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ABSTRACT

We study the spectral action approach to higher derivative gravity for the case of pure
gravity. Our goal is to establish a connection between the spectral action and higher
derivative gravity, and show the usefulness of the same. The spectral action has been
widely used in particle physics. However, its applications in the field of gravitation have
remained obscure so far. In this dissertation we attempt to apply the spectral action
approach motivated by non-commutative geometry to the higher derivative gravity and
study the equations of motion coming from the gravitational actions containing higher
derivatives, which are derived from asymptotic expansion using heat kernel techniques.
We consider the case of heat kernel coefficient ag in a great detail and analyze it in
two bases, namely Riemann one and Weyl. In particular, we construct the action based
on ag in Riemann and Weyl dominated forms and calculate the equations of motion
for the same. We apply these results to some black hole and cosmological solutions as
well. A brief review on higher derivative gravity is also given to make the dissertation
self-contained. We also discuss the spectral action approach with all of its details, which
are necessary for our purpose. Moreover, the actions for the heat coefficients ag, a2 and
a4 and corresponding equations of motion are also evaluated.
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CHAPTER

INTRODUCTION

The conundrum of quantum gravity has remained unsolved so far. Although, many
approaches have been introduced in order to tackle with this one of the most convoluted
problems in theoretical physics, still there are not any considerable accomplishments.
In this work we introduce the approach based on spectral action, which is motivated
by non-commutative geometry. The spectral action has been widely used in the field of
particle physics. However, its applications in the field of gravity have remained limited
hitherto for some reasons. Even though, here we do not apply the spectral action ap-
proach explicitly to the problem of quantum gravity, but we set the stage to deal with the
problem by studying its classical part. This study may provide us deeper insight and a

stepping stone toward the solution of the most perplexing problem of quantum gravity.

Mainly we investigate if there is anything special about the spectral action approach.
More precisely, we try to see if it produces any kind of cancellations that may shed
some light on the hidden symmetries of theories under consideration. We consider the
higher derivative gravity emanating from the spectral action principle and construct the
gravitational actions containing higher derivatives of the metric. We exploit the heat

kernel coefficients coming from asymptotic expansion of the trace of heat operator to
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CHAPTER 1. INTRODUCTION

devise these actions. We also calculate the equations of motion (EOM) for the same. Fur-

thermore, we apply these EOM to evaluate some black hole and cosmological solutions.

The dissertation is organized as follows. Chapter 2 and 3 contain the review of higher
derivative gravity and the spectral action approach, respectively. We consider mainly
the case of pure gravity. Initially we discuss the core idea of higher derivative gravity,
some problems associated with it and possible solutions. Later we establish a connection
between the spectral action approach and higher derivative gravity. Next we present
a detailed review of the spectral action approach and calculate the heat kernel coef-
ficients explicitly to show that the higher derivative gravity arises quite naturally in
the framework of spectral action principle. Although, we mainly use the results of heat
kernel coefficients calculated on a base manifolds without boundaries, but we briefly
discuss the general case as well i.e. base manifolds with boundaries and try to see how
it modifies the heat kernel coefficients. Chapter 4 and 5 consist mainly of the original
work, which is based on our studies of higher derivative gravity and the spectral action
approach. In particular, first we simplify the existed form of an action for the heat kernel
coefficient ag with higher derivatives (six) of the metric and formulate it in two bases,
namely Riemann one and Weyl. We also calculate corresponding EOM by varying these
two forms of the actions with respect to the covariant metric. Later on we analyze the
Ricci flat (Riemann) and conformally flat (Weyl) solutions by applying these equations.
Moreover, we briefly review the heat kernel coefficients ag, as, a4 and EOM for the same
to make the dissertation complete in itself. Finally we conclude our work in ch. 6 by

discussing the main outcomes and future aspects of our studies.

It is advisable for the reader to go through the notations and conventions given in
appendix A before start reading the content of the dissertation. It will be also quite
fruitful to review appendices B and C, where some useful formulae are given which have

been used frequently in some of the derivations.
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CHAPTER

A BRIEF REVIEW OF HIGHER DERIVATIVE GRAVITY

As the name suggests higher derivative theories contain higher derivatives, which are
higher than the second order derivatives that appear in the standard theories. It is quite
natural to expect such theories in different branches of physics due to some (quantum)
corrections to the classical action of the theory, which require to add some terms involv-
ing higher derivatives. For example, the corrections to general relativity to make the
theory renormalizable [16]; corrections in the case of cosmic strings [18—20], which are
motivated by the prediction of the terms of the type of R? and higher in the framework of
non-linear sigma models of string theory studied in [17] and few changes in the classical
model of radiating electron [21]. The process of adding higher derivative terms in the
original action comes with the price. It makes the original form of the theory behaving
better purterbatively, but also gives rise to some problems such as more number of de-
grees of freedom compared to the normal (unperturbed) action, absence of ground energy
state and negative energy. We shall consider this topic in more detail in the context
of gravitational sector later. A detailed review on different classes of higher derivative
theories can be found in [15]. Here we are mainly interested to study the class of higher
derivative theories, which has to do with the corrections to general relativity [6], where

the corrections are added to the standard form of the Lagrangian in the form of higher
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CHAPTER 2. A BRIEF REVIEW OF HIGHER DERIVATIVE GRAVITY

powers of the curvature and/or higher derivatives of the Riemann tensor. This is known
as higher derivative gravity (HDG). It is crucial to note that such theories (especially
with six derivatives) having complex massive poles behave as Lee-Wick theories [43, 44].
For such cases the super-renormalizable model of higher derivative quantum gravity was
considered in [45]. Moreover, the multidimensional HDG with more number of degrees
of freedom than the standard graviton field studied in [46] suggests that it is possible
to make the theory finite in any dimension by introducing the local potential of the
Riemann tensor. The Newtonian singularities in such theories (local HDG compatible
with Lee-Wick theory), which are either renormalizable or super-renormalizable get
evanesced, when the poles of the propagator are real and simple [47]. For some others
studies on low energy effects in HDG models possessing real and complex massive poles

we refer to [48].

