = 400 µm. The loading conditions used 

in the tests were: axial, torsional, in-phase, 90º out-of-phase, and square-shape. In all tests, non-

propagating cracks in the vicinity of the defect were not observed after 2 × 106 cycles (run-out 

condition). The absence of non-propagating cracks indicates that the threshold condition for 

crack initiation, instead of crack propagation, determines the fatigue limit of 304L stainless 

steel containing the defect type investigated. Crack orientation in the vicinity of the defect was 

measured for the tests conducted just above the fatigue limit. A critical plane fatigue criterion 

for metals containing small defects, which was recently developed at the University of Brasilia, 

was evaluated using the new test data for 304L stainless steel. The differences between 

estimated and observed fatigue limits were within a range of 11 to 15% when the model was 

calibrated using the Murakami–Endo expression for the uniaxial fatigue strength. Calibration 

of the model using the experimentally measured uniaxial fatigue strength yielded fatigue limits 

differing -2 to 3% from the observed values. The overall good agreement between estimated 

and observed crack angles suggests that the cracking behavior of 304L stainless steel containing 

a small defect is primarily governed by normal stresses (Mode I failure). 
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Resumo 
 
 
Este trabalho investigou a influência de pequenos defeitos no limite de fadiga do aço inoxidável 

304L. Ensaios de fadiga controlados por força e/ou torque foram realizados em corpos de prova 

contendo um defeito cilíndrico com √area = 400 µm. As condições de carregamento 

investigadas foram: axial, torção, em fase, 90º fora de fase e trajetória quadrada. Em todos os 

ensaios, trincas não propagantes não foram observadas na vizinhança do defeito após 2 × 106 

ciclos (critério de interrupção do ensaio). A ausência de trincas não propagantes indicou que a 

condição limiar para iniciação de uma trinca, ao invés da condição limiar para a propagação de 

uma trinca, determina o limite de fadiga do aço inoxidável 304L contendo o tipo de defeito 

estudado. Em todos os ensaios conduzidos com amplitude de carregamento logo acima do limite 

de fadiga, a orientação das trincas formadas na vizinhança do defeito foi medida. Um critério 

de fadiga baseado no conceito de plano crítico, desenvolvido recentemente na Universidade de 

Brasília, foi avaliado usando os novos dados experimentais do aço inoxidável 304L. A diferença 

entre os limites de fadiga estimados e observados ficou na faixa de 11 a 15% quando o modelo 

foi calibrado com a fórmula de Murakami–Endo para o limite de fadiga uniaxial. A calibração 

do modelo usando o limite de fadiga uniaxial medido experimentalmente resultou em 

estimativas com diferença de -2 a 3% dos valores observados. A boa concordância entre os 

ângulos estimados e observados das trincas sugere que a falha do aço inoxidável 304L contendo 

pequenos defeitos é governada principalmente pelas tensões normais (falha em Modo I). 

  



  viii 
 

Table of Contents 
 

1 Introduction ...................................................................................................................... 1 

1.1 Motivation .................................................................................................................. 1 

1.2 Objectives ................................................................................................................... 2 

2 Models for the fatigue limit of metals containing small defects ................................... 3 

2.1 The √𝑎𝑟𝑒𝑎 parameter model ...................................................................................... 5 

2.2 New critical plane criterion ........................................................................................ 7 

3 Fatigue experiments ....................................................................................................... 11 

4 Results and discussion .................................................................................................... 16 

4.1 Observation of surface fatigue cracks ...................................................................... 16 

4.2 Observation of fracture surfaces .............................................................................. 20 

4.3 Fatigue limit prediction ............................................................................................ 21 

4.4 Crack direction prediction ........................................................................................ 25 

5 Conclusions and future work ........................................................................................ 27 

5.1 Conclusions .............................................................................................................. 27 

5.2 Future work .............................................................................................................. 28 

References ........................................................................................................................... 29 

 



  ix 
 

 List of Figures 
 

Figure 2.1– Definition of the √𝑎𝑟𝑒𝑎 parameter (Murakami and Endo, 1994). ......................... 6 

Figure 2.2 – (a) Material volume with a small defect and (b) definition of a θ-oriented x'- y'- z' 

coordinate system. ...................................................................................................................... 8 

Figure 2.3 – Schematic of the biaxial stress effect for a material volume with a small defect.10 

Figure 3.1 – Microstructure of the 304L stainless steel. .......................................................... 11 

Figure 3.2 – Geometries of the specimen and defect (dimensions in mm). ............................. 12 

Figure 3.3 – Stress paths used in the fatigue tests: (a) axial, (b) torsional, (c) in-phase, (d) 90° 

out-of-phase, and (e) square-shape. .......................................................................................... 13 

Figure 4.1 – Defect of the specimen U04 after 107 loading cycles. Test conducted under tension-

compression loading at σa = 170 MPa. .................................................................................... 16 

Figure 4.2 – Crack observed on the specimen U02 tested under tension-compression loading 

(σa = 180 MPa, Nf  = 111,364 cycles). ...................................................................................... 18 

Figure 4.3 – Cracks observed on the specimen T03 tested under torsion loading (τa = 155 MPa, 

Nf = 498,575 cycles). Image taken at 236,412 cycles. ............................................................. 18 

Figure 4.4 – Crack observed on the specimen I02 tested under in-phase loading (σa = 150 MPa, 

τa = 75 MPa, Nf = 620,247 cycles). .......................................................................................... 19 

Figure 4.5 – Cracks observed on the specimen N01 tested under 90º out-of-phase loading (σa = 

τa = 140 MPa, Nf = 372,427 cycles): (a) image taken at 322,465 cycles, (b) image taken after 

fracture showing a secondary crack. ........................................................................................ 19 

Figure 4.6 − Crack observed on the specimen S01 tested under square loading path (σa = τa = 

105 MPa, Nf  = 563,784 cycles). .............................................................................................. 20 

Figure 4.7 – SEM image of the fracture surface of the specimen I02. ..................................... 20 



  x 
 

Figure 4.8 – SEM image of the fracture surface near the defect for the test subjected to: (a) 

tension-compression, (b) torsion, (c) in-phase, (d) 90º out-of-phase, and (e) square loading path.

