Universidade de Brasilia

Instituto de Fisica

Orientador: Dr. Aleksandr Nikolaievich Pinzul

POR FELIPE RODRIGUES DE ALMEIDA ARAUJO

IFD - Instituto de fisica
UNIVERSIDADE DE BRASILIA

Dissertacdo submetida a Universidade de Brasilia de acordo com os
requisitos basicos de aquisi¢do do titulo de MESTRE EM FiSICA pelo
instituto de fisica.

Banca avaliadora:

Presidente da Banca: Dr. Aleksandr Nikolaievich Pinzul.
Titular: Dr. Arsen Melikyan.

Titular: Dr. Daniel Vieira Lopes.

14 DE AGOSTO DE 2019

Suplente: Dr. José Francisco.



Felipe Rodrigues de Almeida Araujo

A Non-Commutative Model for AdS/CFT
Correspondence

Instituto de Fisica - Universidade de Brasilia

September 13, 2019



Dedico esse trabalho a léda Rodrigues, sem a sua presenca eu
ndo chegaria onde estou.






Acknowledgements

Agradeco a todas as pessoas que participaram de forma direta e indireta na producdo deste trabalho.
Primeiramente, agradeco a minha esposa, Tamine, por ter permanecido ao meu lado, me apoiando enquanto
eu produzia esta dissertacdo. Agradeco também aos professores Aleksandr Nikolaievich Pinzul, Arsen Me-
likyan e Marco Cezar pelas frutiferas discussdes que me ajudaram muito no entendimento das estruturas
matematicas utilizadas neste trabalho. Gostaria de agradecer também as vdrias pessoas que me auxiliaram
em cdlculos, discussdes, debates e risadas, estes sdo: O nosso eterno amigo Arlon Fernando, Ravi Misty,
Caio Licinio, Davi Feliciano, Daniel Andrada, Matheus Aguilar, Lorena do Carmo, Luis Gustavo, Diogo
Colen, Jodo Gilberto Fernandes, Lucas Loureiro, Juliana Loureiro, Luis Gomes, Caio Matheus, Rafael
Ribeiro, Lucas Camacho, Gabriel Aleixo, Victor Rebeque, Caio César, Vitor Bruno, Jodo Gabriel, Bruno
Canongia, Lucas Nixxon, Bruno Simdes e os demais colegas do Departamento de Fisica da Universidade
de Brasilia que participaram de alguma maneira deste trabalho. E gostaria de agradecer finalmente & minha
mae, I€da, por ter se esforcado muito para garantir uma boa criagdo para seus filhos, esse resultado € um
fruto de seu esforgo e dedicacdo.

iii






Contents

0.1 IntrodUCHION . . ..ottt e e e e e e e e e e e 1

1 AdSSpacetime. . . ... ... ... 3
1.1 The AdS Spacetime. . .. ...ttt e e e e 3

1.2 The Poincaré Patch .......... .. 5

1.3 Thed=1 Case . ..ottt e e e e e e e e e e e e 6
1.3.1 AdS (d+1) Action and equations of motion . ..............cooviinneinneennn.... 8

1.4 Solutions of the equations of MOON . . . ...ttt i 10
1.4.1 Separation of variables. ........... ... . 10

142 Free SOIUtion . . ... .ottt e e 13

1.5 AdS Propagators . . ... ...ttt e 14
1.5.1 Bulk-to-bulk propagator ............. ... 14

1.5.2 Boundary-to-bulk propagator ... ............iiiiiiiii e 17

1.5.3 The Witten’s approach . .. ... ...t 18

2 Basics of Conformal Field Theory ......... ... ... . i, 23
2.1 Basics of CFT in d DIMensions . . .. ...ttt e 24
2.1.1 Conformal transformations . ................uuiiiiiniinettiineen... 24

2.1.2 Conformal Group .. ... ...ttt 24



vi

Contents

2.2 Chiral and Primary fields . ........ ... 25
2.3 Energy-momentum tensor, radial quantisation andthe OPE ........................ ... 26
2.4 Two- and Three-Point Functions . ......... ... i 29
2.5 Thed=1caserevisited . .........couuiiuniiini i e 30
2.5.1 de Alfaro-Fubini-Furlanmodel . . ........ ... ... . 30
2.5.2 The group SU(L L) . oottt e 32

The AdAS/CFEFT Correspondence . .. ............oountuuneeunetine e eineennnenns 35
3.1 The Euclidean AdSy . .. .o e 36
Non-Commutative AAS/CFET . ... ... e 41
4.0.1  MOUVALON . . . ot ettt ettt et e e e e e e e e e e e 41

4.1 Phase-space qUantiZation .. ... ... ......uteunne ittt ettt 42
4.1.1 The Wigner’s FUNCHON ........... .ottt 42
4.1.2 The Weyl’s CorreSpondence . ..............ouiiimnneiiiuine et 43
4.1.3  Star Product. . ... ... 43

4.2 The non-commutative d=1 AdS . .. ... .. 45
4.2.1 RePresentations. . .. ... ...ttt ettt et e 46
422 KilliNG VECIOTS . vttt ettt ettt e e e et e e e e e e et e e 52
Non-Commutative Field theories . .............. ... . i 55
5.1 Free Massless Scalar Field . . ... 55
5.2 MasSiVe CaSC . . o . vttt et e e 59
Interacting Theory . ... ... ... . i i e e 65
6.1 The COMMULAtIVE CASE. . .« .ottt ettt ettt e e e e e e et e e e e e et 65

6.2 Non-commutative Interacting theory . . ....... ...ttt 67



Contents vii

6.3 Three Point Function and Conformal Invariance . ............. ..., 71
6.3.1 Translational Invariance. ... ............ it e 71

6.3.2  Scaling Invariance ................iiii i 77

T ConcluSionS . ... ... . 79
8  References . ....... ... 81
R eIENCES . . oot 81

A APPENAiX .. e 83
A.1 Non-triviality of nCAdS . . ... o 83






0.1 Introduction 1

0.1 Introduction

O objetivo deste trabalho € cobrir, de maneira concisa e pragmadtica, alguns dos aspéctos gerais do uso de
geometrias ndo comutativas no estudo das teorias em espagcos AdS. A nido comutatividade surge como uma
forma natural de acoplar, de maneira intrinseca, as relagdes de incerteza na estrutura fundamental da teoria,
visando evitar alguns problemas, quando queremos, por exemplo, considerar efeitos relativisticos nestes
espacos. Além disso, tentaremos verificar a validade da correspondéncia AdS/CFT para o caso mais geral,
aplica-la no contexto de alguns toy models visando mapear as propriedades que podem ser recuperadas
no limite comutativo da teoria. Seguirei como fonte principal o artigo [1] e buscarei generalizar alguns
aspectos para formular uma andlise aplicdvel & correspondéncia AdS¢*! /CF T} e suas respectivas correcdes
quénticas devido a ndo comutatividade, incorporando os efeitos quase-cldssicos da gravitagdo quantica.

As justificativas para este trabalho remontam a época de Heisenberg. Este acreditava que, por meio
da geometria ndo comutativa, era possivel remover algumas quantidades infinitas antes da aplicacdo da
renormalizacdo. Poucos pesquisadores compraram esta ideia, pois a grande maioria dos cientistas da época
percebeu que a renormalizacdo, de fato, funcionava e conseguia render 6timos resultados. Isto mudou na
década de 90 quando os matematicos conseguiram estruturar uma teoria formal para aneis e algebras nao
comutativas e algumas possiveis interpretagdes de efeitos provenientes da gravitacdo quantica poderiam
ser mais facilmente acoplados a teoria por meio de relagdes de comutagdo oriundas de geometrias ndo
comutativas. Na auséncia de uma teoria completa de gravitagao quintica, o caso nao comutativo € o regime
quase-cldssico de qualquer teoria quantica de campos. (Veja [22])

Para introduzir de forma tnica a ndo comutatividade no espaco AdS> podemos impor que ele preserve
as isometrias do grupo SO(2,1). Este objetivo é alcangado quando construimos os vetores de Killing do
AdS» no espago ndo comutativo. Uma forma natural de verificar a validade dessa formulacao seria analisar
a aplicagdo do ncAdS para as particulas livres. Comecamos por quantizar a variedade de Poisson que define
0 AdS, comutativo por promover as varidveis de imersio X*, que definem a métrica nesta variedade, a
operadores Hermitianos:

XHR, =01 0.1)

Onde ¢? < 0 se associa com o vinculo definido no caso comutativo para que esta restrigio defina um hiper-
boloide de duas folhas, representado pelos geradores do grupo SU(1,1). Seguindo os procedimentos ha-
bituais, promovemos o parentese de Poisson para comutadores e estes satisfazem as seguintes relagdes de
comutagao:

[X*, XV =iae""PX, 0.2)

Ambas relagdes (0.1) e (0.2) sdo preservadas pela acdo do grupo SO(2,1) que é isomorfo localmente ao
grupo SU(1,1), sendo que estes elementos geram a algebra so(2, 1). Os estados do ncAdS; pertencem as
grupo de recobrimento universal SU (1, 1), que geram as séries principais, suplementares e discretas. Como
0 nosso interesse € recuperar o AdS comutativo no limite & — 0, utilizaremos apenas a série discreta, pois
esta possui esta propriedade. Os estados podem ser representados como auto-valores do operador 7 definido
como: ¢ g

P=— 0.3)
Esses estados nesta representacdo dependem de polindmios de Laguerre que sdo representados como os

operadores diferenciais, agindo no espago de fungdes L*(RR,dx), considere i = 1,2:
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2 0.4)

RR) = 505 — Tok(kot De 4 (1) et
Sendo x e y as coordenadas candnicas do caso comutativo representadas como operadores que satisfazem as
relacdes de comutacdo de Heisenberg. Como estes operadores satisfazem as relacdes de comutacdo, estes
podem ser mapeados para seus respectivos simbolos no plano de Moyal-Weyl, que é gerado pelas variaveis
X ey, que comutam entre si. A continuidade no processo se da por definir a fronteira do plano de Moyal-
Weyl que coincida com a fronteira do ncAdS,, no limite comutativo. Por utilizar o produto estrela no espago
de MW, podemos construir os vetores de Killing que preservam paricialmente as isometrias do caso nao
comutativo e com isto estudar quais caracteristicas da correspondéncia AdS/CFT serdo preservadas neste
contexto. Um dos resultados demonstrados € que as simetrias conformes sdo preservadas, até determinada
ordem, na passagem para o caso nao comutativo, revelando que as propriedades intrisecas da geometria local
estdo sendo deformadas, porém, mantendo algumas estruturas invariantes durante estas transformagdes.
Finalmente, verificaremos algumas propriedades como o Limite de Breitenlohner-Freedman para casos
massivos e analisaremos o caso massivo com interagdo com o objetivo de encontrar uma teoria consistente,
para tal, o calculo da funcdo de trés pontos poderd auxiliar nesta empreitada.

No capitulo 1 introduzimos as principais coordenadas utilizadas na imersdo do espago AdS e como
podemos observar suas propriedades analisando alguns exemplos como o caso de uma particula escalar
em um espago-tempo AdS. Discutimos também as principais caracteristicas dos propagadores da teoria e
apresentamos de forma detalhada os passos necessdrios para a construg¢do dos propagadores e campos. No
capitulo 2 fazemos uma breve apresentagio da teoria conforme de campos introduzindo o grupo conforme,
campos primdrios e as fungdes de correlagdo. No capitulo 3 as principais ideias por trds do principio da
correspondéncia AdS/CFT sdo apresentados de forma concisa e revisitamos o caso d = 1 apresentando o
modelo dAFF e sua relagdo com o grupo SU(1,1).

Apresentamos no capitulo 4 as motivagdes que levam a adocdo de modelos ndo comutativos em teo-
rias quanticas, exploramos a quantizac@o no espago de fase e as ideias principais que subsidiam a corre-
spondéncia de Weyl e a defini¢cdo do produto estrela. Terminamos o capitulo construindo as representacdes
e os vetores de Killing do grupo SU(1,1). O objetivo deste trabalho comega a ser desenvolvido no capitulo
5 e é finalizado no capitulo 6, onde iniciamos a andlise dos modelos AdS/CFT nio comutativos nos casos
com e sem massa e adicionamos a intera¢do no capitulo 6 quando introduzimos um termo de interagdo
proporcional a ®x P+ P na ag¢do, comparando os resultados comutativos com os ndo comutativos. Devido a
dificuldades técnicas, a comparagdo dos resultados comutativos e ndo comutativos se torna demasiadamente
complicada e recorremos a andlise do efeito da deformacgao da quantizagdo nos vetores de Killing da teoria
e isso nos mostra que essas transformacdes sio, de fato, ndo triviais, gerando um conjunto de vetores de
Killing que carregam as simetrias do espaco comutativo para a teoria ndo comutativa.

Brasilia, Agosto 2019 Felipe Rodrigues de Almeida Araiijo



Chapter 1

AdS Spacetime

In this chapter we are going to present the main properties of the AdS spacetime. We are following the
presentation given in [2], [15], [17], [25] and [28]. As a first step we will study the most useful embeddings
of the AdS space in a most general spacetime. After this, we discuss the two-dimensional case, since it is
the focus of this work. Taking this example as a starting point, we continue deriving the equations of motion
for the general case and in the next step we apply the separation of variables in order to find a solution to
these equations. As the final part of this chapter we follow the construction given in [12] and [25] to define
the boundary-to-bulk and the boundary-to-boundary propagator.

1.1 The AdS Spacetime

Anti-deSitter spacetime is a non-compact, maximally symmetric spacetime with constant negative curva-
ture. By maximally symetric, we mean that it has the maximal number of symmetries for d 4 1 dimensions,
from now on, we will call it AdS,. . The AdS,1 has }(d +1)(d +2) symmetries, that is the same number
of the flat spacetime symmetries related to (d + 1) translations, d boosts and Jd(d — 1) rotations. Usually
we study (d + 1)-dimensional AdS spaces because the CFT dual of AdS; have d spacetime dimensions.
It’s a solution to Einstein’s equations with negative cosmological constant. There are a variety of coordinate
systems for it and they satisfies the equation of the hyperboloid:

d
XXt =Xg+X5,, - Y X7 =1". (1.1)
n=1

And it can be embedded in a (d 4 2)-dimensional space as:

_cos(t)
o= écos(r)
_,sin(z)
Xa+1 = cos(r) (1.2)
X, :gsin(r) o,
cos(r)
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this embedding defines the Minkowskian AdS,;; which has the following metric

ds? = (dt2 —dr? —sin? (f) deH) . (1.3)

cos? (%) ¢
Here, / is the length scale, which will be chosen in a convenient way in order to make the measurements of
the energies be in the right scale, that is, unless specified diferently we are taking from now ¢ = 1, r is the
radial coordinate r € [0, ), while # € (—oo,0) and the angular coordinate Q defines a (d — 1)-dimensional
sphere S¢~!. In global coordinates we can imagine AdS as the interior part of a infinitely long cylinder. In
order to see the symmetries of AdS we can represent them directly by:
0 0
Liap=Xpa— —Xp—, 1.4

ap=Xa g ~Xe oy (1.4)
which generate the group SO(d, 2) that leaves the equation (1.2) invariant. We will refer to this group as the
conformal group because it’s the same isometry group for CF'T;. Note that the generator of translations in
the ¢-direction is easily obtained by:

d Jd sin(t) d gcos(t) d

(@HD0 =2t ox 09X, cos(r) 90Xy cos(r) 9Xgr1

X d Xy 9 0 (1.5)
T 9t 9Xp ot 0Xgy ot '

The other generators are the usual isometries of the sphere $%~! that form the group SO(d). One can choose
also another parametrization

t t
Xo = /2 + sin (Z) Xgo1 = V2 + r2cos <Z) X, = rf, | (1.6)
with
re0,00), te0,2nf], "%,=1, 1.7

giving the following metric

2 r’ 2 r’ - 2 2102
ds“ = — |14+ = |dt* + H'[z dro+r7dQy;_, . (1.8)
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1.2 The Poincaré Patch

The Euclidean AdS and the Euclidean conformal group which is SO(d 4 1,1) can be better studied in this

embedding space:
d+1
Xx-Yxi=¢2. (1.9)
j=1

When we consider the global coordinates, the ¢ term of the metric (1.3) changes the sign and it will just
swap the trigonometric functions for the hyperbolic trigonometric ones in the global mapping (1.2), giving
for T =it:

_cosh(T)
Xo cos(r)
Xay1 = sinh(7) (1.10)
cos(r)
X, — Esm(r) o
cos(r)

This embedding defines the Euclidean AdS, . There is a coordinate system that makes the d-dimensional
Poincaré subgroup of the conformal group clear and manifest, we call it Poincaré Patch (PP). The relation
between the Euclidean, Poicaré patch and global coordinates, respectively, is:

2 +xx+ 0> cosh(7)

X =/
0 2z cos(r)
2 i 2 :
=4 sinh(7)
X, = = 1.11
arl 2z cos(r) (LD
X, = =m0 g
Z cos(r)

where x is a d-dimensional space vector, z runs from O to o and 7 is the global ’time” coordinate, this fix
the signal of Xo. The dilatations can be obtained by direct calculation of Ly (4 1):

72

(X0, Xg41,Xi) =

o, Karr, Xi) (Xo _f);jH)Z (1.12)
xi(X0,Xa11,X) = XX
with this, one can show that:

Lo g+1) = (Xo _Xdﬂ)m

2 (720, + %0y, (119
== ((2 ) =20, + X0k, .