There exists another approach to quantum gravity, which is contrary to the idea dis-
cussed above. It is known as Horava-Lifshitz gravity (HLG) [22], where instead of adding
the terms with higher derivatives in spacetime we include only the terms containing
spatial (space) higher derivatives. Because of this reason it is quite natural to expect
that it violates the Lorentz invariance, but HDG preserves the same, as it contains
higher derivatives in spacetime. However, there is a benefit with the price being paid
by breaking the Lorentz symmetry, that HLG does not have any problems with higher
time derivatives, whereas, HDG suffers with such problems. As we shall see in the next
chapter the spectral action approach to HDG depends on the choice of Dirac operator,
in principle one may choose another form of the same than the standard one and may
end up with different theory, such as HLG. There we shall consider briefly the relation
between HLG and spectral action approach. However, concerning about this work we
are mainly interested to study spectral action approach and its application to HDG.
Therefore, we shall focus only on the aspects of spectral action that lead us to HDG. Now,
in the next section we momentarily discuss the historical progress regarding HDG and

some recent developments concerning quantum properties for the same. Later we take
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2.1. HISTORICAL ANALYSIS OF HIGHER DERIVATIVE GRAVITY

into account the main idea of HDG for the case of pure gravity, some problems related
to the same and possible solutions. Finally, we conclude this chapter by explaining the
connection of spectral action with HDG, which is to be considered in detail in the next

chapter.

2.1 Historical Analysis of Higher Derivative Gravity

The standard form of the Einstein-Hilbert (EH) action involves the second order deriva-
tive of the metric, and obviously the EOM resulting from such an action has the same
characteristics. In few year of publishing these results (more precisely general relativity
in 1915), it was quite well understood that there might be some higher order derivative
corrections to the standard form of EH action. It all started with an unsuccessful attempt
to reconcile the gravity with electromagnetism [23, 24]. But due to the failure of this
approach it was ruled out in later stages. However, some progress in the direction of
the usefulness of HDG was seen in 1950, when Pais and Uhlenbeck [25] showed that it
might be helpful to consider higher order corrections in context of quantum field theory
in general. In particular by doing this it may help to tackle with the divergences in the
theory and shed a light on the problem of quantum gravity. A remarkable work was done
by Utiyama and DeWitt in 1962 [26] by studying the fact that singularities (especially
the singularity of the type of log co) of energy-momentum tensor can be removed by using
the counter term coming from the Lagrangian which was basically quadratic in Riemann
tensor i.e. with the four derivatives of the metric. They basically proved that it is possible
to renormalize the divergences arising due to quantum corrections to the interactions
of matter sector. This idea was put forward and strengthened by the work of t' Hooft
and Veltman [9] in 1974, where they were able to absorb all the physical divergences in
renormalization of a field for the case of pure gravity at one loop level. However, the use
of improved energy-momentum tensor was unfruitful to remove the divergences in the
case of gravitation interacting with scalar particles. Later on in 1977 Stelle [7] showed

that by incorporating the correction terms proportional to Rﬁv and R? in the standard
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CHAPTER 2. A BRIEF REVIEW OF HIGHER DERIVATIVE GRAVITY

(undeformed) form of the Lagrangian of gravity, it is possible to stabilize the divergences,
consequently making the theory renormalizable, even with the matter part included.
This astonishing work clearly indicates that it worth to incorporate more correction
terms containing higher derivatives (higher than four derivatives) of the metric in the
gravitational Lagrangian and study its variational consequences such as EOM, and
beta functions in renormalization group. Getting inspired by this idea, we consider the
deformed gravitational action (for the case of pure gravity) consisting of the terms, which
comprise six derivatives of the metric [4] and calculate the EOM for such an action. We
shall discuss more about this later on, when we explicitly study the gravitational action

for the heat kernel coefficient ag and corresponding EOM.

Before we move on to the actual review of HDG, it would be quite interesting to take a
look at some recent studies on quantum properties of HDG (concerning six and higher
derivatives for the general case) such as super-renormalizability and scattering am-
plitudes. For example, super-renormalization for the case of action consisting of large
number of higher derivatives of the metric was considered in [38], where the authors
were able to show that the ultraviolet divergences are free from the choice of field
reparametrization and the gauge fixing condition. Furthermore, quite recently the class
of non-polynomial HDG was studied substantially in [39], where it was proven that in
four dimension the extension of the theory turns out to be finite and more importantly all
the beta functions get vanished even at one loop level. The generalization of these studies
can be found in [40]. The scattering amplitudes for super-renormalizable gravitational
theory was analyzed in [41], and it was shown that the scattering amplitudes for such
theories are the same as that of Einstein gravity. The authors also managed to show that
the four graviton scattering amplitudes in Weyl conformal gravity get evanesced (become
zero), and these results turn out to be true for any number of external gravitons and in
any dimension in general. The renormalization group for super-renormalizable theories
was considered in [42] and the exact beta functions for the Newton constant derived by

performing perturbative one loop calculations.
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2.2. HIGHER DERIVATIVE GRAVITY, PROBLEMS AND SOLUTIONS

2.2 Higher Derivative Gravity, Problems and
Solutions

We consider the case of pure gravity i.e. in absence of matter, where we pay attention
to the geometrical part of the action only. There is a natural connection between HDG
and the spectral action approach, which we shall take into account in the next section
and detail analysis in the next chapter. Here we mainly discuss about the core idea of
HDG and some problems related to the same. There are some possible solutions to the
problems, and at the same time drawbacks arising from such solutions. However, as we
mentioned in previous section, HDG may provide a clue toward possible solutions of the
conundrum of quantum gravity by getting rid off the divergences at high energy level
and consequently making the theory renormalizable in the framework of quantum field
theory. This motivates us to study it more precisely in terms of heat kernel coefficients
with the powerful tool known as spectral action approach, where HDG emanates in a
quite natural way. Let us see below the conventional idea of HDG and how it gives rise

to some serious problems.

We know that the EH action in d = 4 dimensional Euclidean space with cosmologi-

cal constant included is given by,

SgH = fd4x VZ (ao+ aiR), (2.1)

where a¢ and a; are arbitrary numerical constants, and S¢onst = [ d*x @o./g represents
the cosmological term. Here we see that the action (2.1) and resulting EOM (excluding
cosmological term) from the same contain the second order derivative of the metric.
One might think that there must be a similar action involving the higher derivatives
of the metric, which act as correction terms in an undeformed action (2.1). This naive
way of thinking is actually right in some sense, and it leads us to the action containing
the four derivatives of the metric. As one may expect this deformed action consists of

the terms such as R?W pos B fw and R? (written in Feynman’s notation, see the appendix A).
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CHAPTER 2. A BRIEF REVIEW OF HIGHER DERIVATIVE GRAVITY

Now momentarily let us consider the Gauss-Bonnet (GB) term, see the appendix (B.5),

which can also be written as [9],

Opa Oup Opy Ops
0 6 B 6 51/6
RﬂvaﬁRPUY(Sepvpo'eaﬁy(s = R.U"aﬁRpay(S va v vy _
Opa Opp Opy Ops
Ooa Oop Ooy Oos
- 4(Rfma—4Ria—R2) = 4GB. 2.9)

with e#V%F being the standard Levi-Civita symbol. One can find the variation of the
following term by using the variational method that we shall explain in detail in sect.

the 5.1 and the table of variation (see the appendix C),

1
10) (\/ERHVpoRaﬁy6nuvaﬁnPUY5) = 0 (ER#VpURaﬁWSG”WX’BGpUYé _

_4\/§vu (Vahvaaﬁy5nuvaﬁnpay5) ) (2.3)

where nHveP = %e’”“ﬁ . It means that the variation of GB is the total derivative and
it should get vanished under the integral in d = 4. Moreover, the generalized Gauss-
Bonnet theorem (Chern-Guass-Bonnet theorem) states that integral of the Pfaffian of
the curvature 2-form of closed even dimensional Riemannian manifold equals to the

Euler characteristic of the same.