 .................................................................................................................................................. 22 

Figure 4.9 − Estimated and observed fatigue limits for (a) in-phase and 90º out-of-phase 

loadings and (b) square loading path. Fatigue criterion calibrated with the Murakami–Endo 

formula. .................................................................................................................................... 23 

Figure 4.10 − Estimated and observed fatigue limits for (a) in-phase and 90º out-of-phase 

loadings and (b) share loading path. Fatigue criterion calibrated with the observed uniaxial 

fatigue limit. ............................................................................................................................. 24 

Figure 4.11 – Observed crack angles and fatigue parameter for the tests performed under (a) 

tension-compression, (b) torsion, (c) in-phase, (d) 90º out-of-phase, and (e) square loading path.

 .................................................................................................................................................. 26 

 

  



  xi 
 

List of Tables 
 

Table 3.1 – Mechanical properties of the 304L stainless steel ................................................. 12 

Table 3.2 – Fatigue test data of 304L stainless steel with a cylindrical defect of √𝑎𝑟𝑒𝑎  =

400 𝜇m. .................................................................................................................................... 15 

Table 4.1 – Observed and estimated fatigue limits. Fatigue criterion calibrated with the 

Murakami–Endo formula. ........................................................................................................ 21 

Table 4.2 – Observed and estimated fatigue limits. Fatigue criterion calibrated with the 

observed uniaxial fatigue limit. ................................................................................................ 24 

 

  



  xii 
 

List of Symbols 
 
 

√𝑎𝑟𝑒𝑎 Square root of the area of a defect projected onto the plane normal to the maximum 

principal stress direction 

FP Fatigue parameter 

𝐻୴ Vickers hardness 

𝐾 Stress intensity factor 

𝑘 Stress biaxiality constant 

𝑚 Constant of the Walker relation 

N Number of cycles 

Nf Number of cycles to failure 

𝑡 Time 

x' x' direction of a coordinate system located at the free surface of a component 

y' y' direction of a coordinate system located at the free surface of a component 

z' z' direction of a coordinate system located at the free surface of a component 

Δ𝐾 Stress intensity factor range 

Δ𝐾୲୦ Threshold stress intensity factor range 

Δ𝜎 Range of the stress applied to the surface crack 

𝜃 Orientation of the surface crack 

ρ Notch root radius 

Σ Linear combination of the normal stresses 

𝜎 Normal stress 

𝜎ୟ Normal stress amplitude 

𝜎୶ᇲ Normal stress in the x’ direction 

𝜎୷ᇲ Normal stress in the y’ direction 

𝜎୵ Uniaxial fatigue limit of a material containing a defect 



  xiii 
 

𝜎୵ᇲ Fatigue limit associated with the projection of the defect onto the plane normal to 

the x' direction 

𝜏 Shear stress 

𝜏ୟ Shear stress amplitude 

𝜏୵ Torsional fatigue limit of a material containing a defect 

𝜑 Phase angle between axial and shear stress histories 

𝜔 Angular frequency 

〈 〉 Macaulay brackets 

 



  1 
 

1 Introduction 
 
 
1.1 Motivation 
 

Engineering components usually contain defects such as pits, scratches and non-metallic 

inclusions, which can be introduced by processes such as casting, machining, and heat treatment, or 

by the action of the environment. It is well known that the presence of these defects may reduce the 

fatigue strength of metals, as indicated by numerous studies carried out over the last four decades 

(Murakami and Nemat-Nasser, 1983; Murakami and Endo, 1986; Murakami and Endo, 1994; 

Murakami, 2019). 

Many studies have proposed models for predicting the fatigue limit of materials containing 

small defects, both for axial and multiaxial loading conditions (Murakami and Endo, 1986; 

Murakami and Endo, 1994; Endo, 1999; Endo and Ishimoto, 2006; Endo and Ishimoto, 2007; Endo 

and Yanase, 2014; Nadot and Billaudeau, 2006; Groza et al., 2018; Karolczuk et al., 2008; 

Murakami, 2019). However, further development of the existing models is needed. For instance, it 

is still unclear how to define the critical plane for irregularly shaped defects subjected to general 

multiaxial loading conditions. 

Castro et al. (2019) developed a critical plane model for the multiaxial fatigue limit of metals 

containing small defects. This model was evaluated using axial-torsional test data of steels and cast 

irons taken from the literature (Endo, 1999; Endo and Ishimoto, 2006; Endo and Yanase, 2014; 

Lorenzino et al., 2015; Billaudeau, 2002; Billaudeau et al., 2004; Nadot and Billaudeau, 2006; 

Karolczuk, 2008), and good agreement was found between the observed and estimated fatigue limits 

and crack orientations. These results have encouraged the evaluation of the model using different 

materials and defects and more complicated loading conditions. 

In the present work, an evaluation of the critical plane model proposed by Castro et al. (2019) 

is made using new test data of 304L stainless steel containing a small cylindrical defect. The tests 

were conducted under proportional and nonproportional axial-torsional loading conditions. Despite 
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recent efforts to understand the influence of small defects on the fatigue limit of martensitic stainless 

steels (Schönbauer et al., 2017b; Schönbauer et al., 2017a; Schönbauer and Mayer, 2019), studies 

on austenitic stainless steels are still very few (Ogura and Miyoshi, 1986; Guerchais et al., 2015). 

To the best of the author's knowledge, the influence of small defects (dimensions less than 1 mm) 

on the fatigue limit of 304L stainless steel has not previously been investigated. 

 
1.2 Objectives 
 

The general objectives of this work are to investigate the influence of small defects on the 

axial-torsional fatigue limit of 304L stainless steel and to evaluate the applicability of the critical 

plane fatigue criterion proposed by Castro et al. (2019) for this material. The specific objectives of 

this work are: 

 
(1) To conduct force/torque-controlled fatigue tests at room temperature on 304L stainless steel 

containing a cylindrical small defect with √area = 400 µm. The loading conditions used in the 

tests were: axial, torsional, in-phase, 90º out-of-phase, and square-shape. 

(2) To identify the cracking behavior of the 304L stainless steel containing a small defect by 

measuring the crack orientation in the vicinity of the defect. 