Note that the dilatation generator acts in the same way Ly 4. 1) does, this means that the Hamiltonian will
be associated to the dilatation operator. This operator acts on x, stretching the space, generating the “’time”
evolution.
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The Lorentzian case is the analytic continuation of the (d + 1)-dimensional version of the Lobachevski
space (via Wick rotation). The Euclidean Poincaré Patch covers the entire AdS space, however, in the
Lorentzian case, solving (¢,z,x;) in terms of the global coordinates (7,r,€;) we find

sin(7)
cos(T) — Qysin(r)
cos(r)
cos(T) — Qysin(r)
sin(r)Q;
cos(T) — Qysin(r) ’

A

P =

it shows us that the Lorentzian PP only cover a small region of the AdS spacetime. It’s convenient to switch
the labels, giving:

(1.14)
X[#d = éxi = Ztan(r)Qi
4

X441 = gl = Etan(r)Qd .
<

In this setting the global coordinates makes the sub-group SO(2) x SO(d) of the conformal group clearly
manifest in the embedding of the coordinates and the Poincaré Patch turns out to show us the Poincaré
symmetry of the AdS spacetime. The usual metric for the Poincaré Patch in these coordinates is

1 d—1
ds’ = - (dt2 —d?-Y) dx,-2> . (1.15)
i=1

Z

1.3 The d=1 Case

In this dissertation we will focus on the AdS, case and the main reason for this is that after constructing
the causal structure by wrapping the 7-circle S! and taking the universal covering of the hyperboloid, the
AdS, exhibts two timelike boundaries that makes the dual CFT live in a disconnected manifold. Another
remarkable fact is that all theories of two dimensional quantum gravity are conformal field theories [32]. To
see this, we begin with the constraint equation for the Euclidean case

P =X -X? X3, (1.16)

and the metric is 5
V4

ds* = = (d2* +dt?) (1.17)
Z

with the embedding
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2.2 2
=+te+ 4
X =
0 2z
2.2 2
Xl:u (1.18)
2z
y4
X, = -t
z

One can verify (1.16) by direct calculation. Clearly, one can obtain the two boundaries just by taking z —
0. Since the limits for X; are not the same, we get into two different regions and one should expect to
find different CFT duals for each boundary. One would like to study a single particle on AdS, quantum
mechanically by naively trying to derive the AdS (written in the coordinates (1.16)) Schrodinger equation
quantising the classical action for a free particle with mass m

. . . oy m 2
Sfm/d‘cfm/dt\/g“vX“XVf/dtcosoﬁ) Vi-i2, (1.19)

v=""_/1-%~. (1.20)

~ cos(r)

with

Clearly the momentum canonically conjugate to r is

mr P P?
p——— " L, p__r (121)
cos(r)vV'1—i? P2+ CO'S”;(r>

Using this results one obtains the Hamiltonian

He[pre
ST cos?(r)

(1.22)

Proceeding with the with the canonical quantization, we must impose the commutation relation [r, P] =i,
taking /i = 1. This can be achieved by taking P = —id, acting on the r-basis states. Looking to the equation
(1.22) it’s clear that we should consider the equation for —d?y/(t,r) = H>y(t,r), which gives

_9? _ m? 92
)y (nt) = (cosz(r) 8,) y(nt). (1.23)

We will see later that the equation (1.23) is equivalent to the equation obtained via relativistic field theory
for AdS 1. One also can solve (1.23) and find an answer that depends on hypergeometric functions as will
be shown later.
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1.3.1 AdS (d+1) Action and equations of motion

In this subsection we will use u for d-dimensional Minkowski space index, A for (d 4 1)-dimensional AdS
index and i for (d — 1)-dimensional space index. First we start with the Einstein-Hilbert action in vacuum
with cosmological constant A, considering all other constants to be equal to 1, we write

1
S = E/dd“x\/jg(R—A), (1.24)

where R is the Ricci scalar, and we are taking the metric in the form corresponding to any of the discussed
coordinates. If one consider that

1
A=—pdd—1), (1.25)

one can calculate the equations of motion

1 ) 1
0=355= E/dd“x— <\/jg [R—i— adld— 1)D Sguv

5guv
:l/ddﬂx ﬁ_gaguv(&/—g 1 (d—l)]+5R> 7
2 5guv

R
+ d
3guv L/—g 52\/—8

since the equation above is zero for any variation 6gy, it means that the integrand is zero also and taking

(1.26)

the usual boundary conditions (§g,y vanishes near the boundary) we get

OR

= — =R, . (1.27)
Sguv Y

8wy e Ly
oo Lt

One can readly recognize the Einstein equation from the expression above and this means that the space
is an Einstein manifold, i.e. the Ricci tensor is proportional to the metric tensor and the maximal symmetry
of the AdS; space can be verified in the expressions below

d 1
Ryy = —ﬁguv s Ryvps = —ﬁ(gupgvo —gucgvp) . (1.28)

Considering a scalar field ¢(X) on an .# = AdS;, | background, one can write the action

1
S==5 | dIX VR (010)(300) +mP9?) (1.29)

integrating by parts and taking ¢ (X)|y_, decays exponentially as z — 0, we obtain

b

S— ;/%dd+lx¢§¢(x)< v

+/a(///ddGA\/’)7¢aA¢ .

94 (v/288""9p) + m2> o (X) + (1.30)

where 7,y is the induced metric on the boundary of AdS, o4 is the unit normal vector to the boundary.
Using the Poincaré Patch coordinates and the following metric
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62
ds? = Z7(dz2 +n*Vdxtdx) | (1.31)

one can calculate /g

p2d+1)  pd+l1
V&= Vlda(@)| = | 5y = o - (1.32)

and so the Laplacian A

AV, VA = ;gaA(\/ggABaB)

ZdJrl gd+l Z2 €d+l Z2

= yart |:&z (W@&Z> +T]“V9uzd+1€29v] (1.33)
2 d—1

=5 (33 ) - )az+nﬂvauav) .

Assuming that ¢ satisfies the equations of motion obtained by the variation of the action and evaluating
the action for this field, only the boudary term of (1.30) remain. Decomposing the surface of the boundary
in two parts, whose are normal to x and z respectively. Since the x part is related to the Minkowski part itself
¢ must vanish as x =— £oo then we only consider the part of the boundary that is normal to z knowing that
d.# is just the usual Minkowski space

Sow= [ dxymoao| . (134)

As the can be seen, the induced metric y diverges as z — 0, so we introduced a cut-off € to avoid any
problem for now. Solving (1.34) trivially gives

Sour = /a dhxpa0| (1.35)

=€

and the equation of motion is

220 (d—1)d¢ 9 me
o =0= T _ T Hv_~ T o —
(A=m7)g =0 022 . oz dxy 8xv¢ 2 (136
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1.4 Solutions of the equations of motion

We are going to discuss different aspects of the solutions to the Klein-Gordon equation (1.36).

1.4.1 Separation of variables

Looking for a solution to (1.36), we hope that we can separate variables because of the translation invariance
in the x direction due to the symmetries of AdS, we can write the fields as

¢(x,2) = Y(@)P(x) . (1.37)

Substituting (1.37) in (1.36) and dividing the whole equation by ¢ (x,z)

_ 2 92d(x
i (v - a0 - ) - f(),f)) =i (139)

where the notation 872, refers to the Laplacian on Minkowski space and k? is the norm of a d-dimensional
vector k* € M. This separation gives us two equations

_ 202
(d 1)31—’";—/9) w(z)=0. (1.39)

(05 +K2)@(x) =0 (af— -

Hence the solutions for ® will be depending on the choice of k and the k> sign, we must consider the
consequences for each case:

e k* > 0 with kg = 0 (Euclidean): This will lead to the Euclidean Green function, giving a real exponential
in z direction.

e k? > 0 (Spacelike Minkowskian): The momentum is off-shell. The solution for z is again a real exponen-
tial.

e k% < 0 (Timelike Minkowskian): On-shell mass condition for the momentum. The z equation will lead
to a imaginary exponential. (Advanced and retarded Green functions)

If we want to define mass of a particle in the d-dimensional space we should expect discrete values for
k% in the spectrum of the z equation, that is not the case here, but if z is bound from above in the interior of
. then the conformal symmetry will be broken and k* will assume discrete values. We will mostly work in
euclidean space without loss of generality. One can easily recognize the d-dimensional equation of (1.39)
as the Klein-Gordon equation, which gives plane-waves as solutions. Superposing them for all possible k
gives
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d'k ”
¢(z,x) = /le(z,k)e’k R (1.40)

Due to the translational invariance we get that ¢(z,x) is just the Fourier transform of y(z,k) and by
inverting (1.40) we see that y/(z,k) is the solution in momentum space. From now we will denote y(z,k) as
Wi (2). In order to solve the equation for z we can make the following change of variables y(z) = 24/ fi(2)
to get

a4 <;l - 1> 22 fi+ gzd/zfzé +242 5 Q <d2d/2fk +Zd/2f/$) - (1.41)

272 2z
252
(mzz +k2> Zd/sz =0.

Cancelling all the terms and taking f as a function of z|k| instead of z alone, i.e. z — |k|z, we obtain the
following

2
(KA (K2) + Wi (M) — (% +12 026 ) bl =0 (1.4

which is the modified Bessel equation. The general solution of (1.42) is given by

(42
Si(|k|z) = ArKy (|k|z) + Bily (|k|2) V= % +m202 . (1.43)

Note that imposing that v € R in (1.43) gives the Breitenlohner-Freedman bound (see [7])

2
>~ (1.44)

In order to avoid any divergences we should analyse the assymptotic behavior of the modified Bessel
functions of first and second kind

Z—> o0, Iy(z) ~ e Ky(z) ~e (1.45)

imposing By, = 0 we finnaly get the solution for y(z)

vi(z) = Ar(k[2)*?Ky (JK|z) - (1.46)

Near the boundary z = 0 the behavior of the solution can be analyzed using
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Ky((Kl2) = 5 (K = 1y (12)
using
T
sin(vr) =TI-=-vrw),
and

R e e CAN G

n=0

for z — 0 the main contribution comes from the n = 0 term in the summation

I (|k|)’ _ b (ke iv
=R Lo L(xv+1)\ 2 ’

substituting (1.50) and (1.48) in (1.47) gives

L(1—v)[(v) 1 k|z\ ™" 1 |k|z
Ky (lklz) ~ 2 ll‘(—v+1) (2) TT(v+1) (2

P (8]

Kv(lk‘z) ~

which gives

Defining

d
Ai:i

+v,

do(k) = A2 ' T(V)KIA, (k) = A2 VTIT(=v) kA

We get near the boundary

v(z,k) ~ go(k)2 + g1 (k)22 .

/]
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(1.47)

(1.48)

(1.49)

(1.50)

(1.51)

(1.52)

(1.53)

(1.54)

Note that we can deduce these results by plugging the ansatz y;(z) = z* in (1.39) and find

AA—d)—m* P -k =0.

(1.55)
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Since z — 0 one can ignore the z* term and solve this quadratic equation to recover A.. The solution for
A corresponds to a bulk excitation that vanishes on the boundary giving a normalizable solution (A} > 0).
The solution for A_ does not decay and represents a field on the boundary

9o(k) = limz"% yi(2) (156)

now we use a cut-off to remove the limit

wi(g) = €2 ¢ (k) . (1.57)

One remarkable fact is that we need the non-normalizable modes in order to construct the Hilbert space
of the theory. The normalizable modes, which define the Hilbert space itself, are propagated in the bulk and
the non-normalizable modes are necessary to specify the boundary conditions of the background where the
normal modes propagate. For this we will use the method of Green’s functions to specify these propagators.

1.4.2 Free solution

Substituting (1.46) in (1.40), using the notation |k*|= k and e/*"u = ¢i**

d
#(z,x) = / (;ﬂ’)‘ SAK(k2) 2Ky (kz)e™m (1.58)

using the cutoff to avoid any divergence and inverting (1.57)

2!VkA gy (k)
A=
I'(v)
substituting (1.59) in (1.58) and taking the Fourier transform of ¢ (k), one finds the free solution on position
space

(1.59)

_ 21-vd/2 d.J d'k v N ik(x—x')
¢(Z,x) = W/d X (Zﬂ)dk Kv(kZ)¢0(x )e . (160)

In the following topics we will mainly focus on Ay boundary condition since ¢y can be interpreted as
a source on the boundary and when considering the Hamiltonian analysis ¢; is the canonical momentum
associated to ¢.
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1.5 AdS propagators

We will study in this section the general properties of the three propagators defined for the AdS background.

1.5.1 Bulk-to-bulk propagator

The bulk-to-bulk propagator is defined, for Euclidean time, as follows

1
-2 +m?)G(X:X) = —& (X —X') . 1.61
(—=dx +m”)G(X;X") 7 ( ) (1.61)
The delta function satisfies
/d”’“x’é”’+1 X -X"Yo(X)=¢(X) . (1.62)

With this we can solve the inhomogeneous Klein-Gordon equation with the source J(X) by using the
Green’s function convoluted with the source

o(X)= ./‘d‘l“X’\/gG(X;X’)J(X’) . (1.63)

Really, applying the Klein-Gordon operator on ¢ (X ) we get

(<0} +m2)(X) = (<33 +m?) [ @' 1X' VEG(:X (X
= / dX Jg(—0F +m*)G(X; XV (X)) (1.64)
= /dd“x/éd“(X—x’)J(X’) =J(X),

for any ¢, (X) that satisfies the homogeneous equation

(—0F +m)gn(X) =0, (1.65)

we can write it as

0u00) = [ dIX S (XX (X) (1.66)

using (1.61)
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on(X) = /d“lx’\/g(p,,(x’)(—a,%, +m)GX:X) (1.67)

integrating by parts and using e.o.m (1.65) we get

on(X) = — /a %ddGAﬁ/(q)h(X’)aAG(X;X') - GOGX (X)) (1.68)
there are several possibilities for the boundary conditions:

o If G(X;X')|5.,= 0 then ¢(X) is given by Dirichlet boundary conditions on d.# .
o If dasG(X;X")|5. =0 then ¢(X) is given by Neumann conditions on d.#

e If none vanishes then we have mixed conditions for the boundary.

We are interested in the Dirichlet boundary conditions since we have found that our solutions approaches
¢p on the boundary after rescaling the field. In addition to this, if we have Dirichlet conditions on boundary
the solution for |k|> 0 is unique (see [5]). Now we can review the generic treatment employed in solving
field theories with the Green’s functions. Let’s start with the action for an interacting, massive scalar field
living in some manifold .#

1
9] = 5 [ du(ca)(DudD"o-+120%) + Siul0]. (1.69)

where dy () is the invariant volume measure on the manifold, D is the covariant derivative and S;,, is
the part of the action that contains all interaction terms and assuming that x and y are coordinates on .4
and n* is the normal vector to the boundary d.# . Making the variation of the action we get the equation of
motion

_ 6Sint
()

(—D“D” +m2>(])(x) (1.70)

Defining the Green’s function as the solution to the equation (1.61) with the Dirichlet boundary condi-
tions, we must have that

G(x—x')Dy o (x') =0 — G(A)yp=0, (1.71)
xed#
we can write the solution in the general form
9(x) :/ =2 G(x.y) n“(y’)¢(y')+/ dy Glx,y) im (1.72)
g Oy yeon M ee(y)

here, S;,; is to be understood as pertubative series in ¢y and depends on the boundary conditions. From
equation (1.43) we have two linearly independent solutions which satisfy the homogeneous equation and
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we must take into account the time ordering to avoid any divergence. Now we can construct (ansatz) the
Green’s function

d'k i (e 1.73
GO(X,X/) _ / (zn)d (zz’)d/ze ikH (g x’”)(e(z —Z/)Kv(kz)lv(kzl) ( )
+6( — Iy (k)K,(KD)) -
Defining
‘- 277 (1.74)
T2 (Z/)z + (x —x’)2 ’ ’
one can represent (1.73) in terms of the hypergeometric function:
G(XX/)—ZCi 5 * F éé+1-v+1-§2 (1.75)
0\A, - v ) 217 D) 2’ > ) .

with Cy, to be defined later.

To incorporate the boundary condition at z = € we can add to (1.74) a solution to the homogeneous
equation that satisfies limg_,0 G¢ = Gy

dk M (. Iy (ke)
Ge(X:X") = Go(X:X' / N2k (w21 () K (k7)Y 7 1.76
8( ) 0( )+ (Zﬂ)d(ZZ) e V(Z ) V( Z)Kv(kﬁ‘) ( )
it’s not necessary to perform the integration of (1.80), taking the derivative of G, on the boundary
d/2£A+217v %k . ,
HouGe(X:X)| =% / w5 K, (kz) Ky (k 1.77
PG XX, =y @ R -
noting that
du(@.4)| =¢e%'X, n"=(-¢,0). (1.78)
=€

Subistituting the expression (1.78) in the equation (1.72) and considering S;,; = O for a free field, we
recover the equation (1.60) as expected.
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1.5.2 Boundary-to-bulk propagator

When the point source is located at the boundary we must use the boundary to bulk propagator in this
situation with the following property for z — 0

K(z,x;x) — 2 8%x — x') . (1.79)

In general the solution is given by the convolution of the propagator with a source

0(z,x) = /ddx'l((z,x;x')(j)o(x’) . (1.80)

In order to find an expression depending on G(X;X’) we must take ¢ (x') to be located on the boundary
and use the equations (1.80) and (1.68) with the homogeneous field satisfying ¢, (X") ‘a = 2o ()

[at Kz = [

ed
. 4 (ﬂ) (%) ¢n(x')0G(z,::7x) (1.81)

where ¢ comes from the metric. (1.85) implies that

K(z,x;x) = 471 lim ()2 119, G(z,x:7,¥) . (1.82)

7—0

In order to get an expression without derivatives we use the Green’s theorem for G(X”;X) and K(X'; X")
and introducing a new notation (J = (—2 + m?)

/dd“X”\/g(GDK _ KDG) - —/aczdxﬂ(cn 9K — Kn - 86)’ (1.83)

Z'=¢

Clearly, by definition

OK(z,x;x) =0 (1.84)

The left hand side of the equation gives
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(1.85)
—/d‘HlX”\/ng(X”;X/)DG(X”;X) — /dd+1X//6(X —X”)K(X”;X/)
= —K(X;X')
with this, we have
20,G(X;X') = AL G(X;X') (1.86)
Solving the right hand side
“K(X;X') = — /8 ddx”fy(GnZ” -az,,K—KnZ”-&z,,G)
Z'=¢
_ g / a'e ! /7(G9uK ~ K29 (1.87)
Ja '=¢
— _édfl / ddx//(zl/)fd ((A, —A+)G(X/;X”)ZA’ 6d(x/ _x//)) ]
J '=¢
equalling both sides and using
AAN 1
Fl=, =+ Lo =1. 1.
21(2,2+2,V+ ,0> (1.88)
We finally get
. 2v z At
AN I —
K(z,x;x') = zfliﬂo L G(z,x;7x") =Ca, (zz+ (xx’)d> . (1.89)

1.5.3 The Witten’s approach

First, we will derive the coefficient Cx.If we compactify R? to S? by adding the point z = oo the whole x
space shrinks to a point and the Green’s function becomes x-independent

lim ¥,y =0 . (1.90)
Z —oo

Taking the Green’s equation in the neighbourhood of z = oo
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(&1 = 0. 10) + M2 )K(2) =0 . (1.91)
We have seen before that the solutions for this equation are power-law
A d d?
K(z) =Cra?" — A= 3 + T +m20% . (1.92)

By the third expression in (1.91) we must take the bigger root. In order to map the point z = oo to finite
x = 0 we take two AdS isometries, an inversion followed by a translation. Let’s do first the inversion

XBXp |\ 22+x27 2427

where x* = n*Vxuxy. Now we follow with a translation x — x — x’

(1.93)

X4 < o 1.94

- Zz+(x—x’)2 ’ Zz+(x—x’)2 ’ (1.94)
since it is an isometry of AdS it is still a solution in these coordinates for (1.95), and clearly when z = c0o —»
X4 = (z,0). Note that the limit of K on the boundary z = 0 is

Al if /
K(Z,x;xl):{ Ca, 2" 0, ifxFx

. 1.95
Cr, 772 = oo, if x=x (1.95)

In order to check that K(z) has a finite measure in the neighbourhood of x = x’ we compute the integral
1
d _ A d
J ek =2 [
d d A * r!
dp(R?) = du(S ) = Ca, 27 Q1 / dr(
0

24 r2)As
ZA+ +d

R (1.96)
d

Z2A+/0 )’(1+y2)A+

1 oo .Xd/27]

: 2 d—A

Takmgx-y —>§CA+QQ’7]Z +/0. d)Cm

Takingy = F/Z — CAJr.Q.d,l

To evaluate the last integral, we just use the definition of the Beta function

B(x,y) = FOT() /Owda(L

(1.97)
and the formula for the surface of n-sphere
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Q, = , (1.98)

to get that

d _ 1 21 0y T(d/2)0(AL —d)2)
/d WK (2) = 30, 7 T , (1.99)

remembering that A_ = d/2 — v and defining

_ @y
Cos = Zary] (1.100)

Now, without loss of generality, consider a free scalar field ¢ on AdS»

ml

S[o] dz dt {(az¢)2 + (90 + ()2¢2} : (1.101)

"~ 2 JRxR, Z

and with the e.o.m
2.2 2.2 ml\2
9+ ¢ :(7 ) 0”. (1.102)

If we set new coordinates from X4 = (z,1) as (1.93) it is clear that the e.0.m will have the same form in

! A
terms of X4 = X

= XBx, because

dXAdX),  dX*dXs
T (1.103)

Let us now look for #'-independent solution, Kx(z') = Caz?, applying the Klein-Gordon operator to it
gives

A(A—l)—(m€)2:0—>Ai=%iq/%+(m€)2. (1.104)

Then, the independent solution is of the form

A
KA(z,t):CA( < ) . (1.105)

2412

Let ¢ be a field on the boundary: ¢g = ¢o(z), then
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0(2,1) ::/RKA(z,t—t’)gbo(t’)dt’:/R L e, (1.106)

1+(%)

is a solution. Changing the variables x = % and requiring that z — 40 implies that ¢ — z! 2@y and we

get to the following

1
1+4x2

¢(z,1) ZZ"ACA/H%

which gives the solution (1.99) and taking the cutoff clearly ¢ (z,7)|,—e= €' "¢ (¢). Because A, > A_, the
dominating solution corresponds to A = Ay and

do(xz+1) . (1.107)

(A Ay
Ka, (z,t) :=K(z,1) = \/ﬁréAi)— iy (z24z—t2) . (1.108)
2

With this last expression we constructed both propagators that we will need in the next sections.