Therefore, in d =4 one may write,

f d*x /g (R2,,, —4R2, +R?) = 1, 2.4)
where y stands for a number (topological invariant) known as Euler characteristic.
Therefore, in d =4 GB does not contribute to the gravitation action, and consequently
EOM does not get affected by any of such terms. We shall consider a great advantage
of the above results in a moment. At this point we know that the form of gravitational

action (in d = 4) containing higher derivatives might be written in terms of arbitrary

number coefficients as,
SHp_4 = f d'x /g (@aR2, 0 + asR, + asR?), (2.5)
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2.2. HIGHER DERIVATIVE GRAVITY, PROBLEMS AND SOLUTIONS

where a9, as and a4 are arbitrary numerical constants. Along with the correction terms

the full form of the action is given by,
S :SHD—4+SEH- (2.6)

Now in order to explain the main benefit of the above results for GB term we rewrite the

action (2.5) in terms of the square Weyl tensor (B.4) and GB as follows [2],

Sup-1.= [ d'x VE(a5C2ypy + asGB), @7

where the numerical constants a5 and ag are uniquely determined once we know asg, ag
and a4 introduces in (2.5), the inverse is also true. Basically in the process of changing
the basis to go from (2.5) to (2.7) the coefficient of the term R? gets vanished, which
clearly explains the presence of only two terms in (2.7) instead of three. We shall point
out this explicitely, when we reconsider the action (2.7) with the numerical values of the
coefficients in ch. 4. We see that the second term in the above action becomes redundant
due to the results (2.3) and (2.4), consequently it leaves only one term to vary to get the
EOM. The desired form of such EOM can easily be derived by using the method to be
considered in sect. 5.1. For this particular case one need to use (C.10) and simplify the
resulting expression. More details on EOM coming from (2.5) and (2.7), and benefits of

the same will be considered in chapter 5.

In a quite similar way one can go further and try to incorporate the terms with higher
derivatives (higher than four derivatives) such as RLIR, R,,[ 1R, and so on. This way
of adding the terms may lead to the action of the type Sgp_g involving six derivatives of
the metric. However, eventually one may notice that this process of randomly adding
the correction terms creates serious problem with the theory. It is quite important to
note that these correction terms cannot to be added in randomly unorganized way that
consequently lead to the unstable theory due to the well known result so called the
theorem of Ostrogradsky [27]. In order to explain this we start with the Hamiltonian

formalism of classical mechanics.
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CHAPTER 2. A BRIEF REVIEW OF HIGHER DERIVATIVE GRAVITY

We know that the Euler-Lagrange equation for the standard form of Lagrangian £ =
L(q,q) i.e. with one variable is given by,

% _ %%, (2.8)
where the dot represents the derivative with respect to time. By taking into account the
non-degeneracy condition for the Lagrangian in (2.8) i.e. %27:’(25 # 0 one may we rewrite
it in the form of Newtonian equations of motion. Thus, one may find that the solutions

to (2.8) require two independent variables, which are known as canonical coordinates.

These coordinates are conventionally defined as follows,
Q=q and P=—. (2.9)

Now by taking the advantage of non-degeneracy we invert the relation given in (2.9) to
find out the expression for ¢, and by applying the Legendre transformation on a resulting

expression we get,
A (Q,P)=Pg—-<%. (2.10)

The resulting Hamiltonian equations are written as,

07 Y
-4 a4 p=-2Z
?@=3p an 2Q

The generalization of the above results to N derivatives (eventually leading to 2N

(2.11)

independent coordinates) yields [27],

a$+§( d)iaz_
0g {=\ dt) ag® 7

(2.12)

where ¢ stands for the i*" order derivative of the canonical coordinate ¢ with respect
to time ¢. As we discussed above for the case of one variable, in a similar way eq. (2.12)

gives us,
N .
7 = Y PiqV-2, (2.13)
i=1

which is known as the general N Ostrogradsky’s Hamiltonian. Consequently, we have,

oA . oS
= d P, =- . 2.14
oP; an 0Q; 2.14)

Qi
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2.2. HIGHER DERIVATIVE GRAVITY, PROBLEMS AND SOLUTIONS

We note that the non-degeneracy of the Lagrangian i.e. in this case (?;T%; # 0 plays es-
sential role to find out the Hamiltonian of the type of (2.13). Basically non-degeneracy
condition ensures the alterations of phase space transformations corresponding to canon-
ical coordinates, which lead us to the expression for ¢') and consequently to the Hamil-
tonian mentioned above. In other words generalized conjugate momentum expression
can be inverted to find out the higher time derivative of the canonical coordinate that
yields (2.13). This condition (non-degeneracy) is the core of the problem of Ostrogradsky
instability. The instability coming from the potential energy is quite different, where
the energy liberated as dynamical variable ends up as some special value (e.g. unstable
equilibrium). But the Ostrogradsky instability is related to the instability problem with

the kinetic energy arising from special dependence of dynamical variables on time.