(3) To evaluate the new critical plane fatigue criterion using the fatigue limits and crack orientations 

observed in the 304L stainless steel.  
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2 Models for the fatigue limit of metals containing small defects 
 
 

Since the 1950s, methods for predicting the influence of small defects on the uniaxial fatigue 

strength of metals have been proposed. Murakami and Endo (1994) reviewed these methods and 

concluded that the √area parameter model developed by Murakami and co-workers (Murakami and 

Nemat-Nasser, 1983; Murakami and Endo, 1986) has advantages over the others. For instance, the 

constants of the model do not need to be determined from time-consuming fatigue tests. The √area 

parameter model has been successfully applied to many materials such as carbon steel, brass, and 

cast iron, resulting in prediction errors less than 10% in most cases (Murakami, 2019). However, 

the use of uniaxial models is limited by the fact that multiaxial stress states often occur in real 

situations due to the presence of notches and/or multiple applied loads (Beretta et al., 1997; Nadot and 

Denier, 2004; Giglio et al., 2010). 

Endo (1999) extended the √area parameter model to multiaxial load conditions by developing 

a fatigue criterion that combines the maximum and minimum principal stress amplitudes. This 

model was evaluated using in-phase axial-torsional test data of Cr-Mo steel (JIS SCM435), carbon 

steel (JIS S35C), high strength brass, and two ductile cast irons (JIS FCD400 and FCD700). The 

predictions were in good agreement with the experimental results. Endo’s model was further 

improved by Endo and Ishimoto (2006) to describe the phase effect between axial and shear stress 

histories, and then by Endo and Ishimoto (2007) to account for the mean stress effect. Again, a good 

correlation between observed and estimated fatigue limits was found. 

Alternative approaches to model the influence of small defects on the fatigue limit of metals 

have also been proposed. For instance, classical multiaxial fatigue criteria were modified by 

introducing a stress gradient correction term (Nadot and Billaudeau, 2006; Groza et al., 2018) or by 

averaging stress quantities over critical areas (Karolczuk et al., 2008). In these studies, the authors 

have argued in favor of conducting a three-dimensional elastic-plastic analysis to obtain the stress 



  4 
 

distribution around the defect, which is then used as input data to a nonlocal fatigue criterion. In the 

work of Nadot and Billaudeau (2006), prediction errors less than 15% were reported in most cases 

for the axial-torsional tests conducted on three types of defects. Comparing these criteria with the 

√area parameter model, the simplicity of the latter combined with its reasonably good estimates are 

attractive from an engineering point of view. However, even with the progress in extending the 

√area parameter model to multiaxial loading conditions, further improvements are needed. For 

instance, it is still unclear how to define the critical plane for irregularly shaped defects subjected to 

general loading histories. 

Based on the √area parameter model by Murakami and Endo (1986), Castro et al. (2019) 

developed a critical plane criterion for the fatigue limit of metals with small defects. In this criterion, 

the concept of directionally dependent fatigue strength was introduced to consider defects whose 

projected area varies with the plane. The new criterion is well defined even when the defect is 

subjected to principal stress directions that vary with time. To evaluate the fatigue criterion, Castro 

et al. (2019) used fatigue limit data taken from the literature. First, the criterion was evaluated using 

the axial-torsional fatigue limit data produced by Endo and co-workers, who tested Cr-Mo steel (JIS 

SCM435) and carbon steel (JIS S35C) containing small surface defects, and ductile cast iron (JIS 

FCD400) having inherent graphite nodules (Endo, 1999; Endo and Ishimoto, 2006; Endo and 

Yanase, 2014). Good agreement between observed and estimated fatigue limits was found. Then, to 

evaluate the effect of the defect orientation on the fatigue limit, the criterion was applied to the 

fatigue limit data produced by Lorenzino et al. (2015). These authors tested low and medium carbon 

steels (JIS-S15C and JIS-S45C) containing small tilted slits under fully reversed tension-

compression. The estimated critical planes and fatigue limits agreed well with the experimental 

observations. Lastly, the model was evaluated using the C36 steel test data obtained by Nadot and 

Billaudeau (Billaudeau, 2002; Billaudeau et al., 2004; Nadot and Billaudeau, 2006; Karolczuk, 

2008). Hemispherical defects and hemiellipsoidal defects with different orientations, subjected to 
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axial-torsional loading histories (with and without mean/static stress) were studied in the evaluation. 

The differences between observed and estimated fatigue limits were within a range of -12 to 12% 

for most of the test data.  

The good results provided by the new fatigue criterion has encouraged us to further evaluate 

it using different materials, defects, and loading conditions. In what follows, the √area parameter 

model developed by Murakami and Endo (1986) for uniaxial loading conditions is summarized. 

Then, by taking this model as a starting point, the new fatigue criterion is described. For conciseness, 

only these models are reviewed in this chapter. 

 
2.1 The √𝒂𝒓𝒆𝒂 parameter model 
 

This section presents an overview of the √area parameter model proposed by Murakami and 

Endo for uniaxial loading conditions. In the next section, this model will serve as the basis of a 

multiaxial fatigue criterion for metals containing small defects. 

Murakami and Endo developed a fracture mechanics-based model for estimating the effect of 

small defects on the fatigue limit (Murakami and Nemat-Nasser, 1983; Murakami and Endo, 1983; 

Murakami and Endo, 1986; Murakami, 2012; Murakami, 2019). The model is built upon 

experimental observations that indicate that, for various metallic materials, non-propagating cracks 

exist at the edge of defects at or just below the fatigue limit. Thus, the fatigue limit of a material 

containing a defect should be associated with the threshold condition for non-propagation of a crack 

initiated from the defect, and not with the threshold condition for crack initiation. The condition that 

characterizes the fatigue limit of defects may, therefore, be expressed as 

 
∆𝐾 = ∆𝐾୲୦ (2.1) 

 
where ∆𝐾 is the stress intensity factor range and ∆𝐾୲୦ is the threshold stress intensity factor range.  

To develop a practical formula for evaluating ∆𝐾 for three-dimensional surface defects, 

Murakami  and  Endo  considered  an  “equivalent crack”  defined  as  the  domain  occupied by the 
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Figure 2.1– Definition of the √𝑎𝑟𝑒𝑎 parameter (Murakami and Endo, 1994). 