Chapter 2

Basics of Conformal Field Theory

In this chapter we expose the basics of CFT in a standard way following some well established material of
[32], [33] and [28]. The main objective here is to show the motivation behind the studies of the correlators
and OPE’s when we try to quantise some general background spacetime. The CFT’s are the other side of the
AdS/CFT correspondence, we will start discussing the *axiomatic’ point of view from an AdS viewpoint,
stating the main ideas behind their relations.

e The conformal transformations consist of the Poincaré group plus scale transformations and special con-
formal transformations(SCT). One can derive the aditional symmetries by demanding Poincaré invari-
ance plus an additional symmetry under inversions i.e. x' — x’/x>. This coordinate transformations leave
the metric locally invariant rescaling it by an overall spacetime-dependent factor i.e. gt¥ — A(x)g"".

e The quantization proccess is done in the standard way along flat spacelike surfaces that evolve with time.
In the Euclidean space one can introduce an alternative quantization scheme, the radial quantization. In
this quantization one starts at a point and evolve outward on expanding speres.

e Using conformal symmetry we can classify states according to irreducible representations of the confor-
mal group Conf(R!¥*1) ~ SO(1,d + 1) in Euclidean space and describe every state as a linear combi-
nation of primary states.

e The conformal symmetry also allow us to move operators, so that from &'(0) at the origin we obtain
O (x) at any point x. The correlation function for any pair or trio of operators is fixed by symmetry, up to
a finite set of constants.

e We can multiply any two operators in order to obtain a new one. The operator state correspondence
applied to a product of operators leads us to the operator product expansion (OPE), which has a finite
radius of convergence in any CFT. This can be made explicitly if there is a path integral description of
the theory, but it is not necessary.

e Local conserved currents are extremely important, since they generate global symmetries. Convention-
ally a theory is only defined to be a CFT if there exist a spin-2 conserved current T#V, if that is not the
case the theory is called non-local.

o The special feature of CFT, for d > 2, is the existence of an infinite number of independent symmetries

of the system, leading to corresponding invariants of motion, reducing drastically the number of degrees
of freedom from a classical point of view.

23
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2.1 Basics of CFT in d Dimensions

2.1.1 Conformal transformations

Let g"Y be a metric tensor on some d-dimensional manifold with respect to some set of coordinates x*. We
define a conformal transformation as follows

I

g (x) =Ax)g" (x) . 2.1

For flat spaces the scale factor A(x) = 1 corresponding to the Poincaré group of translations, rotations
and boosts in Minkowski space.

2.1.2 Conformal group

For d > 3 all the transformations satisfying (2.1) and the respective generators, are given by

. ! .
e Translations: x* = x* +a* , Generator: Py = —idy ,
e Dilatation: x * = Ax* | Generator: D = —ix"d, ,
. !/ .
e Rotation: x# = M} x", Generator: Lyy = i(xydy —xydy)
o SCT:xH= b Generator: K, = —i(2x,x"dy —x*dy;)
: 1=2bRxy +b2x2 C UM u v woe

The special conformal transformation is to be understood as an inversion followed by a translation and
followed by other inversion at the end. We observe that the SCT as defined above is not globally defined. In
order to avoid it, one considers a conformal compactification that adds the infity as a point of the manifold.
Defining new generators

Juy =Lyv, Ll-u:%(Pu—Ku)
; (2.2)
Jo10=D, Joy = 5(Pu+Ky)
which satisfiy
U] = 1 (Marms = T + Moo = s ) 23)

we obtain that in the case of dimensions p + ¢ > 3 the conformal group is isomorphic to SO(p+1,¢+1). In
the d = 2 case the conformal group is the set of all orientation preserving global conformal transformations
,Mobius group SL(2,C)/Z, = PSL(2,C) , that forms a group with respect to composition and satisfies
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(“ b) € SL(2,C), (2.4)
cd

such that the action on the complex plane is given V ¢ € SL(2C) and V z € C by ¢(z) = ?fig with ¢z +

d # 0. If one looks at w the conformal Killing fields, i.e. the vector fields whose flows define conformal

transformations preserving g"" and the conformal structure. In this context, the Witt algebra # is the
complex vector space with basis {1, },ez, I := —2"7'9, or I, := z! 79, with the respective Z copy and
the Lie bracket

[y bon] = (0 = M) Ly - 2.5)

We will effectively treat z and Z as independent variables on C2. The globally defined conformal trans-
formations on the Riemann sphere $> ~ C U {eo} are generated by {/_1,ly,/_;}. The global generators will

be associated to the conformal group, for z = re'®

e Generator of translations: [_; = —d,

e Generator of dilatations: Iy + [y = ro,

e Generator of rotations: i(ly —ly) = —dp

e Generator of Special conformal transformations: [} = d; = —z29. .

The central extension of the Witt algebra is called Virasoro algebra with the central charge c. It satisfies
the following commutation relation

= (0 = 1) im0 - (2.6)

[lnalm] = (n _m)lm+rz + 12

2.2 Chiral and Primary fields

Fields depending only on z are called chiral fields and fields depending only on z are called anti-chiral
fields. Let ¢(z,Z) be a field that transforms z — Az as

0(20) — 0D =A"A"0(Az,77) . @7

Then it is said to have conformal dimensions (h,h). If a field transforms under conformal transformations
z— f(z) as

i NI -
0e) — 06)=(%L) (%) sveTen, e®)
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it is called a primary field of concormal dimension (h,h). If the the equation (2.8) holds only for f(z) €
SL(2,C)/Z,, then ¢ is called a quasi-primary field. If a field is not a primary or quasi-primary field, then
we call it a secondary field.

2.3 Energy-momentum tensor, radial quantisation and the OPE

The energy-momentum tensor T#Y can be deduced from the variation of the action with respect to the
metric, encoding this way the behaviour of the theory under infinitesimal transformations. To make all this
clearer, let us take a free massless scalar field and make a variation ¢ (x) — @ (z+€) ~ ¢ (x) + £y (x)I* P (x)
the Lagrangian transforms as

51— 940004 (€()a00(0)) =y (9970 ~ 1400 ) e (9

When we take €, = Axq (dilatation), for example, we find that §L o< T,f . In general, the energy-
momentum tensor is traceless for d = 2 dimensions. For a theory to be a CFT it must contain in the spectrum
of operators a spin 2 tensor with conformal dimension A = d, the space-time dimension, or equivalently,
an energy-momentum tensor that is conserved, manifesting the conformal symmetries as local space-time
symmetries.

The process of radial quantisation is related to the choice of a foliation of space-time with fixed time
surfaces. In this formalism, the time evolution operator connects states in different surfaces. Each leaf of
this folation has its own Hilbert space. If we take w = In(z) with w = x¢ + ix] relating xo to the Euclidean
time, one can map an infinite cylinder to the entire complex plane. Clearly in this context, the generator of
time translations is related to the dilation operator and the generator of space translations is the momentum
operator corresponding to rotations on the complex plane. In order to define the in-out states, we must
expand an arbitrary field and take xop — Fco and promote its Laurent modes to operators

¢(Z,Z) _ Z Zinihziﬁim(Pn,m ) (210)

nmez

taking xo — —oo on the infinite past we get z and 7 mapped to zero. With it we define the in-state

|¢in>:1jm0¢(z,2)|0>, with  ¢,,0)=0, for n>—h and m>—h, .11)
2,2

considering that, by definition, the hermitian conjugate of ¢ that corresponds to z — 1/Z, is given by

01 (z,2) =z 7 ¢ (il) with (@) =0 n . (2.12)

With this one can make a simmilar approach for the out-state
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CIMER(] ljmoq)T(z,Z), with  (0/¢_,_» =0, for n<—h and m<h. (2.13)
2,7

Since all momenta commute one can simultaneously diagonalize D, labeling its eigenstates by A and we
get

D|A) = iAJA) (2.14)

while P, will be the raising and K, the lowering operator with respect to the eigenvalues of D. One can
define as the vacuum |0) the state killed the conformal generators, associated to each primary state (states
anihilated by K*), there is a primary operator O(0) and with it we get a discrete spectrum, with the unitary
time evolution operator obtained by taking ¢/°* with T = ¢". Associated to each primary state is a primary
operator ¢(0) with a scaling parameter 7 and angular momentum ¢. But, what do we mean by a state? We
defined it as |¢;,) state if its foliation is defined for a past time. For the converse we defined it as |@,,,) state,
in which all foliations are constructed for times on the future. The overlap of in and out states is defined by
the two point function (@, |, ). In a scale invariant theory we can make the radial quantization by taking
concentric foliations of the spacetime varying only the radius, as we showed in the example explained
above.

When the in and out states live on different foliations there exists some unitary operator connecting them.
The associated correlating functions is easily defined as {@;;| 0|9, ). For theories with Poincaré invariance,
the states on the foliations are defined by their 4-momenta and the Hamiltonian moves us between the
foliations of different radii. So considering a state that satisfies

0(0)|0) = |7.0) =1A) (2.15)

this gives us the local state-operator correspondence (isomorphism). Note that if we analyse the path integral
formalism by defining the states as wave functionals on Cauchy surfaces, the path integral allows us to
evolve from one Cauchy surface to another. With it, the radial quantisation is immediate and the state-
operator correspondence follows if we evolve back in time towards a point, where the operator is obtained
as the insertion of a functional of fields directly in the path integral. Let’s take the Hilbert space spanned by
the eigenfunctions |@yz) on the Cauchy surface. One can take the path integral over the region R

(0[0ag) = /¢ _ Dot (2.16)

If we insert a unitary, primary operator inside this region we can prepare a diferent states on the boundary
dR. Clearly we have obtained the state |A) = €4(0)|0) with scaling dimension A, this state at the origin
defines the absolute past on our foliation. One can finaly construct the operators A~ and A™ that act as
ladder operators for the scaling dimensions. If we insert an operator somewhere other than origin we should
have:

y) =e M WG, (0)eMW10) = Ga(x)]0)

as we have on the quantum oscillator, once we hit the vacuum state, operating the descendant operator will
give us the null eigenvalue. This is the state operator correspondence , in which every state hasa 1 —2 — 1
correspondence to an unitary operator. With the assumption that
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[Py, 0(x)] = —idu O(x) , 2.17)

one entirely determines the action of the conformal algebra on the local operator ¢(x), assuming the com-
mutation relations of the conformal algebra. At a general point in flat Euclidean space, we have

[D,0(x)] = —i(A+xdy)O(x)

[Pu, O(x)] = —idu O (x) 2.18)
Ky, O(x)] = —i(2xy A+ 2x"Zyy +2x xy 9y — X% ) O (x)
[Luv,O(x)] = —i(Zuy + x40y —xy0u) O (x) ,

where X,y is a finite dimensional spin matrix of the angular momentum representation of &'(x). A key
property of all local quantum field theories is the existence of the Operator Product Expansion (OPE), for
CFTs this expansion converges in a finite region, so it can be used to make exact statements. The OPE says
that for any complete set of local field operators we have

$1(x)92(0) =Y C(x,9)0/(0) (2.19)
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in the CFT case one can derive it without any explicit action. Consider the operators &' (x1) and & (x3)
where there is some circle of radius r located at some point x in which both x; and x; are inside this
circle and there aren’t any other operators defined in this region. Let us imagine the radial evolution from x
outwards. We start with the vacuum and as we evolve this state, it eventually hit the operators &'} and 0. It
means that there exists some state

|912(r)) = O1(x1) 02(x2)0) , (2.20)

which will be some linear combination of all states in the Hilbert space and by the state-operator correspon-
dence there exists some operator such that

O12(x)[0) = [¢12(7)) , (2.21)

with it one can express ¢}, as a sum over all primary operators of the theory and their descendants

O1(x1)02(x2) = Z;LA,ZCA,Z(XI —X,X2 —X,0x) Op () . (2.22)
AL
This function is entirely determined by conformal symmetry and the only non-trivial information in the
OPE is the value of the coefficients, which are labelled by the spin and conformal dimension of the primary
operators.
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2.4 Two- and Three-Point Functions

Employing the global conformal symmetry we can derive both of the correlators. Lets start with the two-
point function of two chiral quasi-primary fields

(91(2)2(w)) = f(z,w) . (2.23)

The invariance under translations implies that f(z,w) = f(z—w) and the invariance under rescalings
implies that

flz=w) =" f(A(z—w)). (2.24)
In addition to these properties, the two-point function must be invariant under inversions
-y L1
flz=w)y=A""""f(-——). (2.25)
0w

Clearly (2.25) and (2.24) can only be satisfied simultaneously if #; = h;. From these three assumptions
one can make the ansatz, for an structure constant cj»

C12

-W)= ——5r 2.26
flz—w) i (2.26)
which gives in general
Cij5h;,h-
(9i(2)9;(w)) = m : (2.27)
For the three-point function imposing the same requirements one find that
13 (2.28)

(91(2)92(w)3(1)) = (z— w)litha=hs (y — g ) ths—hi (1 — Z)hsthi—hy

Since the results for the correlators have been derived using only the global conformal symmetries one
can extend these results to d > 2 dimensions, but by analogous reasoning, they have the same form as for
d = 2. In order to have a single-valued two-point function on the complex plane, the dimension of a chiral
quasi-primary field must be a integer or a half-integer.
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2.5 The d=1 case revisited

The most studied case of the correspondence is the d = 2, i.e. AdS3/CFT,, this is due to the fact that the
conformal symmetry in two dimensions is infinite dimensional and highly constraints the dynamics of the
fields, as consequence, this is very well studied CFT. For the d = 1 we have a special feature. Only in
this case the Lorentzian and the Euclidean AdS are defined by the same group of symmetries, and, in first
place, one can naively thinks that the case for d=1 is easier than the others, but there are some subtleties
concerning the boundaries and the vacuum of the theory that makes this case the most elusive and the least
understood. There is a realization of CF T, known as the de Alfaro-Fubini-Furlan model (dAFF), which is
actually conformal quantum mechanics. We will briefly recall some aspects of this model

2.5.1 de Alfaro-Fubini-Furlan model

The simplest massless dilatation-invariant Lagrangian for a scalar field ¢ has the general form

2= 5(00)(3u0) — 55020, 2.29)

where d is the number of space-time dimensions. Our main interest is for d = 1, which corresponds to
a single physical operator depending only upon time ¢, so setting the dimension in (2.29) the Lagrangian
becomes

A 5)

the respective equation of motion is

d*0
= (2.31)

Qs

Considering g > 0 without loss of generality, and noting that the coupling constant is dimensionless
implies that the action S has invariance properties larger than just time translation. In fact, the set of trans-
formations that leaves the action invariant is SL(2,R) such that

at+b
= wrd " o], (2.32)
note that
dw ad — bc _
PRl G (2.33)

and hence, the transformation properties of Q are
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Q') = (c+d)"'0) -
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(2.34)

Suppose that there exists a state vector |y), the action of the symmetries of the action on these states are

the symmetries of SL(2,R), for the time translation symmetry

.d

for dilations

. d
Dly) =it 1w)

and for special conformal transformations

Kly) =i 1)

whose elements of the algebra satisfies the respective commutation relations

[H,D|=iH, [K,D|=—iK, [H,K]=2iD.

(2.35)

(2.36)

(2.37)

(2.38)

We can straightforwardly get the explicit symmetrized expressions of the generators H, K and D in terms

of the field operators Q(¢) and Q(r)

satisfying

[R,L:]=+L., [L_,L;]=2R.

(2.39)

(2.40)

(2.41)
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2.5.2 The group SU(1,1)

The algebra (2.41) is related to the group SO(2,1), which is locally isomorphic to SU(1,1), we will briefly re-
call some properties of this group. The group SU(1,1) is locally isomorphic to SO(2,1), being more precise,
SO(2,1) = SU(1,1)/C,, where C, is the cyclic group containing only two elements. In addition, SU(1,1) is
locally isomorphic to Sp(2,R). Unless SU(2), SU(1,1) is noncompact and it is not simply connected, having
the topological structure of the direct product between the planar disk bounded with the unit circle and the
sphere S'. This space is the upper sheet of the two-sheet hyperboloid embedded on the three-dimensional
with the pseudo-Euclidean metric tensor n*Y, one can still obtain this through the stereographical projec-
tion.

For example, we can foliate the complex plane into three orbits via stereographical projection, i.e., the
interior of the unit circle, the circle itself and the exterior region of the circle. One can identify the group
G, with y € C,§ € R defined by:

_ |7 2 2

setting:

. 9 s 9 —l¢
5—cosh<2), }/—smh<2>e , 6>0.