Since the Hamiltonian corresponds to the total energy of the system and it also de-
pends on conjugate momenta (kinetic energy), there exist positive and negative energy
solutions of the same. For example, it can be shown for the case of higher derivative
harmonic oscillator as a special case of the Hamiltonian (2.13) for N = 2 that the Ostro-
gradsky instability is inevitable due to negative energy solutions. For such a case the

Lagrangian and Hamiltonian are given by the following expressions [27].
L=+ —g? - ——¢?, (2.15)

where € is a parameter representing the deviation of the system under consideration
from the standard one. That is for € = 0 (2.15) coincides with the unperturbed Lagrangian
of a simple harmonic oscillator. One can substitute the general solutions of the eq. (2.12)

for N =2 [27],

q(t)= Cicos(kit)+Sisin(k.it),

1 Pi= mqg + iu—";'q(g’), (2.16)

Py= -2,
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CHAPTER 2. A BRIEF REVIEW OF HIGHER DERIVATIVE GRAVITY

and (2.15) in the eq. (2.13) (for N = 2) and find the Hamiltonian of the system that we

are interested in, which is given by [27],

2
= em(. 3 1 2)+m.2 mw o

em _le), m o me®
9 CECARE U Al R AR

= %(1—46)1/2 [£2 (C2 +S2) - k2 (C2 +S2)], (2.17)

where ¢ represents the third order derivative of canonical coordinate in time and %,

stands for the two frequencies corresponding to positive and negative energies, which

15(1-4¢)2 ) 172

o . Moreover, C, and S, are the constants related to the

are given by k4 = w(
positive and negative energy modes, which are written as functions of initial value data.
The forms of these constants are not useful for the discussion of a point of our interest,

but the interested reader can refer to [27].

As it is shown in [27], by analyzing the model described by (2.15), which yields (2.17)
one may see that the energy of the system has a lower bound at zero for any constant
value of the canonical coordinate q. However, it does not imply that the Ostrogradsky
instability is avoidable in this case. In fact the negative energies are accomplished either
by making ¢ more dominant than ¢‘® or simply by setting the large value of ¢©® in
(2.17) but keeping the overall term ¢ + ez)—f) unchanged at the same time. Now once again
coming back to the gravitational action (2.6), where in some sense the terms of the type
of R ;2“» with ag # 0 given in (2.5) can lead us to the negative energy solutions (in a quite
similar way as explained above in the case of harmonic oscillator) and give the unstable
theory. Such a theory does not make any physical sense (see for example [28] when the

system of self interacting particles carry both positive and negative energies).

In order to avoid such problems it is recommended (also explained in [31]) to spoil
the non-degeneracy condition of the Lagrangian such that the theory becomes degener-
ate and give rise to the constraints. By doing this it may inflict the couplings between
the canonical variables. For example, in our case it can be shown that by getting rid of

the terms of the type of wa, that is by setting a3 = 0 one may find merely the positive
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2.3. ACONNECTION TO THE SPECTRAL ACTION APPROACH

energy solutions [29]. The generalization of this case, in particular for higher derivative

models can be found in [30]. Along with these changes the action (2.6) eventuates as,
S :Sf(R)+Sconst> (2.18)

where S¢g) = [ /& a7f(R) with a7 being an arbitrary numerical constant. It is quite
clear that such theories, so called f(R) theories of gravity do not suffer with the problems
of negative energy solutions due to absence of the terms of the type of wa (though they

do have their own problems, which are not the part of our discussion).

In spite of having all these problems with HDG, it remarkably turns out to be renor-
malizable [7, 9], even by incorporating the terms of the type of RZV. Inclusion of more
correction (higher derivative) terms in the standard theory may improve the dynamics of
the theory by making the theory renormalizable (even at higher loop levels) and give a
clue to the possible solution of the problem of quantum gravity (see some recent work
[38—42] on super-renormalization). With this motivation in mind we study HDG in more
depth (with six derivatives of the metric). More details on some other problems with

HDG, solutions and more importantly quantum aspects of the same can be found in [31].

2.3 A Connection to the Spectral Action Approach

We shall see that the HDG arises quite naturally in the framework of spectral action
principle and analyze it thoroughly in the next chapter. Here we present a brief preview
of our detailed analysis that we shall consider later on and discuss the solution of the
problem introduced in the previous section. In particular, the problem of finding the
unknown numerical constants. We saw in the previous section that one can add the
higher derivative terms in the standard form of the action and get HDG action. Apart
from the problems that it may create, there is another hurdle that needs to be eradicated.
One may note that the numerical constants which we introduced in gravitational actions
for HDG are unknown and they multiply rapidly for higher orders. The spectral action

approach provides a very accurate way to deal with this issue and at the same time it
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CHAPTER 2. A BRIEF REVIEW OF HIGHER DERIVATIVE GRAVITY

also takes care of the invariants that enter in the deformed gravitational actions.

As stated above we study the case of pure gravity in absence of matter. Therefore,
geometrical sector of the gravity can be studied in full detail by considering the spectral
action principle [2] as a special case (concerning about geometry). Let us consider the
generalized form of the geometrical part of the action coming from asymptotic expansion

of the trace of the heat operator,

Try(L) = Z foqazq(L), (2.19)
q=0

where fs, contain the complete information regarding the common numerical factor
for corresponding a4, ag, are the heat kernel coefficients and L is some generalized
positively defined operator. We shall reconsider (2.19) in the next chapter and explain
the derivation and meaning of the above equation in detail. For the moment being we
consider its main features that basically provide the way to find the unknown numerical

constants which we introduced in HDG actions.

Let us take into account the right hand side the eq. (2.19) and note that all the higher
derivative terms of HDG action are encapsulated in ag, (including the unknown nu-
merical constants ag to ag) and corresponding common factors (along with the scale
factor A, which is to be considered in the next chapter) in f3,. For example, a, a2 and
a4 are equivalent to the cosmological constant introduced in (2.1), EH action (2.1) and
HDG action (2.5) respectively. If one manages to find the complete forms of heat kernel
coefficients ag, a2 and a4, and common factors i.e. fy, f2 and f4 then it will provide a very
precise and accurate forms of the actions. That is what we are going to do in a moment.
We shall also consider the case of the heat kernel coefficient ag and corresponding numer-
ical constants (in particular how to find it) in a great detail. As we motioned above the
spectral action approach not only solves the problem of finding the unknown constants,
but it also helps to decide which terms (invariants) are supposed to be added to get the
higher derivative terms in a quite organize way. In other words it excludes the possibility

of adding the invariants in a haphazard manner and provide a very accurate way to
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incorporate them by using dimensional analysis (we shall study in the next chapter).

Moreover, the spectral action approach turns out to be quite useful to find out if there
will be any higher order corrections to the standard action on a particular background.
For example, in the case of S3 x S the heat kernel coefficients a4 and ag remarkably
transpire to be zero [1]. We shall comment on this when we consider the action coming
from ag in Weyl basis, which renders a bit easier way to see the cancellations due to
conformal symmetry. But here these outcomes suggest that all the higher order terms
a2 get vanished on such background. It means there are not higher derivative correc-
tions to the undeformed action for this background. Therewithal, positivity of the theory
can be assured by taking the function y = 0 that gives the correct sign for the action
written in Euclidean formalism, which may eradicate the possibility of having any kind
of negative energy solutions. It would be also quite interesting to note that by quantizing
unperturbed (EH) gravitational action (on shell) at higher loop levels, one may produce
the higher derivative corrections (if the action is non-renormalizable) introduced in sect.
2.2 without actual numerical coefficients, which can easily be fixed in the framework of
spectral action principle. Furthermore, a’s given in the HDG actions can be related to

the beta functions resulting from quantization.