 

projection of the defect onto the plane perpendicular to the maximum principal stress, as illustrated 

in Fig. 2.1. Furthermore, the maximum value of the stress intensity factor along the front of various 

surface cracks was determined by three-dimensional numerical elastic analysis, and it was correlated 

with the crack area by the following formula: 

 

𝐾 = 0.65𝜎଴ට𝜋√𝑎𝑟𝑒𝑎 
(2.2) 

 
where 𝐾 is the maximum stress intensity factor along the crack front, 𝜎଴ is the remote stress applied 

to the surface crack and √𝑎𝑟𝑒𝑎 is the square root of the crack area. From Eq. (2.2), the stress 

intensity factor range under fully reversed loading can be written as 

 

∆𝐾 = 0.65∆𝜎଴ට𝜋√𝑎𝑟𝑒𝑎 
(2.3) 

 
where ∆𝜎଴ is the stress range applied to the defect. 

To evaluate the right side of Eq. (2.1), the following relation between ∆𝐾୲୦ and √𝑎𝑟𝑒𝑎 was 

derived by fitting test data of various defects and cracks: 
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∆𝐾୲୦ = 3.3 × 10ିଷ(𝐻୴ + 120)(√𝑎𝑟𝑒𝑎)
ଵ
ଷ 

(2.4) 

 
where 𝐻୴ is the Vickers hardness of the material. Substituting Eq. (2.3) and Eq. (2.4) into Eq. (2.1), 

the following formula for fatigue limit prediction was obtained: 

 

𝜎୵ =
1.43(𝐻୴ + 120)

(√𝑎𝑟𝑒𝑎)
ଵ
଺

 
(2.5) 

 
where the unit of 𝜎୵ is MPa, that of 𝐻୴ is kgf/mm2, and that of the √𝑎𝑟𝑒𝑎 is µm. The accuracy of 

Eq. (2.5) in estimating the fatigue limit of various types of defects and metallic materials is mostly 

less than 10%, for √𝑎𝑟𝑒𝑎 less than 1000 µm and 𝐻୴ ranging from 70 to 720 kgf/mm2 (Murakami 

and Endo, 1994). Note that the Murakami–Endo model is often called the √𝑎𝑟𝑒𝑎 parameter model 

since √𝑎𝑟𝑒𝑎 is judged to be the proper geometrical parameter for estimating the influence of a defect 

on the fatigue limit. 

 
 

2.2 New critical plane criterion 
 

Castro et al. (2019) used the formulation of Murakami and Endo (1986) as a starting point to 

develop a critical plane criterion for the fatigue limit of metals containing small defects. The idea is 

to compare a normal stress-based fatigue parameter associated with a given plane with the uniaxial 

fatigue strength expressed in terms of √𝑎𝑟𝑒𝑎.  

To formulate the fatigue criterion, consider a material volume containing a small defect 

together with an x-y-z coordinate system located at the free surface, as shown in Fig. 2.2. A new x'-

y'-z' coordinate system can be obtained from the original one by rotating the coordinate axes through 

an angle 𝜃 about the 𝑧 axis. The two normal stresses associated with the 𝜃-oriented coordinate 

system are denoted by 𝜎୶ᇲ(𝜃, 𝑡) and 𝜎୷ᇲ(𝜃, 𝑡), where 𝑡 is the time. The linear combination of these 

normal stresses is written as 
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a  b 

 

 

 

Figure 2.2 – (a) Material volume with a small defect and (b) definition of a θ-oriented x'- y'- z' 
coordinate system. 
 

Σ = 𝜎୶ᇲ + 𝑘𝜎୷ᇲ (2.6) 
 

where 𝑘 is a constant associated with the stress biaxiality effect. The fatigue limit criterion then 

takes the following form: 

 
FP = Σୟ

௠〈Σ୫ୟ୶〉ଵି௠ ≤ 𝜎୵ᇲ (2.7)

 
where FP is the ‘fatigue damage driving parameter.’ The subscripts a and max stand for the 

amplitude and the maximum value of Σ, respectively. The symbol 𝑚 is a material constant. The 

quantity 𝜎୵ᇲ is the uniaxial fatigue strength expressed in terms of √𝑎𝑟𝑒𝑎, the square root of the area 

obtained by projecting the defect onto the plane perpendicular to the x′ direction. To ensure that the 

fatigue parameter is zero whenever the maximum value of Σ is negative, Macaulay brackets 〈 〉 

defined as  〈𝑥〉 = 0.5(𝑥 + |𝑥|) are used. Note that both the fatigue parameter, FP, and the fatigue 

strength, 𝜎୵ᇲ, can vary with the plane. Therefore, the critical plane is defined as the plane on which 

the fatigue parameter relative to the fatigue strength attains its maximum, i.e., the plane on which 

the quantity FP − 𝜎୵ᇲ is maximum. 
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The fatigue limit model in Eq. (2.7) can be interpreted as follows. A ‘safe condition’ is predicted 

to occur if the fatigue parameter is less than the fatigue strength, i.e. FP < 𝜎୵ᇲ. If FP > 𝜎୵ᇲ, fatigue 

failure is predicted to occur. The equality FP = 𝜎୵ᇲ corresponds to the fatigue limit condition. 

An important component of Eq. (2.7) is the Walker relation (Walker, 1970; Dowling et al., 

2009). It is used to improve the fatigue limit estimates for stress histories with mean stresses. In the 

study by Castro et al. (2019), it was shown that the estimates yielded by the Walker relation for 

carbon steel test data were significantly improved when compared with the ones provided by the 

Smith−Watson−Topper relation (𝑚 = 0.5). The expression 𝑚 = 0.806 − 3.465 × 10-4 𝐻୴  was also 

derived by Castro et al. (2019) for steels.  