We see that G is isomorphic to H = {(8,11,72) | &% — 17 — 73 = 1}, the set of unit vectors of the
form:

m = (cosh(0),sinh(6)cos(¢),sinh(6)sin(¢)) , (2.43)

finally, one can write the elements of G as:

g+ = exp (Zu“ 0'V6uv> , (2.44)

where u = (sin(¢), —cos(¢)) and 6" are the Pauli matrices. The matrix g describes a hyperbolic rotation
around the vector m with the rotation angle being 6. One can define an isomorphism between the unit circle
and the upper sheet of the hyperboloid just by setting:

N = tanh (g) e

It’s well known that there are three different types of nontrivial unitary irreducible representations of
SU(1,1), as is shown in [2], we have: the supplemental, principal and discrete series representations. Fol-
lowing [1], the Lorentzian AdS, is obtained by the principal series representation, and by the physical con-
straints assigned to ¢, we shall not consider the supplemental case. For the discrete series representations
we should recover the Euclidean AdS;. From now on, we will be considering the representation DT (g).
Generally, we label the representation by two parameters & and m, taking the the Hilbert space spanned
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by the states |&y,m), where & is the eigenvalue of the lowest state, the vacuum of R with respect to the
raising and lowering operators, L. Associating an integer m to the raising and lowering operators one can
calculate the spectrum of R and the action of L, in these states. We begin with

[LfaLJr] :2Ra
Li|ey,m) =cp|eg,m+1) ,
L_|80,m> = cm_1|£0,m— 1> s (2.45)

R|ey,m) = (&0 +m)|€y,m) ,
€leo,m) = €& — 1)|€g,m) ,

where ¥ stands for the Casimir element, let’s use the Casimir element, defined as C = %(HK +KH)— D? =
R*> — L, L_. Using the Casimir element, we can normalize these states by taking

Ceg,m) = eo(€o — 1)|€0,m) = (R* ~ Ly L-)|eo,m) ,

) 5 (2.46)
&o(eo — 1)|€0,m) = ((&0+m)" —|em—1]7)|€0,m) ,
with this one find that the ladder operators act as
cm =/ (0+m)(gg+m+1)—e(en—1), (2.47)
implying that
['(2&0)
— L) ey 0) . 2.48
‘803m> m’F(ZSo—i—m)( +) | 0> > ( )
satisfying the orthonormality condition:
(g0,m|€0,1) = G - (2.49)
Introducing the conjugate momentum
7 . . )
pP= @ = Q ) with [Q(I)’p(t)] =1, (250)

one can realize the dAFF model with
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_ 1, s
H—2( +Q2>7 g>0,
t( ., 8 1
D=- L) -=
2(17 +Q2> 1 (Pa+ap),
2 1 2
K=—r"H+2uD+ 0", (2.51)
g 3
g=°S_=
4 16°
_1 144/ +1
8()—2 g I .

There are a lot of puzzles of this realization, the first one is that there is not an invariant vacuum of the
theory. Another fact is that in this model all the invariant states are not normalizable, so forming the diagonal
matrix elements turns out to be a very dificult task. Another problem is that no state is invariant under all
three isometries of the conformal group. On the other hand, if one constructs non-invariant normalizable
states, these interfere with derivations of conformal constraints, and lastly looking to the AdS, averaged
operators, they carry arbitrary dimensions while the canonical CFT models involves operators with fixed
conformal dimensions. To dodge these problems we have to modify the usual operator-state correspondence
taking a non-primary operator O such that when we calculate the correlation functions with respect to a
specific state |Q) one obtains the equation (2.27) for the two-point function. One possible explanation to
this is since the operator itself is not well suited to give the right results for the correlation function, one
chooses a specific vacuum state in order to correct the conformal dimension of this operator, showing in the
end the expected behaviour for these functions (see [9]).



Chapter 3

The AdS/CFT Correspondence

In this chapter we introduce the primordial ideas which conducted to the conjecture of a strong/weak duality
and the relation between the AdS and some CFT on the boundary. After this exposition we study the case
d =1 in which the natural choice of a quantum mechanical system is the dAFF model. We end this chapter
discussing what are the real challenges in constructing a quantum mechanical system for AdS,/CFT; and
the possible ways to avoid any undesired phenomena that may appear. We are following [3], [5], [9], [13],
[17] and [20].

Juan Maldacena conjectured in 1998 that a certain classical type IIB super-string theory on AdSs x §°
is dual to a highly symmetric .#” = 4 super Yang-Mills theory in the large N limit. We are not going to
explain in detail what are the properties of this two theories, from now on, we are assuming that the reader
is familiarized with both theories. Maldacena demanded that the ’t Hooft limit coupling be large compared
with r dependent term in the metric in units of string lenght, turning the metric of a type IIB supergravity
into

2 s P,
ds* = dt* + —dr +02dQ2 (3.1

where ¢ denotes the world volume coordinates of the black 3-brane solution. The form of the metric
shows that near the horizon the supergravity solution is AdSs x S with the lenght scale £ playing the role
of the radius of the five-spehe and the ‘radius’ of AdS>. This duality has some intriguing properties. First,
it is a strong-weak coupling duality, secondly, it is non pertubative in the string coupling and also in the
Yang-Mills coupling gy and lastly, its a classical-quantum duality, because that classical supergravity
is conjectured to be dual to a quantum gauge theory, being supressed by powers of 1/N.[5] The general
correspondence formula is

/ Do Saasl9] — <exp / ddxﬁ(x)¢o(x)> , (3.2)
aqbeaR

where & denotes the conformal primary operators on the boundary and the left integral is over all fields
whose the assymptotic boundary values are @y. In the classical limit one can make the saddle-point approx-
imation and find that

Saas[@o) = Werr (o] , (3.3)

35
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where Saqs is the classical on-shell of an AdS theory and Wcpr is the effective action given by minus the
logarithm of the right hand side of (3.2). Since the metric of AdS is divergent, one expect that the classical
action is also divergent. In order to extract the physical information from it, one must renormalize the
on-shell action by adding counter terms which cancel the infinities, giving

Sg = Werr (34

in the expression above Sg stands for the renormalized on-shell action for AdS. Any field theory on the
AdS space, which includes gravity, as the boundary value of gravitons couples to the energy-momentum
tensor, which is an standard feature of any CFT, has a corresponding counter part CFT. Thus, the AdS/CFT
correspondence is an important tool for formulating non-trivial CFTs.

3.1 The Euclidean AdS,

Lets start with AdS; spacetime with the metric defined by

_ d?+dr?

2
ds 2 ,

(3.5)

the embedding coordinates are X* with g =0, 1,2 and signature diag(1,1,—1) on the ambient space. This
space has three Killing vectors that generate SO(2,1) isometry group. These coordinates and the Killing
vector fields on AdS, satisfies:

{XH* XV} =etvrX | (3.6)
(K", K'] = e"V7K, (3.7)
(KHXV) = eMVTX, (3.8)

XX, = (5, (3.9)

where the bracket on (3.6) is the Poisson bracket, on (3.7) is a commutation relation and (3.8) denote the
action of the Killing vector on the embedding coordinate. One can note that there is a direct correspondence
between the Killing vector field acting on a function and the Poisson bracket taken with respect to the
embedding coordinates. We summarize this below:

(K", 0) = {X*, o} .

With this fact, it’s the right time to show an algebraic way to calculate the action of AdS; using only
the embedding coordinates, without concerning about on whose coordinates the Poisson bracket is defined.
First, consider the embedding coordinates and Killing vectors :

Cot 0 ¢
X0=-2% x =—2—°(z2+t2—1), x2=-22

2,2
+t°—1), 3.10
z z ZZ(Z ) ( )



3.1 The Euclidean AdS, 37
1 1
K°=—19, —z0. Klzi(zz—terl)&t—zt&Z, Kzzi(zz—tz—l)(?t—zﬁz,

these are the Fefferman-Graham coordinates, covering the half plane {(z,£) €R? | 7> 0, —oo <t < o0)}.
The action for a massless scalar field in the AdS, background is

Stol =5 [ dudz[(2.0)° + (0)?] G

2 JrRxR,

note that

(K*9)(Ku9) = (K°9)*+ (K'9)* — (K*¢)*
=1%(019)*+22(09)(9:0) + 2 (3:0)*+

(3.12)
(22 =1%)(019)* —221(9.9)(99)
= 22 5
using this result on (3.11) one can rewrite the action in terms of Killing vectors as follows:
1
S:f/ d? X* 0HX,, 0}, 3.13
3 o, LEVEH 9} (X 0) (313
since
) 1
(KIJ¢)(KIJ¢):{XIL7¢}{XH7¢} ] with \/gzziz . (314)

As expected, one can obtain the equations of motion by calculating the variation of the action directly
in (3.13). All these equations are written on the Fefferman-Graham coordinates. The canonical laws of
transformation between these coordinates are:

x=—In(z), yZ% , (3.15)

the Poisson bracket can be easily calculated for each set of coordinates

Z2

{xvy}zla {I,Z}:?. (3.16)
0

To calculate the variation of the action we note that {X*,¢} = {t,z}€"9;.X"9;¢, with € being the
Levi-Civita symbol of rank two. For a scalar field with mass, the variation of the action can be written as:

85:0:/Adszdzx\/g({X“,q)}{Xu,ﬁ¢}+m2¢5q)). (3.17)

Note that we have ignored the variations 6,/—g and 8X* because they don’t influence directly the
dynamics of the motion, since they are the kinetic terms. Calculating the term of Poisson brackets one can
show that
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/ d*x\/g{X*, 01Xy, 80} = {1,2}* / d*x/ge" P 9y X" 9y 00X, 0p 89 (3.18)
AdS, AdS,

contracting the skew-symmetric matrices on the RHS

{t,2}* /A p dx\/g(8% 88 — 87 88)0,X 9y 9uXudp89 (3.19)
2

integrating by parts and relabelling the terms

1.2y [ s, 40TV (€7 31,016)50 -

_ / dx® /g0y (3, X" (€7 9,X,0v9))89 | |
AdS,

applying the condition for the boundary of the AdS to cancel one of the terms and returning to the Poisson
bracket form, the equation of motion reads

0={X" {Xy,0}} —m’¢ . (3.21)

To see the direct correspondence between the Poisson brackets and the action of the Killing vector fields,
one can calculate

K*(Ku9) —m*¢ = K*(K°) +K' (K'¢) — K*(K*) —m*¢ . (3.22)

Defining K* = K> £ K", clearly one can show that:

Kt =(—1*)0,—2ud. K =-0, (3.23)

and with this two new vector fields, we can calculate:

K'(K'9) = 5 (K*(K"0) ~K~(K"9) ~K*(K~9) +K~(K9)) | (324)

for K2 we have

K*(K?¢) = % (K"(K*9)+K (K"9)+K" (K 9)+K (K™ 9)) , (3.25)

substituting these two terms on (3.22) we get to the main equation:

1[K+,K*]¢ —m*¢, (3.26)

KH(Kug) —m*¢ = K'(K°9) — K™ (K~¢) —
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using the commutation relations defined on (3.7), the definition of the vector fields K+ and K~ one can
easily show that [KT, K| = —2K°, applying this on the equation above, we obtain:

K(K'9) —K" (K~ ¢)+ K9 —m*p =0. (3.27)

One can verify immediately that the action of the Killing vectors on the field yields an equation that is
very similar to the Klein-Gordon equation (Equation 1.36 for d=1):

Bm*e
2

K*(Ky¢) —m*¢ =0 =0 — (3.28)

A deeper analysis on these results can be made by examining the behavior of the solutions. Any isom-
etry is generated by a Killing vector field KV, with it we should have the conserved current j* = THVK,,
where THV is the energy-momentum tensor which is covariantly conserved since V, j* = 0 implying the
conservation of the energy, there is not any energy leaving the AdS boundaries. Taking the variation of the
action and using the conservation equations, one can find that:

0= / PeygVui = | V| doVKMTy (3.29)
AdS

where the boundary induced metric is considered on the second integral. If we let our killing vector be —K~

0AdS JdAdS

and we can take a big chunk of AdS restricted into two spacelike slices at t € [to, 7] extending across all

space, which means z € [0,o0). We should assume that all fields should decay exponentially when z — oo.
After all these considerations, the integral becomes:

oo t=tf t:tf
/ dzT - / dtth
0 =10 t=t0

the first term is the energy inside the AdS, the second term is the flux of energy-momentum out the AdS

; (3.30)
z=0

boundary. If we show that the second term is zero, then this equation implies a kind of energy conserva-
tion, since the fist integral should be constant for all spacelike slices at any arbitrary time interval. But, to
calculate this we should get an expression of the energy momentum tensor, it’s easy to do, we just take the
variation of the action with respect to the metric of the AdS (defined by canonical coordinates).

5
_ THV
s =T (3.31)

one can calculate it with respect to the Poisson brackets:

Ty = V8 {Xu, 0} {Xv, 0} - ff/vg ({Xo, 91X, 0} +m*9%) . (3.32)

Applying this on the integral of conservation one can deduce directly the conditions discussed on the
section 1.5 by other ways. We see clearly that when we take z — 0, the Killing vectors take the form
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K — -0, K'—=—1d,, K" — —t*0,, (3.33)

they correspond to the generators explained on the section 2.1.2 showing that one recover the symmetries
of the conformal group as the killing vector fields on the boundary of the AdS space, giving some hints that
it is possible to realise this correspondence, that was once conjectured by Juan Maldacena for other specific
cases, and this realisation extends to AdS, /CFT;.



Chapter 4

Non-Commutative AdS/CFT

In this chapter we start by briefly reviewing some aspects of the non-commutative differential geometry
applied in physics following [1], [6], [21], [22], [23] and [24]. The main objective here is to give a real
meaning of what is the non-commutative geometry and why we would use it in physics to achieve some
goals that the standard ways of quantum field theory could not work.After, we discuss the one dimensional
case and we construct some representations to it and finish this chapter by constructing the set of Killing
vectors that preserves the SO(2,1) symmetries after the deformation quantization, following in the main part
[11] and [1].

4.0.1 Motivation

In the Euclidean geometry the notion of a point is ubiquitous and also necessary for most of it’s results
and applications. Extending this basic interpretation, for example, one can consider any finite-dimensional
commutative algebra which is a C*-algebra can be as an algebra of functions on a finite set of points, in
which a C*-algebra is a Banach algebra B over C with an involution that takes f — f* and satisfies:

Let a and a* be elements of B and let the map % : B — B be defined with the properties

() a*=(a*)"=a, Ya€B.
(i) (ab+ Ac)* =b*a* +Ac*, Va,b,ceBand A, €C.

(i) [|a*al|=[lal-a"|, VaeB.

Clearly, the notion of a point can be extended to various types of spaces and situations, but this turn
out to be problematic when someone tries to quantize the classical mechanics. The standard procedure
of quantization can be naively described as the correspondence between the classical observables with
operators that acts in some separable Hilbert space of states, which don’t pose a real huge problem until
someone attempts to measure the amplitude of some quantum field at a precise given point in space-time,
resulting in a series of ultraviolet divergences. The aim of the non-commutative geometry is to rebuild the
geometry of manifolds in terms of an algebra of functions on it and then generalize the differential geometry
results to the case of a non-commutative algebra, causing loss of the notion of a point in space. Dirac in his
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first papers was aware of the absence of localization, as pointed by the Heisenberg uncertainty principle and
several physicists over the decades studied the algebra of observables considering the states as secondary
derived objects, which constitutes the transition to the non-commutative case where the notion of pure states
replace that of a point and vector fields are replaced by derivations of the algebra. The interest in this subject
increased lately because of the possibility that at very small length scales the space-time does not behave
as a differentiable manifold, pointing to the alternative formulation of the non-commutative quantum field
theory.

4.1 Phase-space quantization

There are three main alternative paths to quantization. The standard formulation that uses operators in
Hilbert space, the path integral formulation and the phase-space formulation based on Wigner’s quasi-
probability distribution function in phase space (WF) and Weyl’s correspondence between quantum opera-
tors and ordinary c-numbers phase-space functions, that relies on the star-product, that was fully understood
by Groenewold together with Moyal, which maps products of operators that act in some Hilbert space to
product of functions on the phase space, giving an alternative procedure to achieve the quantization.

4.1.1 The Wigner’s Function

The WF is defined as

1 h ‘ h
fx,p) = " / dy y* (x— 2y> e "ty (x+ 2y) . 4.1)

If w(x) € L*(R), i.e. if y is a Lebesgue square-integrable complex-valued function on R satisfying
|w|>= 1, obviously the WF is normalized

1 RN L J
/dpdxf(x,p): E/dy/dpdxl;/ (x—zy)e ypl//(x+ 2y)

- ? dy dx y* (xzy) 5(y)w (erZy) 4.2)
= [dxly(@)P=1.

In the classical limit as/ — 0, it reduces to the probability density in coordinate space. The usual x- or
p-projections leads to probability densities in momentum or coordinate space. WF cannot be interpreted
as a probability distribution, it is therefore a quasi-probability distribution because it can assume negative
values for an arbitrary open set in the phase-space, but it leads to correct position and momentum probability
distributions given by quantum mechanics, replacing the wave-function in this formulation. It also provides
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the integration measure for functions on phase space that represents classical quantities in general. These
functions are associated to ordered operators upon quantization through the Weyl’s correspondence.

4.1.2 The Weyl’s Correspondence

The Weyl correspondence is the association of a quantum-mechanical operator W(g) in a given ordering
prescription with the classical c-number Fourier transformed function g on phase-space. This correspon-
dence reads

W(g) =0(r,p) = ﬁ/dp dxda dp g(x,p)exp(ia(p —p)+iB(x—x)) , (4.3)

where g(x, p) is the corresponding phase-space function, and ¢ and p are the respective quantum operators
associated to x and p. The ordering prescription requires that an arbitrary operator written as a power
series of r and p be ordered in a completely symmetrized expression by use of Heisenberg’s commutation
relations, [r,p] = i /. Finally, Groenewold worked out how two classical c-number functions f(x, p) and
g(x, p) must compose in order to yield the product of operators & and $):

BH = ﬁ/da dB dxdp exp(io(p —p) +iB(x—x))(fxg)(x,p) , (4.4)

here % stands for the star product. This is the original definition of the star product and it enables the
formulation of quantum mechanics in the phase-space.

4.1.3 Star Product

The star product a associative pseudo-differential deformation of ordinary products of phase-space c-
number functions. It is defined as

ih < = << =
*:exp{z(a)ﬂ?[,ap&x) . 4.5)
It can be written in an expanded form as
F(x,p)*G(x ),ii th ns"lf'l enin(dy ...0;,F)(j ...9;,G) (4.6)
D D 7,1:1”! > iy - Oy i, --.0;,G) .

where i, j stands for x, p and the matrices €/ are the Levi-Civita symbols of rank two. Since it involves
exponential of derivatives, it can be easily evaluated through translation of function arguments
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ih— ih—=

F(x,p)*G(x,p):F(x—i—z8p,p—28x> G(x,p) . 4.7)

If one uses the Fourier representation of the star product as an integral kernel

1
FxG= T /dp’ dp” dx' ax" f(x',p')g(x", p")

N
xexp <—,; (PO =)+ /(" =) +p”(x—x’>)) : (48)

the expression on the exponent is twice the area of the phase-space triangle determined by the points
(x,p"), (x',p'), and (x”, p"), simplifying the calculation of multiple star products. For more multiplica-
tions one can use the Almeida’s polygon theorem ([22],[24]), it associates multiple star products with the
sum of areas of triangles on phase space.