The overall points discussed above provide us a very good reason to apply the spec-
tral action approach to study HDG rigorously, which basically reinforces the idea of HDG
by making it more precise and solid in terms of the values of numerical constants (of
invariants of the actions) and invariants that need to be included in HDG actions with a
great care. In addition to that the spectral action also determines if there will be any
higher order corrections to the standard gravitational action as we mentioned above.
As such the spectral action turns out to be the indispensable part of our studies, which
basically makes the HDG well equipped by providing the necessary details, which the
HDG lacks otherwise. So, in the next chapter we consider the spectral action approach

coming from non-commutative geometry and analyze it thoroughly.
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CHAPTER

THE SPECTRAL ACTION APPROACH

Our knowledge of the structure of spacetime is based on two main pillars of physics,
which are basically general theory of relativity (GR) and the standard model (SM) of
particle physics. The framework of GR depends on our understanding of Riemannian
geometry, which works perfectly fine at the large scale structure. However, it crumbles
at small scale, in particular at high energy level, where the quantum effects dominate.
On the other hand the SM contains our comprehension of the spacetime geometry at
very small scales. Thus, it is quite natural to look for a geometry coming out from the
quantum world, where the real coordinates are replaced by the self adjoint operators
in a Hilbert space, and such a geometry is known as non-commutative geometry (or
spectral geometry) [5]. This geometry can be used to comprehend the relation between
spacetime and SM [34], and merely gravitational aspects (GR and HDGQG) of theories
(see for example [1] for both cases). The non-commutative geometry basically provides
a way to deal with the spaces based on coordinates that do not commute with each
other. Moreover, this geometry is spectral in nature. Since experimental data and our
theoretical understanding of the nature from particle physics to astrophysics (SM to
GR) is presented in the form of some sort of spectra, it worth to apply this new model

of the geometry and study its results. However, due to the constraint for the compact
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space to be smooth manifold, such as Riemannian manifold and non-isometric properties
of the same [32], it is quite difficult to reformulate it and find the quantum version of
the same. The main tool leading to the non-commutative geometry is known as spectral
triple (or non-commutative space). It comprises the complete information corresponding
to geometrical and physical parts of the space as we shall see in a moment below. In
particular, it is made up of some algebra o/, Hilbert space H on which this algebra is
represented and the standard Dirac operator D. As such we denote the spectral triple by
(«/,H, D). By choosing a particular spectral triple one may end up with different classes
of theories in physics. After making a suitable choice one assumes that the physics of the

system is described by the following action [33],
D)2
S :Trf(K) +<(Jy,Dy) ESgeom"‘Smat‘c, (3.1)

where f is some cut-off function, D is generalized Dirac operator, A is some characteristic
scale factor, </ is real structure and v is the standard Dirac spinor. Here by taking J as a
real structure we emphasize that we consider the real non-commutative space as it is
explained in [5]. The spectral action principle studied in [2] lies in the core of spectral
geometry approach to physics, which can be seen in the studies of some remarkable
applications of the spectral action [1]. The spectral triple considered above plays essential

role to devise such an effective (spectral) geometry.

Now at this point we know that by making a particular choice of the Dirac operator one
can develop a proper framework for different theories. We stated at the very beginning
of chapter 2 that HL.G can be accomplished with an appropriate choice of Dirac operator.
One of such studies can be found in [33], where the infrared action of HLG and matter
coupled to the same is constructed by preserving the foliation diffeomorphism. However,
as we specified before such theories do not respect the Lorentz symmetry. Concerning
about this work we make our choice of the Dirac operator in such a way that it yields
HDG. Moreover, we shall study merely Sgeom (pure gravity) part of the action (3.1) in

detail for our purpose.
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We review the spectral action approach and its applications to the HDG. More pre-
cisely, we discuss and analyze the model studied in [1-4] and derive the heat kernel
coefficients. In order to derive the heat kernel coefficients we mainly use the meth-
ods described in [8]. We consider the spectral action, which is principally based on
non-commutative geometry. We begin with two important results associated with the
standard Dirac operator, and derive the Lichnerowicz formula. Later on we consider
the generalized form of the spectral action and by choosing the standard form of Dirac
operator we boil it down to the particular case of our interest that leads us to HDG. In
order to find the heat kernel coefficients, two methods are reviewed for the case of base
manifolds without boundaries. These approaches were introduced by DeWitt and Gilkey.
Since DeWitt approach (depends on recursive relations) is limited in some sense, we
consider the powerful method devised by Gilkey, which is based on background manifolds.
Finally, we conclude this chapter by briefly reviewing the case of base manifolds with
boundaries. Below we start with few essential things and slowly move on to the core of
this chapter. We write all the terms having summed over indices in Feynman’s notation

(all the indices downstairs), see the appendix A.

Before we embark ourselves on deriving the heat kernel coefficients we set the stage by
calculating two important results, which will be used frequently in the following sections

and chapters. Let us consider the Dirac operator given by,

D=y, |(0y+w,)®T1+1® —%gAu) : (3.2)
where
Yusvu®li=euYa,
w="Tn Iz (3.3)
Wy = %wuabyab.

Here w,, is a spin connection associated with the tetrads e,, and y, are chosen in such
a way that it satisfy the relation (A.2) in an Euclidean formalism i.e. {yq,ys} = 2645
and 7y, is defined by (A.1). We now introduce new notations and rewrite the eq. (3.2) as

follows.
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We define,
Wy =0, ®1 and Ay=10d,.
where 7, := —%gA - Such that we get,
D=y, (0u+wu+Au) =7 (0u+y). (3.4)
where &, :=w,+A,.
We note that since ® is over C*°(.#) we have 4, := d,,(1® 1), which has been used to get
(3.4). Now, let us consider the following theorems, which are quite useful to derive our

desired results. We shall not give the proof of these theorems here. However, in principle

one can easily prove it with the given information.

Theorem 1:

(8uv0u0y + ALy +B) = (g4 Vy, Vv, —E), (3.5)
where Vy, =V, +w,

A,=2w,-T,,
Iz b=t (3.6)

B=-E+gu (apa)v +wywy — l“m,pa)p).

Here V, represents the usual Levi-Civita connection and w,, is spin connection. Moreover,
— _ TP
we note that I'y, := g5 pop and 'y pwp =T, wp. Now, we quote the second theorem below,

which is basically the main result that will lead us to the equation for an endomorphism E.