Another feature of the model is that the fatigue parameter is sensitive to the normal stress 𝜎୷ᇲ  

parallel to the plane containing the projected defect. This allows describing the biaxial stress effect 

(Murakami and Takahashi, 1998; Beretta and Murakami, 2000). To illustrate this effect, Fig. 2.3 

shows a specimen with a small hole tested under fully reversed axial stress at the fatigue limit, and 

another specimen tested under fully reversed torsional loading at the fatigue limit. In the first case, 

the critical plane occurs at 𝜃 = 0º, where Σୟ = Σ୫ୟ୶ = 𝜎୵, and the fatigue parameter FP = 𝜎୵. In 

the second case, the critical planes occur at 𝜃 = 45º and 135º, where Σୟ = Σ୫ୟ୶ = (1 − 𝑘)𝜏୵ and 

the fatigue parameter is FP = (1 − 𝑘)𝜏୵. Equating these two fatigue parameters, the following 

expression is obtained: 

 

𝑘 = 1 −
𝜎୵

𝜏୵
 (2.8)

 
The typical value of k is −0.18, as the average value of the 𝜏୵ 𝜎୵⁄  ratio is 0.85 according to the 

fatigue limits reported by Beretta and Murakami (2000). 

A distinguishing feature of the proposed critical plane criterion is that, for each plane 

perpendicular to a given x′ direction described by an angle 𝜃, the fatigue parameter at that plane, 

FP(𝜃), is compared with the uniaxial fatigue strength 𝜎୵ᇲ = 𝜎୵(ඥ𝑎𝑟𝑒𝑎(𝜃)), in which the area is 
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Figure 2.3 – Schematic of the biaxial stress effect for a material volume with a small defect. 

 
obtained by projecting the defect onto the plane perpendicular to the x′ direction. Therefore, the 

criterion incorporates the possibility that the fatigue strength of a material volume containing an 

irregularly shaped defect may vary with the plane. 
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3 Fatigue experiments 
 
 

The material used in this study is 304L austenitic stainless steel. The chemical composition of 

the material in weight percentage is 0.02 C, 18.16 Cr, 8.30 Ni, 1.34 Mn, 0.43 Si, 0.43 Si, 0.25 Cu, 

0.22 Mo, 0.08 N, 0.03 P, 0.03 S, and Fe as balance. The material was acquired as extruded 

cylindrical bars with a diameter of 19.05 mm. To relieve residual stresses due to the extrusion 

process, the bars were normalized at 1050 ºC for 1 h. Figure 3.1 shows the microstructure of the 

material after heat treatment. The extrusion (axial), radial and tangential directions are represented 

by the letters A, R, and T, respectively. The average grain size was measured by the Mean Lineal 

Intercept Procedure according to the ASTM E112 standard (2013). The material has an average 

grain size of 43 µm on the plane perpendicular to the extrusion direction, and of 46 µm on the other 

planes (Bemfica et al, 2019). 

The mechanical properties of the 304L stainless steel were determined in a previous work by 

Carneiro Junior (2017) and are listed in Table 3.1. This table also includes the Vickers hardness of 

the material, which was measured in the present work using a ZwickRoell ZHU 250 hardness testing 

machine and following the ASTM E92 standard (2017). 

 

 

Figure 3.1 – Microstructure of the 304L stainless steel. 
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Table 3.1 – Mechanical properties of the 304L stainless steel 

Young’s modulus 208 GPa 
0.2%-offset yield stress 213 MPa 
Ultimate tensile strength 616 MPa 
Reduction in area 80% 
Vickers hardness 160 kgf/mm² 

 

Cylindrical solid specimens with the geometry and dimensions shown in Fig. 3.2 were 

produced according to the ASTM E466 standard (2015). The surface of each specimen was ground 

using sandpapers with grit numbers ranging from 220 to 2500. The surface roughness Ra was 

measured using an Olympus LEXT OLS4100 3D confocal laser microscope. The roughness of the 

surface was less than 0.1 µm, complying with the maximum surface roughness of 0.2 µm specified 

in the ASTM E466 standard (2015). After grinding, a cylindrical small hole was produced at the 

center of each specimen with a 400 µm end mill by using a Vega Model MVU920 Vertical 

Machining Center. The shape and dimensions of the milled holes were checked with the confocal 

laser microscope. An average of 452 µm in diameter and 354 µm in height was observed in the 

specimen holes, with little deviation (less than 5%) from the target √𝑎𝑟𝑒𝑎 value of 400 µm. 

 

 

Figure 3.2 – Geometries of the specimen and defect (dimensions in mm). 
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The fatigue tests were conducted under force/torque-controlled loading at room temperature. 

Five types of fully reversed loading histories were considered: tension-compression, torsional, in-

phase, 90º out-of-phase, and square-shape. The tension-compression tests were performed on an 

MTS 810 servo-hydraulic test system with an axial force capacity of 100 kN, while the torsional 

and axial-torsional tests were carried out on an MTS 809 servo-hydraulic test system whose capacity 

is 100 kN for axial force and 1100 Nm for torque. The ratio of shear stress amplitude to axial stress 

amplitude, 𝜏ୟ/𝜎ୟ, was chosen to be 0.5 in the in-phase tests and 1 in both 90º out-of-phase and 

square-shape tests. 

The loading paths corresponding to the five stress histories studied are depicted in a 𝜎–𝜏 stress 

space in Fig. 3.3. Fatigue tests were carried out until the total fracture of the specimen into two parts 

or were interrupted at 2 × 106 cycles (run-out condition). Loading frequencies ranged from 1 Hz to 

12 Hz to avoid self-heating of the material. The fatigue limit was defined as the maximum stress 

amplitude at which run out occurred. 

 
  a   b     c 

    

                     d          e 

                            

Figure 3.3 – Stress paths used in the fatigue tests: (a) axial, (b) torsional, (c) in-phase, (d) 90° out-
of-phase, and (e) square-shape. 
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One tension-compression fatigue test was carried out until 107 cycles to check for the presence 

of non-propagating cracks in the vicinity of the defect. The other tests were not continued beyond 2 

× 106 cycles since the low frequencies used would result in long test duration. 

Each defect was inspected with a confocal laser microscope to measure the crack orientation 

at or just above the fatigue limit. The crack angle, θ, was defined according to the coordinate system 

described in Fig. 2.2, with the x-axis parallel to the specimen axis. The fracture surface of the 

specimens was analyzed using a scanning electron microscope (SEM). 

The fatigue test results are summarized in Table 3.2. For each loading type, a series of fatigue 

tests were conducted in a stepwise manner to identify the threshold level at which run out occurred. 

A step of 10 MPa in the axial stress amplitude was chosen in the axial and axial-torsional tests. 