One can also define the star product using coherent states (CS). With the completeness relation, we can
assume that the CS form an overcomplete basis for the quantum-mechanical Hilbert space spanned by the
eigenvectors |£), labelled by complex numbers ¢ and usually satisfying ({|¢) = 1. To every operator O
acting on the Hilbert space, we can associate a function O({ ,Z) by definition:

0(8,8) == (£|0|¢) . 4.9)

Using the resolution of identity, one can define an associative product for two of such functions:

0(L, ) *P(,0) = /W(%?)@IOIY)(VW\C) = (LIOP(L) . (4.10)

Using the normal (anti-normal) representations of the operator defined above, these functions are analytic
in { ({)and acting the translation operator twice in these states, we can construct directly the function
(£|0)7) by the action of the ordered exponential upon (¢, {) depending functions:

(lo)

rexp(y—8) 9 ¢ 0(8,2) 1= i

the ordered derivatives acts to the right in each term of the Taylor expansion, we can similarly define an

4.11)

ordered exponential that acts to the left (on the anti-analytic part of the functions) and finally substitute this
on the definition of the star product:

9

0. 2)*P(6,0) = [ du(r1OE.D) exp(y— ) ¢ [P exp(7-T) T PET) . (412)

Consider the case that the CS are eigenvectors of some operator X. Trivially, the star product of two
analytic functions is the same as the ordinary product. For the anti-analytic functions we take the action of

the adjoint operator ({|&" = {({| , and we recover trivially the same property for analytic functions. For
non-trivial results, we must consider the product:
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0(8)*P(§) = O(E)P(L) +(LI[0(%), P(1)]IC) - (4.13)

Once we know the commutation relations for the operators £ and £7 we can evaluate these products.
Demanding that the commutation relations between these two operators could be expanded with respect to
h and for the classical limitiz — 0

0(@5)*1)(@;@ = O(CE)P(CZ) (4-14)
0(¢,8)«P(£,8)—P(L,.0)x0(L,5)=0m) (4.15)

where the LHS of (4.15) is related to the classical Poisson bracket. Now we define the Moyal Bracket

{0,P}, =0xP—PxO, (4.16)
with, for the CS case
< =
*:exp(28cag> . 4.17)

Any function F(%,§) of canonical conjugate operators that satisfies [£,§] = 1 can be mapped to the
Moyal-Weyl plane spanned by the commuting coordinates (x,y) and any product of functions of operators
is mapped to the star products of the symbols F'(x,y).

4.2 The non-commutative d=1 AdS

Let’s start with the canonical coordinates (x,y) that satisfies (3.15) and (3.16). The embedding (3.10) and
the Killing vectors are written in these coordinates as

1 1
X0=—y, X'=——¢ "+ lsinh(x), X*>=——e y*—{ycosh(x)
Zéo 2eO

1 1
K'=9,, K'= g—e_xyz?x -Xx%9,, K’= ?e—"yax -Xx'o,. (4.18)
0 0

Following the usual procedure for quantization, we replace the three embedding coordinates X* by
Hermitian operators satisfying the analogues of equations (3.6) and (3.9), promoting Poisson brackets to
commutation relations

XHR, =1 [X* XV =iae"PX, (4.19)

where o stands for the non-commuting parameter with units of length. To recover the commutative AdS, we
just take the commutative limit o¢ — 0 and ¢ — ¢y, with o playing the role ofZ. This limit is achieved by tak-
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ing the coordinates to the boundary making 7# — oo i.e. Z — 0. These equations define the non-commutative
AdS, satisfying the s0(2, 1) algebra. One can also define the radial operator

=z :%(”—XZ), (4.20)

which will have a huge importance in the non-commutative AdS/CFT correspondence. The states of the

~

ncAdS; belong to the universal cover of the group SU(1,1) and the algebra of the operators sastisfies (4.19).
Taking a slightly different approach from (3.8), one can take a basis in a given representation of the X2
eigenvectors

X, |0, k,m) = —at ¢ |€0, k,m+1) 4.21)
X |eo,k,m) = —t ¢y |€0,k,m—1) (4.22)
X2y, k,m) = —at (g9 +m) |€9, k,m+1) , (4.23)
XX &9, k,m) = —a® k(k+1) |eo,k,m+1) (4.24)
where the coefficient is
cm=/(k+eg+m+1)(eg—k+m) . (4.25)

4.2.1 Representations

As discussed in the section 3.1.2, we will use the generalized Laguerre polynomials to construct a differen-
tial representation for the embedding coordinates for the discrete representation DT (k). Setting the lowest
state as |k,0) which is anihhilated by X, since we are assuming & = —k > 0, we expand the eigenvectors
of the radial operator |r,k) in terms of the X? eigenbasis

nky =Y v, (r)lkm) . (4.26)
m=0

Writing the radial operator in terms of the raising and lowering operators

| N N .
P= (X X —2X? 4.27
r 2(( + ) b ( )
one can write the eigenvalue equation
| N . .
Ank) = 5,(% - X - 2X2)|r,k) = r|r,k) . (4.28)

Using (4.21) and (4.23) we get to the following
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—m+ 1) (m =20y, (1) — /m(m — T = 2k)y} () (4.29)
(k= m () = T ()

all the coeficients are determined by the recursion relation (4.29), agreeing with the generalized Laguerre
polynomials for m > 0

Viin(r) = (m—Zk—l)!Lm (a> (4.30)

These relations has the half line > 0 as domain, this means that these states picks one of the boundaries
of the AdS; to the non-commutative case finishing the boundary ambiguities for this model as r — oco. In
order to simplify the coefficients, lets use the orthogonality conditions of L% (x)

dx xPe L (x)LP (x) = &’—’mr(m +B+1), (4.31)
Ry m!

and defining

m!
szﬂi(m—Zk—l)! , (4.32)

we can reorder (4.30)

o [ 20r V’: (r)
-2k _ Yk n
m < p > C, (4.33)

substituting (4.33) in (4.31) we get to the following

—2k T (r) vt (r
/R dr <ff) e*zh/“rfz"”%%()%%() = ‘Z—’T(m—zk—l)! , (4.34)
+ m n .

since (4.34) will not vanish for m = n we can impose that exists a function u,:“m(r) such that

/Rdr U (N, (r) = S (4.35)

it implies that

2\ e
t () = <a> eyl (). (436)
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Now, to get a representation of the differential operator D = (# — r) satisfying Dy;" (r) =0 we must use
the differential equation that defines the generalized Laguerre polynomials

d> d
£ 7B =
xo L)+ (B+1—x)

Substituting (4.33) and (4.36) in (4.37) and using x = 2¢r/a and § = —2k — 1 one finds that

LB (x)+mLB (x) =0. (4.37)

ak+3)?  r am—k dardy\\ , .
<2£r+2a+2€_dr() ten(r) =0 (*+39)

Comparing (4.38) with (4.23) we just found a differential representation ¥ of X2 on L?(R.,dr) by

multiplying the equation (4.38) by —a. To find the representations of the other operators lets calculate
k(T %2
(7, X7])

(7t (%2) = 7 (R2)r) [w ()] = 7 (7. LD ()] (4.39)

a*( didyy d 2dyT\ i e
> <rdr PSE = v er = Zr ROy (r)]. (4.40)
which simplifies to
N 1
(X% = ia (rjr+2) . (4.41)

doing the same procedure for X! using the commutator between X> and X one finds that

2 12 2

gy @ ((ktg)” Cr dy d

w0 = 2£< e aw)) (42)
2 1\2 2

by @ (kta)” Er dy d

TX) = 2€< r o? dr(rdr) ’ (4.43)

These operators acts linearly on L?(R ,dr), the space of square-integrable functions on the half real
line. Replacing r = ¢* we can recover the linear operators 7(X*) that acts on L?(R,dx) spanned by { f(x) =
e? y(e¥)}, in terms of the self-adjoint operators £ and ¥, satisfying

[£,9] = ial . (4.44)

In these coordinates the operators X* acting on {f(x)} are

(X% =7, (4.45)



4.2 The non-commutative d=1 AdS 49

ﬁ"(”)——iAe’“—a—zk(kH)e il (4.46)
207 20 2¢ ‘

N 1. . 2 N
74(X2) = —ﬁyexy—%k(lﬁq)eﬂ‘—5 £ (4.47)

The operators X and ¥ satisfy the canonical commutation relations and can be mapped to their respective
symbols on the Moyal-Weyl plane spanned by coordinates (x,y). This mapping is an isomorphism and by
the Weyl correspondence, the product of functions of the operators F& (£, ) is mapped to the star product on
the Moyal-Weyl plane .# « % (x,y) defined by (4.5) substituting & —/ and p — y. The symbols of 7¥(X*)
are denoted by 2 and take the form

20=—y, (4.48)
1 o? ¢

2 = —ﬁy*e*x*y—zfgk(kﬂ)efuiex, (4.49)
1 2 ¢

2= = ywe ey %k(kJr e = Se. (4.50)

These functions satisfy the same relations (4.19) when mapping the usual point-wise product to the star
product on the moyal plane.

D% Xy =17, 4.51)
[(ZH 2V =252 - XV 2ZH =iae"P 2, . (4.52)

Clearly, taking o¢ — 0 we recover the point-wise product and, as explained before, the leading term
on the o expansion in the star commutator is the Poisson bracket (3.39). For some calculations we will
need to write the embedding coordinates of ncAdS, as functions of z and ¢, for this we must verify if this
transformation spoils the algebra on the Moyal-Weyl plane for some order in a. Starting with [£,7] = ial,
we want to define new parameters as functions of X and ¥ satisfying the ordering prescription as follows:

P SN . s
t:270(ye Tte ), f=e". (4.53)

We can calculate the commutator of the new operators following the relation which consider that x and y
are canonically conjugate. One can find that

17(8).5] = i 22 (4.54)
one can easily show by induction
[#",9] = n2""[%,9] (4.55)

expanding on Taylor’s series
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A

© " an—1; J
[f(%).9] = [Z ax{(n_ll(;,)?] = iaa—ﬁ . (4.56)

With this useful result, we can calculate the commutator of z and ¢. Using [f (%), g(%)] = 0, one can find
that by direct substitution:

NP SO S b gy 102
[ZJ]—%([@ Je ]+ e e ) "l (4.57)

In order to verify if the mapping to the Moyal-Weyl plane preserves this commutator, we must calculate
the Moyal-commutator of the symbols z and 7, denoting as %y, the star product for the canonical coordinates
and *,, the transformed star product, one can calculate

[2,8] a0, (6,) = 2(2,7) %y (X, 7) —1(x,¥) *y 2(X,Y) (4.58)

applying the definition of the star product

< 1 io no . _ y
— N 11J1 njn (). X X . . X
2], (5,5) n;ln! <2> gl ginin(d, .3, )e (a,l...ajn)(zoe ) (4.59)
calculating up to &(1)
[2.1xey(x,y) = Py —e Py =0, (4.60)
the term proportional to o is
b (o) = 2 [ate 1, (S2) 2, (40 aute )| = -2 (4.61)
Py A 2 ) &) Y &) é() ’

the term proportional to o® consist in products of two derivatives acting on z and ¢, clearly for any y-
derivative acting on z the respective term will be zero. Since all terms have at least one y derivative on z, all
of them are zero except the term that has two x-derivatives on z, but it’s clear that 8),2t(x, y) = 0. With this
analysis, it’s clear that the only non-vanishing term of the commutator is

72)(/-. .
e o i ,
t =- =—— 4.62
[Za ]*x,y()@y) f() EOZ s ( )

which is equivalent to (4.57). To see if the (z,7) star commutator of the new coordinates is preserved under

this transformation we must calculate the transformation rule for the derivatives

d d d 0 z d
a——lE—Zafz7 aﬁy——%g, (4.63)

calculating the commutator for (z,¢) by definition:

(2 t]a,, =2hg it —tH 2, (4.64)
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we can apply a change of variables and using this notation, with n being the n-th derivative:

n n (n)
av ax (9# , (av)(n) = (ax a,u) . (4.65)

T o IxV

Using this on the star product we obtain:

=1 i\ dx' dxin dx/1 dx/n
F*z,t G - Zl E (2) 8“1"1 .. .Su"v" <ax“] ail e ax”naiﬂF) (axvlajl s ax\/n&]nG> ? (466)
n=

one can easily find these relations

(@)™ =Y, <l> (2Dt @) = (5a)" (4.67)

For n > 1 the successive application of either (d,)" or ()™ is zero because the remaining term will
be z and it will always be differentiated under respect to ¢ at least one time resulting in zero for all terms
beyond the second order, so, as expected, we obtain from the non-vanishing high order terms the same result

o 5 i
- =—— . 4.
70’ 7 e (4.68)

[Z7t ]*m =

Therefore, we can’t calculate so easily these commutators on the new variables because after the order

o the differential operators turn out to be very complicated, leading to some tedious calculations as the
one that follows

hey = 14 (00— 0, 20+ (4.69)
1 [ia\? - - - -
2(’2) [0 05 0, 0+ 0, 0, 0, 0 — 95 0y B, 0 — 9 95 0y D] + O(er)

using the definitions we can show that:

02 = (t+2)(z0,+ 1), +129?
R =59 (4.70)

Ay = 90, = —3(20.+ 1+19,), .

Clearly we can see that we have 7 and z dependence on order o, generating non trivial terms on the star
product. The transformed star product up to order « is

o= 1= (3135:—383_2) +0(a?) . 4.71)
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4.2.2 Killing vectors

From (3.21) the isometry transformations of AdS; on a scalar field can be obtained by taking the Poisson
bracket of this field with the embedding coordinates. In the non-commutative case for a function & the
action of the SO(2,1) isometry group will induce an infinitesimal variation of the form

a

8 ® = £, (K*®) = igy [X*, D], (4.72)

for some infinitesimal parameter £;. A natural step is map these Killing vectors to the Moyal-Weyl plane.
From now on, the functions without A will denote the symbols of the operators. Then, the equation (4.72)
becomes

81 ® = &, (KL ®) = igy [ 27, @], , (4.73)

where (K ®) is the symbol of (K“®). To evaluate (4.73) we can use the identity (4.7) and do first the minor
steps

o0 A = To BT
[, @], = e exp (’;‘elf 9,0 ,-) ®(x,y) — (x,y)exp (’;‘s’f 9.9 ,-) ot 4.74)

+x

using the translation property and the fact that the y-derivative on e™* vanishes, one gets

[, @], = £/ D(x,y) T e e 1% D(x,y) (4.75)
and hence
+x _ +x ﬂ _ _ ﬂ
[, D], = te <CI>(x,y—|— 2) CIJ(x,y 2)) , (4.76)

reorganizing (4.75) one can rewrite this as

+et¥ (e(ia/2)8>' - ef(ia/z)a")QD(x,y) = +2i ¢ sin (%@) D(x,y) . 4.77)

Defining

2
A = Zsi (73), 478
v =g Sm y (4.78)
the star commutator of (4.74) is

[e™, @], = tia AP . (4.79)

To start the second step, we can calculate

. (; ]
yx(e xy) =yxe ™ [ - 2] =y (e”““/z) 9y {y— 59 D : (4.80)
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2
(04
yx(eFxy)=e* (y2 + x ) )

After this, we proceed as the first step

2
[yre B, = [ (y2 " ‘j) ,qﬂ 7 (4381)

using the identities

e (24 %) v = a2 (y— a, )2y2 Ca ®(x,y) (4.82)

4 2 X 4 ’ ’ .

and

Dre ™y + @ _ i, (y+ iﬂax) 2y2 + @ ®(x,y) (4.83)

4 2 4 )
it gives
a? ot
[yxe " xy, @, =e " <y2 + T(l —92) —ia y8x> CI><x,y— %) - (4.84)

2 .
o 1104
et (- ian ) e(x+ 5).

using (4.78) and defining

CID(x,y—i— %) —I—CI)(x,y—%a)

o
Sy (x,y) = 5 = cos (58},)d>(x,y) , (4.85)
we finally get the second commutator
2 o’ 2
yxe " xy, @l = —ia e | YAy +2y0,S, + T(l —d9)Ay | P(x,y) . (4.86)

Now, with these expressions we can take the commutator of the symbols (4.48) - (4.50) with ® to evaluate
the non-commutative variation of the field

. . 2 .
B %k(k—k e @], + %[e@}* . 4.87)

Ope® = 00gnd, @ + >0

[yxe ™ %y, @+

Following the definition of the raising and lowering operators, the non-commutative variation can be
written as 8, = 5 (&K; + £+Kj> + £K?, with this the analogues of the Killing vectors are
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K, =—tesA,  ,  K'=0,
—X

2 (4.88)
K = 87 <2y8x5y+ (y2+£2+ %(1 af))> .

In the commutative limit, these differential operators agree with (3.10) and they indeed satisfy the
50(2,1) algebra. K? is equivalent to K°, while the others are deformations containing infinite order polyno-
mials in dy. We can re-express (4.88) in terms of the Fefferman-Graham coordinates doing the same change
of variables of the section (4.3.1)

K, = —gA, . KY=—19,—z0.
Z
4.89)
14 a? a’z (
Kj = —2[(lat +Zaz)St + E <t2 + (1 + M)ZZ) At — Té(tat +Z8Z)ZA;

These expressions can be taken to the boundary by taking z — 0, which corresponds exactly (3.33),
showing that the ncAdS, is asymptotically AdS,, now we may try, in principle, to apply the AdS/CFT
correspondence. In the next sections we will explore briefly the massless scalar case, since it is deeply
discussed in [1], and we will be mainly interested in the case with mass and interactions. There are some
works (see [10] for example) pointing that the AdS/CFT correspondence holds for some nearly conformal
field theories on the boundary, since the whole symmetry of the conformal group cannot be attained by
some fields on AdS.



Chapter 5

Non-Commutative Field theories

In this section we are following [1]. Here we will write an expression for the massless scalar and the
massive field on ncAdS,, a similar discussion can be found in [35]. As an important feature, we find that
after the mapping to the non-commutative space, the field will present nontrivial nonlocal interactions that
desapears near the boundary. In sequence, we calculate the correlators of the theory and we show that after
the deformation, the usual two point correlator gain a non-commutative correction that depends on the
non-commutative scale factor.