Theorem 2:
D?=—(g0,0, +A 0, +B), (3.7)
where
Ay=20,-T,
1 @u=wu+Ay, (3.8)
B = (0u0+ B2~ Tudy) + 1R @1 Ly, © Fp.
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Here R is the Ricci scalar associated with g, and F,, := 0,4/, — 0y, + [,Qfﬂ,,afv].

Therefore, by the using the Theorem 1 (3.5) we may write,
D2 = _(gﬂvvlua)va _IE), (3.9)

where E = —B+ gy (0,@y + @u®y — [ vp®,). The last relation (3.9) is well known Lich-
nerowicz formula for the twisted spinor bundle € := S ® W, with S and W being the usual
spinor bundles over the manifold .# and some vector space, respectively. Finally by using

the relation for an endomorphism [E and ( 3.8) we get,
1 1
[E:—ZR®1]+§YHV®FIJV. (3.10)

The above result is one of the equations that we are interested in. Now, in order to derive
the second one we start with the standard form of the second Cartan structure equation.

It is given by the following relation,
dwap + Wac ANWep = Rap, (3.11)
which can esily be rewritten as,
1
0uWyap AXy ANdXy + Wpge Wyep dXy Adxy = ERﬂvab dxy Ndxy. (3.12)
By using the anti-symmetrization with respect to u and v, one can write the eq. (3.12) as,
apwvab - avaab t+ Wpace Wyeb — Wyae Wuch = Ruvab- (3.13)

We contract the eq. (3.13) with %yab on both sides and use the definition of w, given in

(3.3) such that (3.13) takes the following form,

1

aywv - ava + Zwuacwvchab — ~WyacWyuchYab =

1
4 _RuvabYab- (3.14)

4

Now, let us consider the term w 4cwvcpYqp» and rewrite it as,

1
WypacWvebYab = Zwuadwvcb (5dc7/ab —04dbYac —OacYds + 5ab7dc) . (3.15)
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We know that the generators of Lorentz group satisfy the following algebra,
[Zad, Zcb] =0dcZab —0dbZac — OacZdb +0abZdc- (3.16)
By using the eq. (3.16) in (3.15) with X3 := %yab we simplify it as,

1
WypacWyebYab = gwpadwvcb [')/adﬁ’cb] . (3.17)

Therefore, by plugging (3.17) in (3.14) and simplifying the resulting equation finally we
get,

1
Quy = 040y — 0y + Wy Wy — Wy Wy = ZRuvabYab' (3.18)

The above equation is the second and the final one that we wanted to find. Now, in this
dissertation we consider the case of pure gravity, for which (3.10) and (3.18) reduce to

the forms as given by (A.4).

3.1 Prerequisites for the Heat Kernel Coefficients

In this section we study the heat kernel coefficients. But first and foremost we consider
the very general expression representing the trace of an arbitrary function of some

positive operator L on a Hilbert space. Let y(L) be such a function, then we have,
Try(L). (3.19)

Later we shall see the spectral action as a special case of (3.19), where we shall take
L=- (%)2. Mainly we are interested to establish a relation between the expression
(3.19) and the object so called heat kernel, which we shall introduce later in this section.
Instead of being rigorous in deriving the result for (3.19) we briefly recapitulate the core
idea behind this. A detailed derivation can be found in [our paper]. Let us consider the

Mellin transform of the function y given by,

P(s) = foo dx x5 1y (x). (3.20)
0
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The inverse Mellin transform takes the form,
1 c+ioco
1(x) = —f ds x °¢(s), (3.21)
271 Je-ico

where c is the constant belonging to the fundamental strip (0, +o00). Now by using the
spectral functional calculus and taking into account (3.21) we define a function of an

operator L as follows,
1 c+ioco
x(@L) = —f ds L% ¢(s), (3.22)
271 Je—ioo

where ¢(s) is the Mellin transform given by (3.20). Therefore, the trace of y(L) takes the
form,
1 c+ioo
T =~ [ ds a0, (3.23)
271 Je—ioco
where (7.(s) is the generalized zeta function defined as {7.(s) := TrL™®. Now we consider

the standard gamma function,
oo
I'(s)= f dxx*le™ for Re(s)>0.
0

By formally changing the variable x — ¢L and using the functional calculus for a positive

operator we get,
1 (e e]
L= @fo dtt*te L, (3.24)

So, by taking the trace on both sides we may write,

1 o0
(r(s)=TrL ™= — f dt t5 1 Tre L, (3.25)
I'(s) Jo

t

where Tre L is the trace of the heat operator and its asymptotic expansion for small ¢ is

given by [14][our paper],

7 p-d 1 c+ioco
Tre t ~ Z tmayl)= —f ds t °T'(s){L(s), (3.26)
p=0 271 Je—ioco

where m is the order of operator L, d is the dimension of the manifold ./ and a, are the

heat kernel coefficients for which we shall see the explicit relation with Seeley-DeWitt
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coefficients in the next section. Finally, by analyzing the poles of the expression {7 (s)p(s)
given in (3.23) and finding the same by some indirect method as described in [our paper]

we get,

Try(L) = p2)ao(L) + p(Das@L) + Y (-1 P’ (MageiayL) = Y fagazg(L),  (3.27)
s=0 q=0

where fo = ¢(2), fo = (1), fo+q) = (-1)74'9(0), ¢ = 0 and ¢(s) is given by (3.20). Note
that the infinite parameters (higher order heat kennel coefficients) in (3.27) get sup-
pressed by the mass scale factor A for the particular choice of the operator L = — ( %)2, for
which (3.27) takes the form as Try(L) = Z‘;":O A2 faqazq, that is basically the case of our
interest. Now, if ¥(0) is a cutoff function then we note that for s = 1, y'P(0) gets vanished
and remarkably yields the contribution due to ag to be zero. As such in general we have
1*)(0)=0V s> 0. It means there are no further contributions coming from heat kernel
coefficients. However, in our studies we consider y to be smooth cutoff function and an-

alyze below the heat kernel coefficients thoroughly by using some quite useful techniques.