Likewise, a step of 10 MPa in the shear stress amplitude was adopted for the torsion tests. The 

specimens were identified by letters and sequential numbers. The letters represent the type of 

loading: U for uniaxial, T for torsional, I for in-phase, N for 90º out-of-phase and S for square-

shape. 

For tension-compression and torsional loadings, the observed fatigue limits were 170 MPa 

and 145 MPa, respectively. The ratio between the torsional and axial fatigue limits (𝜏୵ 𝜎୵)⁄  of the 

304L stainless steel was 0.85. This indicates an effect of the stress biaxiality on the torsional fatigue 

limit of 304L stainless steel containing a small defect. The crack angle was 0º for tension-

compression and 45º/135º for torsion loading.  

The observed fatigue limit for in-phase loading was 𝜎ୟ = 140 MPa and 𝜏ୟ = 70 MPa and the 

crack angles were 20º. For 90º out-of-phase loading, the observed fatigue limit was 𝜎ୟ =  𝜏ୟ = 130 

MPa and the crack angles were 19º and 132º. For square-shape loading, the fatigue limit was 𝜎ୟ =

 𝜏ୟ =  95 MPa and the crack angle was 147º. 
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Table 3.2 – Fatigue test data of 304L stainless steel with a cylindrical defect of √𝑎𝑟𝑒𝑎  = 400 𝜇m. 

Loading type Specimen 𝜎ୟ 𝜏ୟ θ Nf Note 
 ID [MPa] [MPa] [º] [cycles]  

Tension- U02 180 − 0 111,364 Failure from defect 
compression U05 180 − 0 283,909 Failure from defect 
 U04 170 − − − Run out at 107 cycles 
 U03 160 − − − Run out at 2 × 106 cycles 
       

Torsion T03 − 155 45 / 135 498,575 Failure from defect 
 T04 − 145 − − Run out at 2 × 106 cycles 
 T02 − 135 − − Run out at 2 × 106 cycles 
 T01 − 124 − − Run out at 2 × 106 cycles 
       

In-phase I02 150 75 20 620,247 Failure from defect 
 I03 140 70 − − Run out at 2 × 106 cycles 
 I01 130 65 − − Run out at 2 × 106 cycles 
       

90º out-of-phase N01 140 140 19 / 132 372,427 Failure from defect 
 N03 130 130 − − Run out at 2 × 106 cycles 
 N02 120 120 − − Run out at 2 × 106 cycles 
       

Square-shape S01 105 105 147 563,784 Failure from defect 
 S02 95 95 − − Run out at 2 × 106 cycles 
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4 Results and discussion 
 
 
4.1 Observation of surface fatigue cracks 
 

The cracking behavior of the 304L stainless steel is examined in this section. In all tests 

stopped at the run-out condition of 2 × 106 cycles, no crack was observed in the vicinity of the 

defect. To check if non-propagating cracks might be formed after 2 × 106 cycles, specimen U04 was 

tested up to 107 cycles. No crack was found in the vicinity of the defect of this specimen, as shown 

in Fig. 4.1. The other tests were not continued beyond 2 × 106 cycles as the low loading frequencies 

used would result in long test duration. The absence of non-propagating cracks suggests that the 

threshold condition for crack initiation, instead of crack propagation, determines the fatigue limit of 

304L stainless steel containing the defect type investigated. This means that if a crack is initiated in 

the defect, it will continue to propagate until failure. The absence of non-propagating cracks in the 

304L stainless steel containing a small defect agrees with the observations by Ogura and Miyoshi 

(1986) on a sharp notch made of similar material. 

 

 
Figure 4.1 – Defect of the specimen U04 after 107 loading cycles. Test conducted under tension-
compression loading at σa = 170 MPa. 
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The present study indicates that the fatigue limit of 304L stainless steel containing a hole of 

√𝑎𝑟𝑒𝑎 = 400 𝜇m is related to crack initiation, instead of crack propagation. The work conducted 

by Schönbauer et al. (2017b) on stainless steel 17-4PH (AISI 630) pointed to similar observations. 

These authors observed non-propagating cracks at the edge of holes with diameters of 50 µm, but 

for holes larger than 100 and 300 μm in diameter, crack initiation was not observed at the fatigue 

limit. In their study, one test was performed slightly below the fatigue limit and another at a stress 

amplitude 3% higher than the fatigue limit. Crack initiation was not observed after 1.5 × 107 cycles 

in the first test, while in the second a crack initiated in the defect before 1.5 × 105 cycles and 

propagated until final failure. They concluded that for holes larger than certain sizes, the fatigue 

limit can be defined as the stress amplitude at which a crack will or will not initiate at the hole edges. 

The cracks observed in the tests performed with stress amplitudes just above the fatigue limit 

are presented in what follows. The examination of these cracks will serve to identify the cracking 

behavior of the material and, later in this chapter, the crack angles will be compared with the critical 

plane orientations yielded by the fatigue criterion presented in Section 2.2. 

Figure 4.2 shows the crack formed in the defect of the specimen U02, which was tested under 

tension-compression loading at 𝜎ୟ = 180 MPa (Nf = 111,364 cycles). Referring to the coordinate 

system in Fig. 2.2, the crack angle was 0º. The specimen U05 was tested at the same stress amplitude 

of 180 MPa (Nf = 284,909 cycles) to monitor the crack growth in the vicinity of the defect. The 

loading frequency ranged from 1.5 to 3.0 Hz to keep up with the growth of the crack. After 80,044 

cycles a crack of 89 µm length was observed at the right side of the defect. From 100,144 to 160,144 

cycles, crack length was measured every 10,000 cycles. The measured lengths in microns were: 220, 

301, 429, 486, 543, 612 and 702. After 234,177 cycles, a new crack 327 µm long was observed at 

the left side of the defect, while the one on the right side was already 1185 µm long. The small crack 

that initiated at the right side of the hole propagated for about 70% of the total life. 
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Figure 4.2 – Crack observed on the specimen U02 tested under tension-compression loading (σa = 
180 MPa, Nf  = 111,364 cycles). 