5.1 Free Massless Scalar Field

Let ®©) be a massless scalar field on AdS,. The invariant SO(2,1) standard action can be written as in
(3.13)

1
S[@0) = 270//4615 du {X“,dD(O)}{X#,d)(O)} , (5.1)
2

where d is an invariant measure on AdS,. Using the canonical coordinates defined on section 3, the equa-
tion reads

1 2
S[©)] = o /R dx dy[(yayql'(o) + axq><°>) + e%)(ayq><°>)2} : (5.2)
promoting @) (o a field in ncAdS, (see [1]), we generalize (5.1)

A 1 Al A s
Sucl®] = — 5, TrIRH, B[, D] (5.3)

where Tr denotes the trace operation. Assuming that the scale parameter is the same for the two cases, we
can map the action to the Moyal-Weyl plane by replacing Tr— é Jr2 dx dy as follows

55
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1
Srw[q)] = _W/RZ dxdy [%ua‘ﬂ**[%u:(b]* . 54

Without taking account of the boundary terms, we can express the action for the bulk field applying
(4.48) - (4.50), (4.79) and (4.86) to (5.4)

1 a?
Sucl®] = 5, /R dx dy{ (0x®)? + A, D (y2Ayc1> +2y0,8,® — TafAycp) (5.5)

+a? (k+ ;)Z(Aydb)z} :

note that

A dx dy{ (a,csycb)2 - %2 (8XA),<I>)2 - (8x<b)2} - (5.6)

- Jasa{ (e () s (30) Jawr - o} <o

integrating (5.5) by parts under respect to x, using (4.19) and (4.24) we can show that a’k(k+ 1) = ¢* in
addition to (5.6) one can simplify (5.5)

Spe[®] = 2i£ /R dx dy{ (yAyCP + axsycb) g (%2 +£2) (Aycb)z} . (5.7)

In order to see the behaviour of the action on the boundary, we express (5.7) in terms of Fefferman-
Graham coortinates

2
Sne[®] dt dz{ (%A,cp ) +zaz)slc1>)2 + (% +) (Ath)z} , (5.8)

© 2 JrxR,
as z goes to zero A, ® — $9,P|.—o and ;P — P|,—, the integrand goes to the action density of a massless
scalar field on commutative AdS, with a rescaled time parameter ¢, satisfying the equation for a massless
scalar field on an asymptotically AdS; space

2

(1+ ‘%) (3®)% + (3.D)2 . (5.9)

Taking the variation of the action (5.4) under respect to &

1
0Spc[®] = Y /]Rz dx dy([%”75¢]**[%u’q)]*+ [%H7q)]**[%u’5q)]*)
(5.10)
1
= wz/dexdy(w*[%“,[%u,@]*]*— ([%wcp*[%,l,q:}*]*

(2,815,591 ).



5.1 Free Massless Scalar Field

from the first term, the field equation in the bulk is

[Z7H, Xy, @] =0.

57

(5.11)

The remaining two terms are only defined on the boundary since the Moyal star commutator of any two

functions on the Moyal-Weyl plane is a total divergence. In order to show this let .# and ¢ be two arbitrary

functions on the Moyal-Weyl plane, it’s easy to see that

/zdx dy F x4 (x,y) = /zdx dy #%(x,y) +boundary terms ,
R R

evaluating the star commutator on a domain D

/ dxdy 7,9 (x,y) = / dxdyia [(&f@%—&xg%ﬁ) + ﬁ(oﬂ)} 7
D D

we can rearrange the terms using the symmetry of the equation

/D dx dy [ 7, D), (x,y) = /D dx dy ia[(%(%&xﬁ)—&x(%&yﬁ))+ﬁ’(a2)] .

Clearly the order ¢ term is a total divergence. Up to order o>, we define

2

¥ = —iat (%Xﬁ* + % (aj’ya}?g +0:0; F Y — 2333@3,(3},%) + ﬁ(a“))
2

¥ = —iat (ga}y + % (007029 + 0,027 329 — 29307 3,09 ) + ﬁ(a“)) ,

then the integral of the star commutator can be written as a boundary integral

[ dxay |7 9Ly = [ 075 - a0y = [ (Hdvrvidy)

For us, the boundary is located at z = 0 which implies that

[ (hax+ %) = [Hileodr
Jop
where ¥ = f“//y .Now we set .# = 2 and 4 = 6P« [Z);, P]. in (5.10) to get up to order &

1 1
— /D dx dy[2H, 5D+ [ 25, D)), = / (5@ (23 @0, 2 Hax

o Jop

+2HO(8D K[ 25, B )dy) = - /a 5P|, d |
D

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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which is the commutative result. As explained in [1], the o corrections to this go like 7" for n € N, which
vanish on the boundary. To evaluate (5.10)for the second boundary term we just set .# = [2Z"#,®], and
¢ = [Zu,0®P], and then sum over u. This procedure shows that all contributions to % go like z" for
n € N vanishing on the boundary. Since for all orders greater than a? they involve higher derivatives, it will
produce higher powers of z meaning that all terms must vanish for &'(a") with n > 3. The last equality on
(5.19) means that we can fix the boundary value of the field

do(t) = ®(0,1) , (5.20)

and the variational problem is well defined for Dirichlet boundary conditions. Then, the field equation of
motion following from (5.8) is

(m,é — (19, +29,)5,) (m,é ~ (10, +20.)5, )@+ (%2 +2)8e=0. (5.21)

The expression (5.21) reduces to second order differential equations in both commutative and asymptotic
limits, then it can be solved given sufficient data at the AdS, boudary. Using standard techniques (see [1],
[5] and [7]) and with the help of the Propagators defined in the first chapter, the on-shell action merely
undergoes an overall rescaling when extended to the non-commutative case.

Sl = 5 [t [ o) ((1- &) s + 010 (522)

t—t')

The usual AdS/CFT correspondence, for the commutative case (¢ = 0) comes from the equation of
motion

O0® = (7 + 1)@ =0. (5.23)

The solutions for (5.23) which are everywhere regular can be expressed in terms of the boundary value of
the field using the boundary-to-bulk propagator

D(z,1) = /IR di' K(z,1:6")o(1') | (5.24)

substituting (5.24) on the usual commutative action, this will leave only the boundary term

S[®(z,1)] :—;Adtédz’w. (5.25)

In the correspondence, one indentifies the on-shell action with the generating functional of the connected
correlation functions for the operators & associated with @ at the boundary. The n-point function is

(O(1)...0(tn)) = 6"S[@[¢o]]

~ S¢o(t1).-890(ta) (5:26)

9o=0
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For the two-point function, for example

1 1
oNot))y=———r. 5.27
(OO0 =52 (5.2
In the non-commutative case, using (5.22), we see that the two-point function is just multiplied by a rescal-
ing factor at the leading order in o

2
(000 =5 (1-52) = (5.29)

if £ depends on ¢, we should replace £ in the leading order correction by £y, as will be shown in the next
sections. From all the general arguments used in this section, we showed that the AdS/CFT correspondence
is applicable in the non-commutative case. The dynamics for the scalar field contains non-trivial non-local
interactions without seriously affecting the boundary conformal theory.

5.2 Massive Case

The whole discussion that will be conducted in the following sections is contained in the paper [35]. Starting
with the commutative case, we can use the Fefferman-Graham coordinates of the lower hyperboloid, which
in the Euclidean case, gives us the Laplacian

O =232 +9?) = KK, (5.29)

Where the K is the Killing vectors defined in the last chapter, which are the quadratic casimir of
50(2,1).The action for a real massive scalar field @) in the Euclidean AdS» is

S[0)] = % dr dz{(ach(o))z + (000 + ( (5.30)

RxR

m()&)CID(O) 2
4 ) ’
where, my is the mass satisfying the Beitenlohner-Freedman Bound and the superscript (0) denotes the
commutative theory. The equations of motion for the action are

L) = (myty)*d©) (5.31)

Near the boundary, the solutions will behave as (1.54), the leading term for z — 0 is the power of A_.
Assuming that this solution is non-vanishing, the field will be singular in the limit (m0£y)? > 0. Away from
the boundary, the solutions can be expressed using the boundary to bulk propagator as (1.108), denoting
these solutions as @gg? [¢0] and substituting this in the action (5.30) it gives for | —¢'|>> €
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s[@lion)] = —5 [ a0 (g0]o.a8, (ool (532)
_ AT ($0(1) (1
- 2y/7w0(v) ./det a e —dA

using the correspondence, lets associate the on-shell action with the generating functional of the n-point
connected correlation function for some operator & defined on the boundary of this space, identifying the
source on the boundary with the field ¢y. Taking the functional derivative of (5.32)

AT(AL)
VED(V)|e =122

(oo = (5.33)

Now, we are going to try the generalization of this method to the non-commutative theory (ncAdS,).
Starting with the quantization that preserves the full isometry group, we get into the action

a

Snc[d] = —%Tr{[)?”,cib]f(u,ci)} - (azm)2} . (5.34)

The commutative limit corresponds to (o, ¢,m) — (0,£p,mp) and m is the mass of the scalar field. This
action can be mapped to the Moyal-Weyl plane as we did before in (5.4) adding the mass term to it. After
writing the action explicitly as (5.5), we find that

1 a?
Sucl®] = o /R dx dy{ (@) + AP (124,D+290,5,P Tafqua) (5.35)

o (k+;)2(AyCI>)2+(m€)ZCI>2} :

in which we write the field equation for the variables (z,¢)

2
(m,f ~ (19, +22.)5,) (m,f — (18, +20)8, )@+ (% + ) A0 = (me (5.36)
z z 4

We search for pertubative solutions to the field equations by expanding the non-commutative Laplacian,
as well /, in powers of o?

L=2941220 10", (5.37)

using the expression for the non-commutative Killing vectors K, we can write .Z () in terms of (x,y) vari-
ables

.,%(”:11—2{ (B+y )a4+24 a2 433 (1 +ax)—3ax8y2(2+ax)}, (5.38)

for
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064

we can simplify (5.38) by taking a similarity transformation (see Appendix A.1.)

vzu =20 o2y (5.40)
upon expanding U in powers of o
U=1+0>G+0(a*), (5.41)
we get
«zL(/l) =20 416,20). (5.42)

For a particular choice of G

3201 +3
324y

G= 916(3+2y8y+68)82 £2< )(yay+ax), (5.43)

we get the simple result for the transformed Laplace operator on the Fefferman-Graham Coordinates

ULU ' =202 +97) — o+ o(aty. (5.44)

e?z

By defining the transformed field &y = U® we get to the modified field equation

(ULU Yy = (moly)*®y . (5.45)

For simplicity, we set m = nig /5 in order to get (mf)? = (molp)?. By direct calculation of (5.42), we find
that

a2 ot
U= 1—6—2( (9 +419, +620,)d? +cz(9) (€4> , (5.46)
0
with ¢ /—1 % By direct verification, we can apply the inverse map on Py

az 2 064
D(z,0) =U Dy (z,1) = (1 +— £2 ( (9 + 410, + 620,)9? +cza) (6“) )dDU(z,l) , (5.47)
0

note that the leading corrections of U ! vanishes as we get closer to the boundary
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lim ® i +ﬁ<£4) , (5.48)

= lim (I)U
£—0

7=¢€ £—0

the behaviour of d,® near the boundary is

2
1 li P
7=¢ ( te f% ) sl—r>r(l) %

In order to simplify the problem, we assume that the source is independent of the perturbation parameter.

lim 0,®

£—0

. +ﬁ<£4> : (5.49)

Using the boundary to bulk propagator defined in the chapter 1, we expand the field in even powers of the
pertubation parameters

4
oy =00+ 2ol g (O‘) . (5.50)

The field ®(©) satisfies the free equation. The field &) satisfies

(£ = (moto)?) @1 (z,1) = éz“%“cb@ (2.1) . (5.51)

using the expression

U= / dt' K (z:t,1 ) oo (') , (5.52)
R

with the use of bulk to bulk propagator G(z,#;7’,1") we can derive a expression for o)

W(z,1) = é/:dz /dtG o621 /dz”a K(Z, ") do(t") (5.53)

from the first order terms of the solutions (1.84) anolgue for the non commutative case and

LN (A ) < A
K(zf') = \/EF(AJF—%) (z2+(tt’)2> 7 (5.54)

we can write down the expression for the non-commutative boundary to bulk propagator up to order o>

2 oo ot
Kue(z,151") =K(z,z;t’)—% /0 dz'z? /R dt"G(z,0:7 1" K (151" + O ( €4> : (5.55)
2

Using the assymptotic behaviour of the propagators that we have already calculated on the chapter 1, it
follows that K, (€,1;1") — K(&,1;1") as € — 0. From the solution of @y we can denote them by ®[¢y] since
they are functionals of ¢p. Substituting the solution in the non-commutative action S, we should obtain the
on-shell action. In order to facilitate the next step it is convenient to re-express the action as
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S ®] = / dxdy { @« (124, [ 230, ®L], + (alm?®) — [ 274, 0x[ 2, @1} . (556)

2002 JR2

Clearly the quantity in parenthesis vanishes on-shell from the field equation. The remaining term is only
defined on the boundary z = €, since the Moyal star commutator is a total divergence. Thus

Sne [@[0] = / dr®|gy)] acp[%]’ - (5.57)

using the boundary behaviour (5.48) and (5.49) one can express the on-shell action up to order ‘;‘—:
0

Sne [@[%}] i‘; <1+ EOZ )/Rdt(q>Uan>U)Ls+ﬁ(Z), (5.58)

writing it in terms of the Green’s function

4

Po(t")po(r") + @’(3—3) : (5.59)

_< )/dr/dt/dt”l(ncett8Knc(ztt)
7=¢€

Now we can use this expression to calculate the two-point correlator

6o = -2 (1+ 7 )/dt/dt /dt” we(&,1:0) 0 Koo (2,131") (5.60)
=€
!/ " a4
S CNEory MENRETE 8] +ﬁ( €4 ) :
expanding it in powers of and substituting the boundary behaviour of the propagator

a? ot
OO = CWoWN + 5 00+ (%) . (561

0 0
<ﬁ(t)ﬁ(t’)>(1>— / dr” / dt”’{ K(z,1":1)G(z,1": 7, t'")) al,,/ 1) (5.62)

=

LK+ (e 1) 00w,

using the assymptotic behaviour of the propagators and the fact that two Green functions in € commutes

19, (K(z,t”;t’)G(z {" Z/ t”’))

with the limit, one can show that

" [/ o 1 A/
/dt 2. (K(z1":1)Glz,1"32 1" =K, (5.63)
then, the first order corrections becomes
(e0)o")H = L (In, (t,0") +1n, (¢ t))+—3 (000" (5.64)
T 3oy VAR Al 32 ’ ‘



64 5 Non-Commutative Field theories

where

In (1,) = /Rz dt"dz 2K (z,6:t") 5 K (z,151") . (5.65)

Since K(z,t;¢") is only a function of t —¢”, we can bring the derivative outside the integral. To evaluate
the correlation function of two propagators we can make use of the conformal isometries that K has, using
the inversion to take this integral to the form (1.106) for a scaling dimension equal to 1 — A . It bring us to
the expression (5.32). After this, the expression simplifies

C3 VaAl(Ay +3)(AL -2
Iy, (t.0) = ¢ 2, VL - T4 —2) : (5.66)
T(A; + 1)2)r — 1248+
using properties of the Gamma functions we can calculate I,
4(Ac+HAa -3 -3 1
Iy () ==t 1277% 20 7 2 (5.67)
A, 3 1 — 2Ay 0
VaL(Ay + 1) |t —1'|
substituting in (5.64)
['(A}) 8 1 3 1
oo N Y = —"H N2 (A2 ) (AL -2 ) —3A, | ———. 5.68
< ( ) ( )> 32ﬁFA+—% 3 -+ 4 =+ 2 + |t_t/|2A+ ( )

As we can see from the equation above, the leading order of the non-commutative correction to the
two point function is just a rescaling of the usual two-point correlator for the commutative case. Only the
conformal weight factor A, depends on ¢y and my, and for the commutative limit, it doesn’t receive any
correction, as can be seen if we set A, = 1 one should find the same result as using standard procedures.



Chapter 6

Interacting Theory

In this section we present the main results of [35] in a deeper level of detail, deducing most of the skiped
steps. First we analyse the usual interacting commutative theory and calculate the three point correlator.
After, we map the action to the Moyal-Weyl plane and separate the boundary and the bulk parts of the
action and solve them using the non-commutative propagators. We finish this chapter showing that the
undeformed conformal symmetries are preserved after the MW mapping.

6.1 The commutative case

We start this section by making a brief review of the interacting commutative theory. Initially, we add a
cubic term to the free scalar field action (5.1) to get

1 N2 .2 24 3
s@¥=5 [ didz {(2.0)? + (9)? + (%) e + Lol |3 ©.1)
XK

where A is a real parameter, and the superscript still indicates that we are analising the commutative case.
The field equation is then
2
(.,sf@) — (moéo)z) o0 — 1 ©* (6.2)

with the same .2(® as in the last section. We still assume the asymptotic behavior in order to solve (6.2)
perturbatively in A using the boundary-to-bulk and bulk-to-bulk propagators, K(z,;¢") and G(z,t;7/,t'),
defined on the other sections. At zeroth order in A the solution is (5.54). Up to first order one has

CI)(O)(Z,I) = /dt’K(Z,t;l/)%(t/) o

d ,,dt/ .
- /1./ 2,2 G(ZJ;Z’,I’)/ dn /dtz K(Z, /50K, 1'30) do(t1)do(t2) + O(A?) .

We again denote the solution by ®[¢@]. The on-shell action now includes a bulk term, as well as a boundary
term
S[®] = S (@] + S [@] , (6.4)

65
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dey[

A dtdz

o
3 Jrxr, 22

Sblk [CI)]

Substituting the solution @ = o0 [(])0] on the boundary term we will get

y 1 ! g0 !/ " !/ "
st (@0 gy]| = 3 [ drdrar” [K(z.1:)2.K (z.1:8")] o $0(t) o)
/dt dtldtzdt38 (K(z,t:11)G(z,1:7,1")) ‘ X

z=0
x K(Z,t";02)K(Z,t'513) 90 (t1 ) Po(12) o (13) + O(A?)

A.T(A "
VT 1t A - / a dt”q|)?/ tq;OZ(AJr) ©2)
D)
AA.

d7'dt’ ’ o ’ o
v / ———dtdtydt:K (7 ,t';t))K(Z,t';00)K (2 ,t';13) x
72

x 9o (t1)90(t2)do(13) + O (A*)

)

where we used the asymptotic expressions from the chapter 1. While the first term is exactly (5.32) and
will lead to the same 2-point function, the second term will give a non-trivial contribution to the 3 point
function. This should be combined with the bulk term (6.4), which after substitution of &) [q)o]
takes the form

A [ did 6.6)
s @O 40| = 5 / e / dtidndt

xK(z,t:01)K (2, 1:12)K (2,1:13) ¢o(11) o (12) 90 (13) + O(A7) .