From now on we study the heat kernel coefficients explicitly, we mainly use the tech-
niques and methods described in [8] to derive the same. Let us consider the heat equation

given by,
O +L)u(x; t)=0, (3.28)

where L is an elliptical second order differential operator acting on the sections of vector
bundles over the Euclidean Riemannian manifold .# and ¢ > 0. The initial condition for
the above equation is u(x; 0) = f(x) with f(x) being a function from L2 — space (Hilbert
space of square integrable functions on .#). We find that the solution of the eq. (3.28)
takes the form as u(x; ¢) = exp(—tL)f(x). Here exp(—tL) represents the heat operator as

we mentioned earlier. With this information one can determine the heat kernel as,
u(; 0= [ dy K, 310 FO), (3.29)
Therefore, we rewrite the heat equation (3.28) for the heat kernel as follows,
(0; +L)K(x,y|t)=0. (3.30)
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where d represents an arbitrary number of dimensions and K(x, y|t) is the heat kernel
with the initial condition K(x, y|0) = 6%(x, y). Here 6%(x, y) is the kernel of the unit
operator, which simply turns out to be the Dirac delta function 6%(x—y) when the operator
L is Laplacian on R?. For example, in the case of scalar Laplacian operator L = A = —Oﬁ
on a torus Ty;. Now, we expand the function f in a Fourier series as [ = Y, apfr(x),
where f}, is a plane wave given by f;, = (l1l2...l3)exp(ik x,) and &k, = 27;# with {q,} € yAS
Here &, and [, are the momenta and real numbers (radii), respectively. In this case

2
tA . q;, — e " ;. We note that for

the action of the heat operator takes the form as e
t >0 and &, — oo the exponential etk converges and enhances the behavior of the
Fourier coefficients aj, ultimately it makes the function more smooth. Specifically, for
t > 0 the heat operator always exists and maps L? — C*® and for this reason sometimes
it is called the infinitely smoothing operator. Even the presence of some lower powers of

2 . .
tk” prevails the universal

momenta does not affect the existence of the heat operator as e™
contribution. Moreover, we note that the property of self adjointness of the operator L is
not necessary for this purpose. The convergence of the heat operator for >0 and £, — oo

forces the existence of the heat trace on the space L2. Therefore, we write,
K(@Q, L; t) =Tr;2(Qexp(—tL)), (3.31)

where @ represents the partial differential operator. In our analysis we are interested
for the cases when @ is a function i.e. zero order operator or when Q=1, for which we

define K (L; t)=K (1, L; t). The equation for this spectral function K (L; t) is given by,
KL; =) e, (3.32)
A

where A represents the eigenvalues of the operator L. Now, let us consider the Euclidean
Riemannian manifold .# of dimension d being either compact or it has a boundary, on
which there exists the operator L, which is an elliptical second order partial differential
operator belonging to one of the classes of either f|,—o; = 0 (Dirichlet) or 0,f|x=0; =0

(Neumann) strongly elliptical boundary conditions for the interval [0,7].

The relation between the heat kernel and heat kernel coefficients is given by the following
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full asymptotic series for the function f as ¢ — 0 (first it was calculated in [14]),
X p-d
K(f,L; t)=Trr2(fexp(—tL) = Y ¢ a,(f, L), (3.33)
p=0

where a, (f, L) are the heat kernel coefficients, which we already know from (3.26). As
we shall see later on, in our case we consider L = — (%)2 = —% (see (3.1)) with A being
some mass scale factor and D the standard Dirac operator such that the last relation

takes the form as,
K(f,L; ') =Trp (fexp(~t'L)) = 3 "= a,(f, L), (3.34)
p=0

where t — t' = —ﬁ and A is the Laplacian L =A = -V? = —Vﬁ, which reduces to A = —6%
in the case of flat spacetime. Now, we evaluate the series of the heat trace at t — 0. In
order to do this let us consider the Poisson summation formula given by,

S h(2k) = % 5 f T dyhiy) e i, (3.35)
—00 k=-00" 00

which is basically valid for any bounded function A(y). In order to show the usefulness of

the above formula we consider an asymptotic expansion of the sum of an exponential

k=-00

% o=tk 5t ¢ — 0 and choose h(y) =exp (—ﬁtyQ) in (3.35) such that we have h(2kx) =

e~** With this particular choice the resulting equation takes the form as,

o 1 & [, @ 2ty+ik)
Y h@Em)=— ) f dye™ yriR), (3.36)
k=—oc0 2n k=—oc0Y —00
One can easily calculate,
0o 2 poo 2 2
f dx e P % = eZ_Pf dx e_p[x+%) = Lot (3.37)
—00 —00 P

Therefore, by comparing (3.36) and (3.37) we get,

ifoo dy e_y((27l)_2ty+ik) — \/?e—@' (338)
27 J—co t

From (3.35), (3.36) and (3.38) along with given A(y), we see that in the sum of an
exponential e~**" or on the right hand side of the eq. (3.35), all the terms are significantly

small except at £ = 0. Therefore, at ¢t — 0 we may write,

T o= \@ 10T, (3.39)

k=—00
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where @(e_%) indicates the higher order terms, which get vanished exponentially for

small ¢ and are not relevant for our analysis. Now, one can find an asymptotic expansion

of the heat kernel for the Laplacian A = —6% - 6% - 62 on d dimensional torus Ty by
expanding exp (—t’ ki) at small ¢/, where k&, = 27;3” as we introduced above. This form of

the expansion is given by [8],

21q%\  14ly...14 1
K(A; )= %dexp(—t’; lﬁ )= At +0(e” 7). (3.40)
g€

Similarly, for the heat kernel on 2-sphere (Ss) and 3-sphere (S3) we find [8],
1 1 ¢

K(Ag,; t)==+=+—+0("? 3.41
( SZ’ ) t/ 3 15 ( )? ( )
and
1 1 ¢
K(AS?,' t,):ﬁ —S t Tt +@(€_t_1')- (3.42)
’ 4 \¢z ¢z 2

We note that (3.40), (3.41) and (3.42) are of the form of (3.34). As we shall see below,
the above results are quite useful to find the unknown numerical constants of the heat
kernel coefficients for the general case. We begin with the DeWitt method, which is based
on the recursion relations between the heat kernel coefficients. We note that here we
consider our base manifolds without boundaries. Later on in the sect. 3.3 we shall also

study the case of heat kernel coefficients on base manifolds with boundaries.

3.2 Heat Kernel Coefficients on Manifolds Without
Boundaries

In this section we consider the base manifold namely the Euclidean Riemannian without
boundaries and find the heat kernel coefficients by using two effective techniques known

as DeWitt and Gilkey methods, which were introduced in 1965 and 1975 respectively.