 

Figure 4.3 shows the cracks observed after 236,412 cycles in the defect of the specimen T03 

tested under torsional loading (𝜏ୟ = 155 MPa, 𝑁୤ = 498,575 cycles). Crack initiation occurred both 

at the edge of the hole and the bottom of the defect, and the surface crack propagated in the plane 

perpendicular to the direction of the maximum principal stress. The observed crack angles were 45º 

and 135º. After 236,412 cycles, the lengths of the four surface cracks were in the range of 1009 to 

1095 µm. Note that failure occurred at 498,575 cycles, which implies that small crack growth 

consumed a significant part of the total life (more than 53%). 

    

Figure 4.3 – Cracks observed on the specimen T03 tested under torsion loading (τa = 155 MPa, Nf 
= 498,575 cycles). Image taken at 236,412 cycles. 
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Figure 4.4 shows the crack observed after fracture of the specimen I02 tested under in-phase 

loading. The crack angle was 20º. For the specimen N01 tested under 90º out-of-phase loading, the 

crack observed after 322,465 cycles (Nf = 372,427 cycles) is shown in Fig. 4.5a. The critical plane 

angle was 132º. Another crack oriented at 19º was observed after the fracture of the specimen, as 

shown in Fig. 4.5b. The 132º-oriented crack was responsible for the fracture, while the 19º-oriented 

crack appeared on the surface in the last 49,962 cycles. Figure 4.6 shows the crack observed on the 

defect of the specimen S01, which was subjected to a square-shape loading and endured 563,784 

cycles. The critical plane angle was 147º. 

 

 

Figure 4.4 – Crack observed on the specimen I02 tested under in-phase loading (σa = 150 MPa, τa = 
75 MPa, Nf = 620,247 cycles). 
 

a b 

 

Figure 4.5 – Cracks observed on the specimen N01 tested under 90º out-of-phase loading (σa = τa = 
140 MPa, Nf = 372,427 cycles): (a) image taken at 322,465 cycles, (b) image taken after fracture 
showing a secondary crack. 
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Figure 4.6 − Crack observed on the specimen S01 tested under square loading path (σa = τa = 105 
MPa, Nf  = 563,784 cycles). 

 
4.2 Observation of fracture surfaces 
 

The fracture surfaces of the specimens were observed by scanning electron microscopy 

(SEM). Three distinct regions can be identified, as shown in Fig. 4.7 for the case of the specimen 

I02. In region A, crack initiation is followed by small crack growth around the defect. Fatigue crack 

growth occurred in the region B, in which the white arrows indicate the direction of marks that 

propagated from the defect to the region of fast fracture (region C). 

 

 
Figure 4.7 – SEM image of the fracture surface of the specimen I02. 
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The fracture surface near the defect of each specimen is shown in Fig. 4.8. The blue arrows 

indicate a relatively smooth area where cracks probably initiated, while the green arrows show 

secondary cracks. Note that the exact point where the cracks initiated are not easily identifiable, 

which means that the blue arrows provide an indication of the possible crack initiation sites. Figure 

4.8a shows that in addition to the two cracks formed in the defect subjected to tension-compression, 

another crack propagated from the bottom of the defect. In the torsion test, the two cracks that 

initiated near the surface (blue arrows) and the crack that initiated on the other critical plane (green 

arrows) are shown in Fig. 4.8b. Figure 4.8c shows the cracks initiated on the sides of the defect in 

the in-phase test, and another crack that propagated from the bottom of the hole (green arrow). 

Figure 4.8d shows the cracks initiated close to the surface in the 90º out-of-phase test and also the 

crack on the other critical plane. In Fig. 4.8e, the blue arrows point to the sites where cracks were 

possibly formed in the defect subjected to the square loading path. 

 
4.3 Fatigue limit prediction 
 

The observed fatigue limits and the estimates yielded by the proposed fatigue criterion are 

compared in Table 4.1. The estimates were made using 𝑘 = −0.18 in Eq. (2.8), since for the 304L 

stainless steel 𝜏୵ 𝜎୵⁄ = 0.85. The uniaxial fatigue strength in the right side of Eq. (2.7) was 

evaluated using the Murakami–Endo formula given by Eq. (2.5). To calculate the percentage 

difference between the estimated and observed fatigue limits, the τw values were used for the 

torsional test and the σw values for the other loading types 

Table 4.1 – Observed and estimated fatigue limits. Fatigue criterion calibrated with the Murakami–
Endo formula. 

Loading type 
                Estimated [MPa]           Observed [MPa] Difference 

σw τw σw τw [%] 

Tension-compression 148 − 170 − -13 
Torsion − 125 − 145 -14 
In-phase 119 59 140 70 -15 
90º out-of-phase 116 116 130 130 -11 
Square-shape 85 85 95 95 -11 
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a       Tension-compression (𝜎ୟ = 180 MPa) b            Torsion (𝜏ୟ = 155 MPa) 

  

  

c      In-phase (𝜎ୟ = 150 MPa, 𝜏ୟ = 75 MPa) d    90º out-of-phase (𝜎ୟ = 𝜏ୟ = 130 MPa) 

  
  
  

                                 e           Square-shape (𝜎ୟ = 𝜏ୟ = 95 MPa) 

 

Figure 4.8 – SEM image of the fracture surface near the defect for the test subjected to: (a) tension-
compression, (b) torsion, (c) in-phase, (d) 90º out-of-phase, and (e) square loading path. 
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As seen in Table 4.1, conservative estimates in the range of -15% to -11% were obtained for 

all loading types. This accuracy is similar to the results reported by Murakami and Endo (1986), in 

which the difference between estimated and observed uniaxial fatigue limits varied between -30.8% 

and -17.6% for two types of stainless steel, while for the other materials the difference was less than 

10% in most cases. 

Figure 4.9 presents the estimated and observed fatigue limits in a 𝜎ୟ vs. 𝜏ୟ diagram. The results 

for the in-phase and 90º out-of-phase loadings are compared in Fig. 4.9a, and those for the square 

loading path in Fig. 4.9b. As seen in Fig. 4.9a, the increase of the phase angle 𝜑 from 0º to 90º has 

a beneficial effect on the fatigue limit, which was correctly described by the fatigue criterion. This 

effect occurs because the 90º out-of-phase loading produces a lower and more evenly distributed 

fatigue damage around the critical plane, relative to an in-phase loading with the same axial and 

shear amplitudes. Note that the estimated fatigue limit curves for the in-phase and square-shape 

loadings in Figs. 4.9a and b, respectively, are identical since these two loading conditions yield 

identical fatigue parameters when the same loading amplitudes are used. 