Combining this with (6.5) and using the definition (5.26), the three-point function is

3A dzd
<O0n)0(1n)0(13) >0=2 (Tv* +2) /j—zt K(z,11;t)K(z,8:02)K (z,1:13) . 6.7)

Since these correlator functions are conformally covariant they must depend on the diferences ¢, , and
t3 which set the form of the expression up to a constant factor

3A a
0)_ 28+ Ay
<0n)0(n)0(1) > _),< v —1—2) =Bl — 6P s —nP (6.8)

To compute this coefficient, as done in [ref] we use the inversion ¢’ = % as change of variables and after

this we use the translational symmetry to take the boundary at the point 0, in order to use the assymptotics
for the propagator. The last integral can be calculated using the Feynman parameter method. Finally the
coeficient comes to be
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T, /2)31"((3A+ —1) /2)
2xT(v)3

ax, = (6.9)

6.2 Non-commutative Interacting theory

Next we will try generalize all the results obtained on the last section to the non-commutative case. As
expected, we add a cubic term to the action (5.30)

. U (ron sure s 2 .
Suc[d] = —ﬂTr{[X“,cb] Ry, &) — (culm)?®? — gazmﬁ} ‘ 6.10)
Now, mapping this action to the Moyal-Weyl plane
2
Sue[®] = fW/RZ dxdy{[,%’“,fb]**[%”,cb]* — (alm) P+ ®— Za’A cp*cp*cb} . 6.11)

The field equation following from (6.11) is
LD — (Im)*® = A d+D, (6.12)

where .Z is the noncommutative Laplace operator, defined in the last sub-section. We will re-express the
field equation for @y = U®P with U defined in (5.46). The resulting equation is

[U.ZU‘I - £2m2} Dy = AU [(U‘1¢U) X (U—lan)} . (6.13)

For simplicity, we set m = ’"(’T/" When we set A = 0 the field equation reduces to the free non-

commutative one, and the solution is given by

&y (21) = /%,; dt’ Kye(2,1:')00(1') | (6.14)

taking small A we can solve this equation by replacing the propagators by it’s non-commutative analogues,
K, and G,.. The main solution (6.14) expressed in terms of Fefferman-Graham coordinates with K, ex-
panded up to order o is

Kne(z,t51") = U KU (z,1:1')

2

a
= KI{I{:(Z7[;t/)+ﬁ‘@Z7tK(Z7t;t/)+ﬁ(a4) , (615)
0
where !
7 §z48l4z . (6.16)

In order to define the bulk-to-bulk propagator, we require that it satisfies
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(ULUN),, — (tm)*|GLl(z,t:7 1) = ~28(z—2)8(t—1') , (6.17)

s0 GY.(z,t;7,t') — G(z,t;7,t') when & — 0 in the commutative limit. Upon expanding in A, and substitut-
ing (6.14) and (6.17) into the field equation the solution to (6.12) is

CI)(Z,I) = /dt/Knc(th;t/) ¢0(t/)

dZ'dr’
-4 [ UL Gl e o) [ dndn U KD« K2 o0(n) o)

O(A?), (6.18)
where KIE:? (z,1) denotes the function K (z,7;%,) and the star-product is with respect to the explicitly shown
variables. The non-commutative corrections on GY,(z,#;7/,#') can be computed perturbatively in powers of
a?. If we write

GY (z,1:7,1") = G(z,1:7 ")+ GV (z,1:2 1)+ O (a?) | (6.19)

then the leading order non-commutative correction G\!)(z,1;7,1') satisfies

1
2~ (tm?| 6V @12 = 5 Zu4Glatid o), (6.20)
0
The solution is
1 n
GW(z1;7 1) = —@/dz”dt”z"zG(z 6,71 G "7 1) (6.21)
0

Upon substituting the solution to (6.18) in (6.11) we get the on-shell action. After this we can divide the
latter in two main contributions as we did in the commutative case

Spe[®] = PV [D] + SPK[@] (6.22)

nc

where S5% [®] was defined in (5.56) as the remaining term after the cutoff and for the bulk term

stikip] = & / dxdy® DD . (6.23)
3¢ Jg2

Substituting the solution into the bulk and the boundary terms S?/*[®] and Shdy [ [®], respectively, collecting
the third order terms in the solution and converting to Fefferman-Graham coordinates gives

dzdt
SZék =3 /Ldt] dt dt; [ rgc>*Kr(1c)*Kr(1c)}(Z7t) ¢0(I1)¢0(I2)¢0(l3) . (6.24)
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and

A [dZdr
shdy — E/ZTdtdtl dtr dt3 0. (Km.(z,t;t])UZ;IG,‘,/L.(z,t;z’,t’)>

z=0
X U p[Kid » K2 1(Z1") 9o(11)90(22) 0 (13) - (6.25)

In the commutative limit, we recover the commutative boundary term (6.2). If we take a — 0 all the
non-commutative corrections vanish and we have Ky (z,#;¢") — K(z,1:¢'), G¥.(z,t:7,1") — G(z,1;7/,¢') and
U.; — 1. Now we evaluate some assymptotics in order to calculate explicitly the solutions of the field equa-
tions. Using the definitions for K(z,#;t') = Ka(z,;¢") and G(&) given by (5.54) and (1.79), respectively, and
we defined AL = A, A_ =1 — A. Taking the derivative of K5 with respect to z, one finds

A
0.Ka(z,1;¢") = ;KA(Z,t;t/) —(2A—1)Kpy1(z,151) .

Combining this with the asymptotics for K (z,#;¢'), which trivially follows from (1.83) and (5.54) one gets

K(z,t;1') — 21728(t 1),
z—0

OK(z,151') — (1—=A)z28(t—1') . (6.26)

z—0

Before taking the limit z — O for K(z,7;1')d;K (z,1;1") first assume that |¢' —¢”|>> € > 0. From (5.54) one
gets

1 - (t—1")?
K(z,t;t)0:K(z,1:t") = 2 'K (z,6;¢')AC 6.27
(Zv ) Z (Za ) < (Za ) A 2+ (l —[//)2 2+ (l _t,/>2 ( )
Using (6.26) one more time and taking into account that |¢' —¢”|>> € > 0 we obtain
1
K(z,t;1")0.K(z,1;1") — ACAS(t —1') ——x 6.28
(Z7 ) Z (Z, ) 0 A ( )|t/—t”|2A ’ ( )

which is now valid for any #' # ¢” on the boundary.

To get the analogous results for the bulk-to-bulk propagator we just use the expansion of the hypergeo-
metric function in the definition (1.79)

Then taking into account
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/

g % S+ 0(2) and azgzég—%g—z, (6.29)

2+ (1)

we immediately get

/ A
G(¢) Ca ( - )2) A= ! AK(Z,15t)

0 A1 \Z2+ (1 2A—1°
A A—1 v
— AR ). ,
%G(E) —p ¢ K1) (6.30)

We also need to evaluate z — 0 behaviour of 0, (K(z,#;¢')G(z,t;Z”,¢")) which can be found using (6.26) and
(6.30)

2. (K(z,t:t)G(z,t;7" " -
z( (z,1;t)G(z, 1527, ))H—O>2A—1

S(t—t"K(Z 1"t . (6.31)
Now we return to the evaluation of the three point function. The sum of (6.25) and (6.24) gives all the

(l)g terms in the non-commutative on-shell action. So the expression for the three-point function is easily
calculated from

83Spe [‘Psoz [(Po]}

<O0)0()0(13) > = 0¢o(t1)800(t2)S¢0(13)

90=0

A [ dzdt _

=3 /Zz{/dt’ o (Knc(z/,t/;tl)Uz,;,GnUC(z',t/;z,t))L,:O' U, [KZ «kiD)(z,0)
2

+ 3 [Kr(lé) *Ké? *K,(,g)](z,t) } + all permutations of (t1,t,3) .

(6.32)

Near the boundary the first term in the integrand can be expanded in & using the assymptotics calcu-
lated above. Using these asymptotics in the definitions (5.55), (6.15) and (6.19) one easily establishes the
following asymptotic formulas:

/ 1-A 3 a2 / 4
Kne(z,t51") = 2 *(1—|—§£—2(1—A+)>6(2‘—t) + 0 (a) ,

2
0.Kne(z,131) — 772+ (1 AL %‘2‘7(1 —A+)2)5(r—/) +0(a*)

Ay U (1 o1 3 az 4
< Knc(zat ;t>(] + 7A+) —i—ﬁ((X ) ’

UzjflGnUc(Zat;Z/J/) - 32 2

2A, — 1
2

_ A+ _ 3 a
0.(U,'Gh(z,1:2 1)) — 2A+7—IZA+ 1K,{’C(z’,z’;z)(1 + ﬁﬁm) +0(ay, (6.33)

which leads to the z — +0 value for the relevant term in
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(6.32)

9; (Knc(27tﬂl)UZ:th[lljc(ZJ;Z/J/))

1 3 az U/t L. 4
Z:0—> A <1+32£2)Knc(zvt Do(t—n)+0(a”). (6.34)

Substituting into (6.32) gives

<0(h)0()0(t3) >

A [dzdt 1 3 a?
=5 /Z2{2A+_1 (1+372£7)Uz,lKrgc1:)(th)' Us K % Kid](z,1)

L2
3

[KIEP *Kﬁ) *Kég)](z,t) } + all permutations of (t1,,23)

+0(a) . (6.35)

In the next sections we will analyze the result (6.35) and it would be expected that it has the same con-
formal properties as the commutative 3—point function (6.8) (at least up to leading order in o). In addition
to this we will demonstrate that the non-commutative 3-point function has the scaling and translational
invariance.

6.3 Three Point Function and Conformal Invariance

6.3.1 Translational Invariance

Let’s try to show that the three point function has the translational symmetry, i.e.:

(O(ty+a)O(ty+a)O(t3+a)) ) = (0(1) O (1) O (1)) . (6.36)

In order to do this, first I will show what is the result of the translation on every term that belongs to the
three point function. Starting with

Ay
K(ZJ;ZJ) = (Zz—f—(lz—l/)z> (6.37)

Making the translation in ¢ and ¢/, one can show that

z A+
2+ ((t+a)— (t’+a))2>

K(z,t +a;t' +a) = ( =K(z,t;1) . (6.38)
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Clearly, the Green Function G(z,#;7/,#') is also translational invariant because of it’s definition, i.e. that
depends on &(t —¢'):

CA é Ay A+ A+ 1
A _ AL (S 2+ 8+ 1. L2
Glattad,f +a)= (2) 2F1< S v e (6.39)
since, for the translated case
2/
E(t+af +a)= °2 = E(11) (6.40)

2+ (Z)2+((t—a)— (' —a))?

Now, lets use the definition of the non-commutative Boundary to Boundary Propagator:

(XZ
Kue(zstit) = K(atit) — < /R (2)2dZ /R A" G(z,1:2 ("VISK(Z 1" (6.41)
0 +

Using (6.38), we can show that the same procedure applies to K, :

2

o
Kue(z,t +a;t’ +a) :K(z,t—&-a;/—!—a)—@/ (z’)zdz'/ dt"G(z,t +a;7 ") IHK (7 f +a;t”)z, (6.42)
0 R4+ R

calling t" =7 +a, clearly d;» = (dnf)d; = 07, and dt” = df, we have:

2 .
o - - -
Kue(z,t +a;t’' +a) = K(z,t +a;t' +a) — @/ (z/)zdz// diG(z,t + ;7 T +a)drK (7,1 +asi+a) ,
0 R+ R
(6.43)
since 7 is a dummy variable and renaming the variables, i.e. 7 — ¢, we have the following:
Kne(z,t +a;t’ +a) = Ky (2,1:1) . (6.44)
To go further ahead, lets apply Uz}l to K,,c. Using the definition:
1 (Xz Zz 2 a4
Uy, =1+ 5 | 52(9+419,+620)97 +cz0; | |+ 0| — | » (6.45)
’ L5 \ 96 4
and translating this operator, we find that:
-1 L1, a0tz s -1
Uira=Uy + % =U,;, +J(a,t) (6.46)
i k 244y k
where
2.2
o
Jat) = L5253 (6.47)
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With this result, we just use the definition Kne = UZT,IKM as follows:

Ruc(zt+at' +a) = UL\ JKue(z.t +ast' +a) = Kue(2,151") + T (a,1) Kne (2,1:1) (6.48)

In this step we found the first non-trivial term. From now, we will denote J(a,t) = _#,(a) and up to
order a® we will have

Kuc(z,t +a;t’ +a) = Ko (z,1;1") + /@,(a)Knc(z,t;t/) . (6.49)

Clearly, when writing the star product for x,¢ variables, we expect that at least up to order 1 the star product
remains invariant on translations of the parameter 7, up to order o> as demonstrated on the equations (4.69)
and (4.70) and the non-trivial terms comes after the translation of the equation (4.71). To calculate the
O(a?) term lets explicitly calculate each product

2
(924)(97B) + (97B)(94) = 15 |(97A02B+ 37 BA2A)+
+212(0,0,A0 B+ 0.0,BI?A) + 2> 9 A} B+ (6.50)

+ (12497 B+9,BIA) +2(0.A97B+2:B)37A)|

the other product is

2
2(3.0,A)(3,0:B) — % 2(3,0.40,0.B) + 21 (A0, B + 92B3,9.A)
+ t2(812A8t23> + Z(azatAatBa + azalBa[A) + a[AatB (6‘51)

+1(9,Ad?B+ 0;B3A)|

subtracting (6.50) from (6.51) and substituting it on the star product, the order o term is

2.2
O(0?) = ";72 (£(20.0A0.0,8— 924978 — 92B32A) +29,49,B
+2(20.0,A0,B+20.0,Bd;A — 0.Ad*B — 0.BI?A) (6.52)
+1(02Ad,B + 8,288,A)) .

Up to order o the translated star product has a deformation

*zita = *zp T <5ﬂ(z,t) (a), (6.53)

where
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2.2
ao ze (2=
d, 0

<_
Sy (@) = W( (0t 0

15?) . (6.54)

Now, lets use (6.35) written using the functions defined above:

F(a,l,A A dzdt _ ~
(635) = ( 2 +) / ZZ {/ dt/az/ (KVLC(Z/7t/+a;t1 +a)GnC(Z/7t/ +L1;Z,[+a))
RxRy Z R e
* [Ruc(2,1 + st +a) xzg4a Kuc (2,1 + ast3 +a)| — (6.55)
2 _ _
+§Knc(zyt +ait +a) *zt4+a Knc(zat +aitr +a) *zt4a Km-(Z,t +at3 +a)} ,
with
1 3 a?
Flol,Ay) = (1 77) . .
(@bhe) =+ a (6.56)
The G, satisfies the following equation
(ULUY), = (bomo)? | Ge(z,157 1) = =228 (t —1))8 (2 — 7)) . (6.57)
This Green’s function can be computed perturbatively by taking
o
Ge(z,1:7,1") = G(z,1:7 1)+ a*G D (g, 1,2 )+ O (£4> , (6.58)
0

using (6.57), (6.58) and the expression of the Lagrangian on (6.58) in written in corrdinates (z,#) one can
show that

2
Grele,t:2,8') = Glz,1:7,1') — % / d7'd" ()G (z,1:2" 1")IVG( 12 1) | (6.59)
0

upon transforming we obtain

GnC(Z,l;Z/,lJ) = Uz:thnc(ZJ;Z/yt/) y (6.60)

with this, we can translate G up to order o2

Grzc‘(Zyt +a;Z/7t/ +a) = Gnc(z>t;z/7t/) + jz,t(a)Gnc(Zat;Z/J/) . (661)

Finally we will verify if the translational invariance holds for #;, to the other terms we just make permu-
tations over indices. Making t; — t; +a, i = 1,3 and t — ¢ 4 a. To simplify the notation I will write only the
specific time dependence, i.e. K.(z,t’ +a;t; +a) = K,(t1), if I need to specify the other variables I will
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return to the original notation. Taking the first term on (6.55), using (6.44) and (6.47) the RHS up to order
o? is
Ret1 +a)Cre(t +a,f +a) = (Knc(n) + jz,ﬂKm‘(n)) (6.62)

X (Gm(t,t/) + /z,,Gnc(t,t’)) :

the translation of the second part of the first term is (Here, the other dependence is on ¢, not ¢'):

Iznc (tZ +a) *zt4a Knc(t?a + a) = (krzc (t2) + /tKnc(t2)) (6.63)

X (*z’, +<Zz,t)) X (Knc(l3)+/tKnC(t3)> :

In the last equation we omited the dependence of z of _#;,. Now we define equations (A) and (B) up to
order a? as

(4) = Rac1)Ge1,6) + Gel1,0) (_FKael1) ) + Kaelt1) FiGielt,1)

(B) = knc(IZ) *z7t km‘ (t3) + Knc (IZ)LSﬂ(z,t)Knc(@) + Knc (t3) /tKnc(IZ) + Knc (t2) ftKnc(t3) .

The first term on (6.55) will be given by the product of (A) and (B). Doing the same for the second term
one gets

Iznc (tl + a) *z,t+a knc (tz + Cl) *z,t+a Knc ([3 + a) = Knc(tl) *z,t knc (t2) *z,t Knc(tS)

+ (Knc (tl )ffﬂ(zJ) Knc (IZ)) Knc (t3 ) + Knc (ll ) (Knc (t2)95ﬂ(z7t) Knc (t3 )) + Knc (t2) (Knc (tl )tsﬂ(z,t) Knc (t3 )) (664)

+( K 0) ) K()K (1) + (7K (1) K (0K (1) + (AK (1) )K(R)K (1)

where we can use (6.54) to further simplify (6.64)

(K1) e K1) s Rt = (K(0)- S K (1) ) K1) + (K@K (1)) ) S K (1) + 60(0), (6.65)

note that using (6.47) and (6.41) we have:

ClazZz 3 064
IiKne(ti) = —— 0 K(z,1;t;)) + O () . (6.66)
240% o
Using (6.54) and (6.41) we also have
aZ2a2 2 2
K (1) ) Kne (1)) = <70 ((8, K(z,1:1;)) 0K (z,1,t;) + (J; K(z,t;tj))atK(z,t,ti)) (6.67)
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Similarly we can simplify the terms containing any combination of G, and _# or .. On the translations
of G we used the fact that G, is translationaly invariant up to order o as can be seen in (6.40) in addition
to (6.61). Note that, by simply differentiation

02z2a

T (K(tz)K(tg)) — K(12).S o K (13) + K(12)_FK(13) + K(13) K (12) (6.68)
0

and

‘ff;;af (KKK @3)) = (Knel1) S Kaelr2)) K1)

Knc (tl) (Knc(IZ)fﬂ(z,z)Knc(@)) + Knc (t2) (Knc(tl )fjﬂ(zJ)Knc (t3)> (669)
+( K@) ) K (0)K () + (7K () K(0)K () + ( FiK (1) )K (1)K (1)

+(K(0)K (1)) S K (1) + (KK (1)) S K 12) + (K(2)K (1)) K 1)

clearly

o?Z2a

e 3} = #a), (6.70)
with this, the fist term of (6.55), obtained by the product of (A) and (B) is the usual (€' (¢t;) O (t,) O (t3)) acted
by the operator _#;(a). Using the most simplified expression (6.35) applying the result found in (6.69) we
finally find that

<000 > +5 [ Pt a) (AKVCOKDK @ + KO0 AKPKD )

+ % B2 KWK K] (z,1) } + all permutations of (t1,#,3)

+0(a") . (6.71)

we can see that none of the non-commutative terms influenced the final result since all the corrections are
of order a? at least. Combining all the terms and using the translational invariance of K.(z,t;t'), we see
that the contribution of the boundary term to the 3-point function is explicitly translationally invariant. The
term corresponding to the bulk contribution to the correlator is also translationally invariant due to the fact
that the non-invariant term coming from (6.71) is given by integral of a total derivative, which will drop out
even without any symetrization.
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6.3.2 Scaling Invariance

First, we will establish the behaviour of (6.71) under the simultaneous scaling of #;, i = 1,2,3: t; — ut;,
where U is a constant parameter. Using (1.79), (5.54), (5.46), and (6.15) one can easily see that under the
simultaneous rescalling of all the variables the relevant quantities have the following behaviour, starting by
the propagator K (z,t;t')

Ay
K . ! — 7A+ ; .
(Hz,ut;ut’) = p (Zz+ (t_t/)2>

Now, i will show that the transformed . operator doesn’t change under rescaling:

UZU_I(/JZ,W)< 22 (2 (92 +92) — Ef;i +0(% )) =ULU (o) |

since € does not change under rescaling, we have that G is invariant.

Ca, [EN\M Ay Ay 1 5 27y
G(“Zvut;“2/7“t/ = (= 2Fl <,+;V+1;€ P é:
) 2v ( ) 272 2 }IZ/(Z2+(Z/)2+(I—I’)2)

2
VLU~ (bomo)?|Goe iz, s n? ity = — 2 26 (c— )31~ 1)

For the star product, lets define it this way, with i, j running between x, y:

—iag’ = é n
e (T52T) Z() y(z) ). @)= (%a)".

changing the variables to z and t and expanding this up to order ¢(?), one should find that

*z,—l——(sz o — §z2af)+ﬁ(a2) ,

note that, for every combinations of x and y derivatives, the scaling factors cancel out:

Oy = —20.— 131, 9= %a, .

So, for all orders, the star commutator is invariant under the rescaling. Before tackling the main equation,
note that the U operator is also invariant under rescaling, by direct inspections is clear to see it. All the other
elements of the main equations are considered below:
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2

Koe(uz, ut; pt") :u*A+K(z,t;t’)—a—2/ (z’)zdz’/ dt"G(uz, ut; 7, ut LK (7 ut'st")
845 Jr, R
taking 7 = Zﬁ/ = tul , wdZ=dz, pdi = di" and 95, = u=*97 we get to the following:
Kpe(pz, prput’) = p =2+ K(z,1:1") 5@ / Wz ;ldz/ WdTG(z,t;2,8 )W 4P K (uz, ut's uf)

2 .
Kot = > { Kt = & [ 2 [ di6(nan 3R G |+ 000,
845 Jry R
which implies that:
Rue(pz, pts pt') = Uy !y Kne (i, pits ') = =% Ko (2,151") . (6.72)

Finally, we can apply the rescaling on the three point function. Rescaling z,¢,¢',¢(,t, and #3 by u and
using the same procedure applied to K., one can show that:

X
uz=e

AL 2dzdt )
OfoR - {/,u’dt}y?(& ne (U2, put's 1ty ) e (MZ, ut's pz, ) )

[Koe (M2, 1ut; 1) gz e Kne (M, pit; ut3) | — Knc(uz,ut;ml)*z,tKnc(uz,ut;utz)*z,zKnc(uz,w;ms)}

Q| —

=(0(un) 0 (un) O (u13))© |

with this, renaming the variables as we did before and reorganizing the terms using the previous results, we
finally show that:

X [knc(za tit2) *z,t I?nc(zﬂ;tB)] -

/'Lf() dzdt
p3r+20 Jrxr, 22 {/dla (& 1501)Gre(2,1:2,1))

=€

1. _ .
_gKnc(Z7t;tl)*z,t Knc(Zat;Q)*m Knc(Z7t;t3)} = <ﬁ(ﬂf1)ﬁ(ﬂtz)ﬁ(ﬂl3)>(0) P

(0(un) 6 ()0 (uis) O = p=4(6(1)60(12)0(13))®) (6.73)

This result shows that the three point function has the equivalent conformal scaling behaviour when

compared to the commutative case.



Chapter 7

Conclusions

In our study of the relations between the commutative and non-commutative field theories we came to some
interesting aspects. We explored the possibilitu of extending the AdS/CFT correspondence to the case of
a non-commutative bulk by changing the gravity side. This approach makes sense and is motivated on the
following fact: the non-commutative space time can be interpreted as a quasi-classical regime for a theory of
quantum gravity because the correspondence assumes a duality between the full quantum gravity and CFT.
Another fact is that the deformation leading to the non-commutative case preserves the undeformed SO(2,1)
conformal symmetry. To test these assumptions we first calculated the non-commutative corrections for the
free particle case, and, as expected we found that the most relevant aspects of the commutative theory
weren’t lost. As demonstrated, most of the relevant results inside the commutative theory appeared in the
non-commutative case as the standard ones corrected by some scalings. In the calculation of the 2- and
3- point correlation functions we struggled with some complications in the effective calculations, but, we
managed to show that the overall effect caused by the non-commutative mapping was the addition of a re-
scaling factor to their commutative counterparts, supporting the conclusions of [1]. Most of the calculation
for the 2- point function were greatly simplified when compared to [1], however, to the 3- point correlator
we were not able to find a closed expression. We managed to implicitly study the transformation properties
of the correlator under conformal transformations which lead us to the conclusion that the main result should
have the form of the commutative one multiplied by a re-scaling factor as the 2- point correlator.

<O0n)0(10)0(13) >= (1+ca?) < O(1)0(1)0(t3) >V +0 (o) , (7.1)

where the coefficient ¢ should be calculated by an explicit evaluation of the terms in (6.71) up to the order
o, Another remarkable fact obtained was that the non-commutative Killing cannot be obtained from the
commutative ones in analogy to the Seiberg-Witten map for gauge theories, demonstrating the non-triviality
of this result.

Some questions arise from this result. The first question ask if it is possible to assign to the effect of the
non-commutativity on the correlations to some kind of renormalization of a boundary operator. To adress
this issue we should compare the factors that multiply the 2- and 3- correlators and due to some techinical
dificulties we weren’t able to show this explicitly, but, it is a good subject for future works.

Another question to ask is if is possible to generalize this for AdS;. | /CFT;? We started with the d = 1
case because it is the only case where we can define the Poisson structure of the AdS space in a compre-
hensive way, for d > 2 it is not possible to do this, unless to the case AdSs which we plan to report to it in
future papers. And finnaly one should try to quantize the Lorentzian case using other representations of the
group SU(1, 1) and study what non-commutatity does to the structure of the correlators for this theory.
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Appendix A

Appendix

A.1 Non-triviality of ncAdS

In this appendix we want to study to what extent the Killing vectors of AdS, can be mapped analogously to
ncAdS, analysing if the main properties of the undeformed algebra are maintained after the transformation.
Both sets of Killing vectors, commutative and noncommutative, satisfy the same undeformed so(2,1) al-
gebra expressed on the equation (3.30). The expressions for the Killing vectors in terms of the coordinates
(z,t) are given in the equation (3.33), we define them for the canonical coordinates below

K% =9,
K~ = —lye* o, , (A.1)
Kt = %efx (2y8x + (y2 +€(2))3y)

The non-commutative Killing vectors were constructed on the section 4.3 and from the equation (4.88)
we recall their equations

K = —le* A, , (A2)
Kif=1le <2y8xsy + PR+ L (1 93))Ay)

where A, and Sy were defined in (4.85) and (4.78). Generally, ¢ = {(«), such that £(0) = £o.

One would ask if it is possible to find a similarity transformation between (A.1) and (A.2) that could
map these two set of vectors in a good way. More specifically, we ask if there exists a non-degenerate map
U such that

“lghy = gH
{U U=k (A.3)

Ulg=o=1
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If this were to be the case, then the two theories, would essentially be equivalent, as one would be able
to map all the solutions of one theory to the ones of the other. One of the consequences would be the
preservation of the conformal structure of the correlation functions after the mapping. The nonexistence of
such a map would imply that the noncommutative theory is really a non-trivial result, generating a deformed
set of solutions on the noncommutative realm. In the end of this appendix we will show the non-triviality
of the ncAdS, .

Note that if we add to K a term proportional to fpe " dy = —e 2K~ does not affect the so(2,1) al-
gebra. In order to obtain the correct equations of motion as the kernel of the Casimir operator one might
define the Killing vectors using this shift term. But it is not needed to close the algebra, so it is more of
a physical origin. One question that may appear is, does exist a similarity transformation that takes the
commutative “shifted” operators to the non-commutative shifted ones? Towards this end we introduce the
“shifted” Killing vectors:

K'=K"=0,
R =K = —lye*d, . (A4)
Kt =K*"—lye ™0, = %e’x (20 +»29y)

By “shifted” non-commutative generators we mean the following

RO = K0
KF = %g*x <2y Sy + (> — %283)Ay) +const x e”*A,

Of course, one can immediately notice that the trivial similarity transformation Uy = exp ( —In (%) 8x)
changes £ to £ in (A.4), but this is not the case for the non-shifted generator (A.1) because £y enters K™
via a common factor. From now on, we will assume that this similarity transformation has been done and
we will keep using the same notation swaping ¢p — ¢. Another observation that can be made is that from
U~'K°U = K? it follows 9,U = 0 and it reduces the number of dependencies of U = U (0, y, dy)

Instead of attempting to find an exact expression for U, since we are working on perturbations about
o2-order, it’s wise to take this as our first step. To this order we have

KY =0,
K =K +0a’5e 9} +0(a*) . (A.6)
K =K* — a2 ke (9,02 +yd20,+ 13?93 + xd,) + O (a*)

Here the term proportional to the unknown constant x is exactly the possible shift term. More specifically,
. . 2 . . .
the constant in (A.5) is equal to — % k. We see that there is no a-linear term, so it is natural to suggest the
following expansion for the map U from K* to KV = U~ 'K*U

U=1+0a%(x,0y,y,0y) +0(a?) . (A7)

Then we have the following conditions on ¢: a>[K*,%] = K — K or in the components
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K. 9] =0, (A.8)

K ,9] = 2%*83 , (A.9)
N 1 1

[K",9] = f@e—x (ayaﬁ +0; 0+ 8y28y3 + K'ay) . (A.10)

Let us analyze these conditions one by one.
1) The condition (A.8) is trivially satisfied since ¢ does not depend on x.

2) The condition (A.9) is [¢*d,,¥] = fie" d3. We note that there is a trivial solution to it: % = — iyaf ,
s0, writing & = %, + ¢, this is equivalent to [e" By,g_] = 0. Because the full form of the non-commutative
Killing vectors depends on derivatives with respect to x only up to 92, it is possible to argue that & also
does not involve terms with 8)51() with k > 3, i.e. 4 takes the following form

G = 22(5,9)9; +21(3,9,)0 +20(,0)) - (A11)
Taking into account the independence of Bx(k> for different k, we conclude that g; is not a function of y and

81 =2y82(d)0y +81(9y) 3 80 = y2g2(8y)9y2 +(82(9y) +&1(9y)) 0y + &0y (A.12)

In the last expression we indicated on what argument each function depends. Now it’s clear that all
the functions depends on d, and we arrive at the following most general form for the candidate for the
infinitesimal similarity transformation:

1
G = =590 + 820397+ (200:(3,)3,+71(3,) ) %+
+2%82(9,)07 +(82(3) +81(3,)) + 20(3y) (A13)

where g, and g; are some arbitrary functions of the argument d,.

3) We can first calculate [I? +,%}

[R5 0] = 3o (v020+ 2700 +307) (A.14)

Substituting this in (A.10) we need to find ¢ in which this condition is satisfied
(250 +120,), 9] = — e (3,02 425929, +179 +y92 + K3)) (A.15)
YOx 1Y v)s - 4 y¥x y y “x y y y y Yy ‘

Using the result of the previous step (A.13) in (A.10) and requiring that the term proportional to 83 is
absent on the RHS of (A.10) we immediately conclude that g>(dy) is actually a constant, i.e. the whole
dependence on it drops out. Continuing to compare the coefficients of 8)£k> for different k = 0,1,2, we
arrive at the following result

1

e (A.16)

. 1, N
g2=a,81 =105 +b, fo=58, K=~

where a and b are some arbitrary constants, which do not contribute at this level. We still keep the depen-
dence on a and b explicit to study the transformation of the shift term (see below).
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This completes the prove of the perturbative (up to a:>-terms) equivalence of K* and K* (with the very
precise form of the generated shift term)

2

e~ o 1 2
U 'R0 =K} +0(a*) = 7 <2yaxsx + (- O‘Taf) ) + @e*m +0(at, (A.17)

where
. 1
U=1+0a’9(d,y,d,)+0(a*) =1+0a? (Mya; +a(07 +2y°9] + 2y + yoy)+

+ %(2})3 +20,+1)97 + b(ydy + 0y )) ACHE (A.18)

Note, that as it was stressed above, (A.17) does not depend on the arbitrary a and b.

For the future use, we consider a more general choice for go: g9 = %(1 +A)&. Of course this will
produce some extra terms on the right hand side, but we will see how they are cancelled by the shift term.!
So, we have (including the contribution from Up)

N 1
U=1+0a*%(d,,y,0y)+0(a*)=1+a* (—24yay3 +a(97 +2y29] + 29,0, +ydy)+

1 14
+ 35 (290 + 200 1+ 492 +b(y0, +2,) - %‘9) o(a) |

s~ s 1 o?
U 'RT0 =K} +0(a*) = Zefx <2y9x5x + (y2 - 483)Ay) +

+—2( —A)e*A —ﬂ(aa +y92) + O(a*) (A.19)
1640 ¢ TRe TS ' ‘

The problem with the shift term, const x e™*d,, is immediately clear from the fact that neither expression
in front of the constants a and b in (A.19) commutes with this term. So, as the consequence, we will produce
terms explicitly depending on these constants Itis easy to obtain the perturbative form of the transformation
of the shift term (we expand £ = £ + E 1+0 ( ))

Ul U(;l (&)efx ay)U()U = fefoy + (xzfoefx (4a(ax —l—y%,) +2b— £3

20

Ly 82) d+0(a').  (A20)
While the first term has a correct form (which, of course, remains correct after the expansion in « is done),
the rest presents a correction (the difference between ¢ and ¢ is of the next order in «.)

Combining (A.19) and (A.20) one can easily see that the choice A = 32a£% and b—a = é% (% + %)
2\% T3

(the separate values of a and b turn out to be irrelevant) almost does the mapping between the two sets of

Killing vectors, (A.1) and (A.2) (we return to the “untilded” notation for U, because this is a map between

K" and K as in (A.3))

! Changing g, or §; immediately will produce higher x-derivatives that will not be possible to compensate.
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U=1+ azG(ax,y, dy)+ ﬁ(a“) =

1 16 3 14
=14+a*( —(290,+60,+3)0’ 4+ — (—+ —= |(yo + ) — 5 — 0, | + O(a*
e <96(y’+ - )y+eg(£0+32)(yy+ )&% )+ (o).
U'kU=K?,
U''KU=K;+0(a),
UT'KTU =K} + azfi’e*a}? +0(at . (A.21)

8

To conclude, we can almost map the commutative Killing vectors to the noncommutative ones. The
obstruction is the shift term, the presence of which leads to the appearance of the extra 8},3 -term. This is not
only the proof of the “non-triviality” of ncAdS; but also serves as very convenient technical tool to simplify
the perturbative analysis of the chapters 5 and 6.

A.2 Moyal star total divergence

Here we want to show that the commutative expression for the on-shell action (5.57) is valid in the non-
commutative case to all orders in a. Towards this end, let us re-write (5.56) in terms of the non-commutative
Killing vectors (A.2)

1

SO =~

/ dxdy[ZH, @ % [ Xy, P« :zig / dxdyK) (K., ®) , (A.22)
R2

where K¥ are defined as oK' @ := i[ZH, D,

In two dimensions, the Stokes theorem takes the form (@ = wydx* is an arbitrary 1-form)

/ / dxdy(9,@, — 3,0) = / wudx+ o,dy (A23)
\%4 PA%

Because the boundary of our space is located at z = 0 it is convenient to pass to Fefferman-Graham coordi-
nates. Then z = const corresponds to x = const with dy = gdt and for our case the Stokes formula takes the
form

Z
R2 —oo

/dxdy(&xa)y—@wx):/[gwy} dr . (A.24)
z=0

This means that while studying the integrand of (A.22) we need to keep track only of the term of the form
Ox(-++). Also, because fa)) is evaluated at z = 0, we only need to keep terms in @, up to &'(z%). This will
allow us to arrive at the exact result. Using

a?

[A 7)’] =3, 2
{ [Syy q— :aTsz = (A ] =28 = Ay, (A.25)

where Ay, and Sy are defined in (4.78) and (4.85) respectively, the Killings (A.2) take the form



88 A Appendix

K?=0,=K°

K, =—Ayle , (A.26)
2

KF= x%e"‘ySy—i-Ay%e_x (y2 42— %83)

where we moved all the relevant derivatives to the left (note that A, has the form d, (- --)). Then we have
1 1
K (@xK. @) = K? (P *K)®) — SK(@+KZ®) — KT (P+K D) =

=0, (@*KSCD — %e_xySy (q>*K;q>)> —dy(-+) . (A.27)

So we need to find the form, up to &(z?), of the following expression

D« KD — %e*xysy (DxK; ) = —Dx (20 +10,)D+1S, (ep* (EA@)) , (A.28)
Z

where we passed to FG coordinates and S; = cos (%z&,) and A; = sin% (%z&,). Using these coordinates,
the derivatives are given by

ax = _Zgz - tat
(A.29)
{ dy =750
it is obvious that the star-product
> 1 /ix ke . N
=Y a (12) it gy 500y, () = (1)) (A.30)
k=0""

cannot lower the degree of z. Moreover, every time we apply the derivative dy, we raise the degree of z by
1. This, combined with the fact that

14
gAl:at‘Fﬁ(Zz) 5 S[: 1+ﬁ(22) )
allows us to write

—Dx (20, +19,)P+1S; (cb* (iA,d))) = —Ox(z0,+19,)DP+1t (Px3,P) + ﬁ(zz) ) (A31)

Using the explicit expression for the star-product (4.66), we see that it actually starts with the terms of the
order of 72 (also, see the discussion in the chapter 4 starting on the equation (4.58))

[0 (4 =+ & , = = 1 fia\* P 357
*:1+’7(a,zzaz— 112"’)+Zky<12> gk g a . (A32)
k=2""

where the remaining sum is at least of the order of ¢(z?). This finally allows us to write

— D (20, +10;)P+1S; <<I>* (iAtd>)> = 709, D+ 0(7%) . (A.33)

Multiplying this by f, evaluating at z = 0, plugging into the boundary part of the action (A.22) and taking
into account (A.24), we get (5.57) as an exact result.