 

 a             b 

Figure 4.9 − Estimated and observed fatigue limits for (a) in-phase and 90º out-of-phase loadings 
and (b) square loading path. Fatigue criterion calibrated with the Murakami–Endo formula. 
 

a
 (

M
P

a
)



  24 
 

Table 2 presents the estimates yielded by the proposed fatigue criterion when the right side of 

Eq. (2.7) is evaluated using the observed uniaxial fatigue limit, instead of expressing it by the 

Murakami–Endo formula. The resulting fatigue limit estimates were within -2 to 3% relative to the 

observed values. One advantage of using the Murakami–Endo formula is that it can be used without 

performing any fatigue test. However, if more accurate estimates are needed when using the 

proposed fatigue criterion, one should calibrate it using observed fatigue limits, at least for the 304L 

stainless steel studied in the present work. Figure 4.9 presents the estimated and observed fatigue 

limits in a 𝜎ୟ vs. 𝜏ୟ diagram, showing that the good agreement between them. 

Table 4.2 – Observed and estimated fatigue limits. Fatigue criterion calibrated with the observed 
uniaxial fatigue limit. 

Loading type 
       Estimated [MPa]              Observed [MPa] Difference 

σw τw σw τw [%] 

Torsion − 144 − 145 -1 
In-Phase 137 68 140 70 -2 
90º out-of-phase 134 134 130 130 +3 
Square-shape 98 98 95 95 +3 

 
 

 a   b 

  
Figure 4.10 − Estimated and observed fatigue limits for (a) in-phase and 90º out-of-phase loadings 
and (b) share loading path. Fatigue criterion calibrated with the observed uniaxial fatigue limit. 
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4.4 Crack direction prediction 
 

In addition to being able to predict fatigue strength well for a variety of loading conditions, a 

critical plane criterion should also be consistent with the physically observed damage (Socie and 

Bannantine, 1988; Jiang et al., 2007). In other words, it is desirable that the critical plane orientation 

estimated by the fatigue criterion agrees with the observed crack angles. In this section, this type of 

experimental evaluation is performed for the proposed critical plane model using the crack angles 

observed in the 304L stainless steel. 

Figure 4.11 shows the observed crack angles and the fatigue parameter variation over the 

angle 𝜃 for each of the loading conditions. The fatigue parameter was normalized so that the 

maximum fatigue parameter is unity. The observed crack angles are represented by the vertical 

dashed lines. As discussed in Section 4.1, these angles were measured in the tests performed with 

stress amplitudes just above the fatigue limit. Note that for the cylindrical holes investigated, the 

right side of Eq. (2.7) is constant because the projected are does not vary with the plane. Therefore, 

the planes at which the fatigue parameter is maximum are those where fatigue cracks are expected 

to initiate. The estimated and observed crack angles are in excellent agreement for the tension-

compression, torsional, in-phase, and square-shape loadings. For the test performed under 90º out-

of-phase loading, the estimated crack angles of 38º and 142º were reasonably good compared with 

the observed angles of 19º and 132º. For the test conducted under square loading path, two critical 

planes were estimated at the angles of 32º and 148º, but only one crack oriented at 147º was 

observed. 

The overall good agreement between estimated and observed crack angles suggests that the 

cracking behavior of 304L stainless steel containing a small defect is primarily governed by normal 

stresses (Mode I failure) for the range of lives investigated (105 − 2 × 106 cycles). 
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  a             Tension-Compression   b                         Torsion 

  

 c                         In-Phase  d                 90º Out-of-phase 

  
  e               Square Loading Path 

 

Figure 4.11 – Observed crack angles and fatigue parameter for the tests performed under (a) tension-
compression, (b) torsion, (c) in-phase, (d) 90º out-of-phase, and (e) square loading path. 
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5 Conclusions and future work 
 
5.1 Conclusions 
 

A critical plane fatigue criterion developed by Castro et al. (2019) was evaluated considering 

new fatigue limit data of 304L stainless steel containing a cylindrical hole of √𝑎𝑟𝑒𝑎 = 400 μm. 

Fatigue tests were performed under fully reversed force/torque-controlled loading. Tension-

compression, torsion, in-phase, 90º out-of-phase, and square-shape loading conditions were used in 

the tests. The main observations and conclusions can be summarized as follows: 

(1) The ratio of torsional to axial fatigue limits was found to be 0.85. This indicates an effect of 

the stress biaxiality on the torsional fatigue limit of 304L stainless steel containing a small 

defect. 

(2) In all tests, non-propagating cracks in the vicinity of the defect were not observed after 2×106 

loading cycles (run-out condition). For the single tension-compression test conducted up to 107 

loading cycles, non-propagating cracks were also not present in the defect. The absence of non-

propagating cracks suggests that the threshold condition for crack initiation, instead of crack 

propagation, determines the fatigue limit of 304L stainless steel in the presence of the defect 

type investigated. 

(3) The overall good agreement between estimated and observed crack angles suggests that the 

cracking behavior of 304L stainless steel containing a small defect is primarily governed by 

normal stresses (Mode I failure) for the range of lives investigated (105 –2 × 106 cycles). 

(4) The determination of the constants of the fatigue criterion using the expression for the uniaxial 

fatigue strength developed by Murakami and Endo (1986) resulted in differences between 

estimated and observed fatigue limits within the range of -15 to 11%.  

(5) The determination of the constants of the critical plane criterion using the experimentally 

measured uniaxial fatigue limit yielded fatigue limits differing -2 to 3% from the observed 

values. 
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5.2 Future work 
 

The estimates yielded by the proposed critical plane fatigue criterion agreed with the test data 

well both for the fatigue limits and the crack directions. However, further examination of the fatigue 

criterion should be conducted for defects with different shapes, orientations, and sizes, and more 

complicated loading conditions. The possible extension of the fatigue criterion to life prediction of 

metals containing small defects is also a topic worthy of future investigation. Finally, the range of 

defect sizes for which the fatigue criterion is applicable should be better understood. 
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