3.2.1 DeWitt Method: Based on Recursive Relations

Let us consider the Laplacian L = —6% on R? with a flat unit metric, as such one can

easily find the solution to the heat equation (3.30) by exploiting the relation (3.31) for
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® =1, the Laplacian under consideration and ¢ — #', which is given by the following flat

space kernel [8],

K(x,ylt) =

N2
M) (3.43)

1
(47Tl")d/2 exp (_ 43!
for which the initial condition takes the form same as that of the eq. (3.30), i.e. K(x, y|0) =
5%(x — y). From the eq. (3.43) we try to estimate the heat kernel for the Laplacian on a
curved manifold without boundaries in the limit when x — y i.e. x is close to y and ¢’ is
very small, as such (3.43) remains valid up to curvature corrections. The DeWitt ansatz

for this case takes the form as,

K(x7y|t,) ~

2 00
vV Avvu(x,y) exp (—U (x’y)) Y bpx, ). (3.44)
P

(4nt/)d/2 4¢! o

In the above relation a biscalar determinant i.e. Ayyys(x,y) so called Van-Vleck-Morettee
determinant is given by,

1 1
_ ‘——6#01,02(36, )
Vv &x)g(y)

2
where g(x) = |g v (x)| and 02(x,y) is the geodesic distance between two close points x

Avvm(x,y) = , (3.45)

and y with coordinates x* and y" respectively. We assume that geodesics lines form a
regular coordinate system close to x or y. We note that the above determinant (3.45)
makes the expression given in the eq. (3.44) covariant and the coefficients b, represent
the corrections due to the curvature. It is quite discernible that when x — y (3.43) and

(3.44) coincide.

Now, we proceed further and try to find the coefficients b,(x,y) for the scalar Laplacian
under consideration. We perform our calculations in the Riemann normal coordinates
or simply normal coordinates centered at point y such that L = —VZ = —Oz. In normal
coordinates the coordinates of the point x take the form as x, = sl,, with s being the
length of geodesics connecting two points namely x and y, and /,, a unit vector at point
y, which is basically a tangent to the geodesic. Due to our assumption, since geodesic

lines form a regular coordinate system, there is a single geodesic line between any
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two points. Moreover, by the definition of the normal coordinates, the metric at point
y be as flat spacetime metric i.e. 17,,. Therefore, we have o?(x,y) = XuXyNyy such that

Ayvu(x,y) = Ayyvu(x) = \/ﬁ. We note that in the normal coordinates the geodesic equa-

tion coincides with the equation of flat spacetime, that is we have £ = 0. Consequently,

ds 2 -
in the normal coordinates DeWitt ansatz (3.44) reduces to,

2\ oo
VAvvs@ exp|-—| Y b, (). (3.46)
47
p=0

N —
K(x,xlt)— m

Here we see that as we need to perform the differentiation in the next step, the summed
over index p is written in the standard Einstein’s summation convention just like in the
case of variations. However, here we put explicit summation sign as well, in order to

emphasize that the summation is running over p from 0 to co. We now find out,

2
0, K(x, x|t') = @nt) 2/ Avvu exp( )Z b (( d) R . ¢P- 2). (3.47)

\]

- X7
LK(x,x|t)=-ViK(x,x|t) = (4nt) d/QeXp(——,)Zt'p[\/AVVMbpx

p=0
V2x2 (Vx2)2

T 16t’2) s (' Avvae b )
+V2 (VAvva b, )|, (3.48)

where we have lowered all the summed over indices after performing the differentiation.
This point of raising the indices to differentiate the expression and lower once it is done
will be discussed in detail in ch. 5, particularly in order to explain the variation of the
action and to deal with the EOM in general. So, by plugging results (3.47) and (3.48) into
the heat kernel equation (3.30) or comparing (3.47) and (3.48) we get,

i (( Czi)’N*:t'pZ) - \/Wztp
——x# (\/Wb )+v2(\/Wb,,).

A by ( V22 (Vx2)2)_

4t 16172

(3.49)

One can easily see that (Vx?)? = (0ﬂx )2 = 4x2 and by taking the advantage of nor-

mal coordinates we may write V2x? = %

0, (vE8uv0vx?). One can use Ayyy(x) = @
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in the last result and upon simplifying the resulting expression it produces VZx? =
2xuAvy MG#A{,%, u +2d. We substitute these results in (3.49) and expand the same, after

simplification it reduces to the following relation,

00 00 1
pbyt?P =% |—tP1x,0,b, + ———tPV*|\/Ayyub ) (3.50)
pgo 3 pgo T VAvvr ( p)

By comparing the powers of ¢ in (3.50) we get the recursion relations as follows,

(p + 1) bp+1 +xﬂ0”bp+1 =

1 2
—V A b,]|. 3.51
T, (\/ VVM p) ( )

%,0ubo = 0. (3.52)

Since K(x,y|0) = 6%(x — y) from (3.52) we find by = 1. We substitute this value of the

coefficient bg in (3.51) with p = 0. Therefore, we get,

1
by +x”6Mb1 = \/A:VZ VAVYYM. (3.53)
VVM

Since we are working in normal coordinates and ‘il—’c: = % one may find that the equations
for the Levi-Civita connection turns out to be I'yy(x)x,x, = 0. Furthermore, the form of
the metric is compatible with the Levi-Civita connection equation, and under the normal
coordinates considered above it takes the form as follows,

1

3Rupvaxpxa +@)(xd), (3.54)

g,uv(x) =MNupv —

where G(x?) represents higher order terms. Since Ayy (x) = \/%, one can easily find
g(x

that,

lgw(@) = gx)=1-1Rxux, +0(x?),
VAvwu = () Vi=1+ LR, x,.x, +0O9).
In x;, = 0 limit we have,
1
VAyvm =1 and VQ\/ AVVMZER-
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We note that the higher order terms get vanished in the limit x, = 0 for the second
derivative of VVM determinant. Now by substituting these results in (3.53) and taking

care of the limit x, = 0 one can easily find,
1
b1(0)= ER. (3.55)

This results lead us to the asymptotic expansion of the heat kernel at small ¢ on a

compact manifold without boundaries, which takes the form as given below,

K(-V%t) = fﬂ d%x\/g K(x, x;t") ~ (4mt')~ %2 f% d%\/g (bo+bit' +..) =

1
(4mt’)~42 f d%x\/g (1+ “Rt'+ ) (3.56)
Y 6
Therefore, by comparing (3.34) and (3.56) we find the heat kenrel coefficients as follows,

agp = (41) 2 fﬂ déx\/gb,. (3.57)

We note that the above equation relates the Seeley-DeWitt coefficients b, with heat
kernel coefficients introduced in (3.26). Finally, we use (3.57) and obtain some initial

heat kernel coefficients below,

ag= (47[)—01/2];% ddx\/g: Vol /

(47-[)d/2 ’

(3.58)
az= 4m) %[, d% /g iR.
We note that the heat kernel coefficients with odd p get vanished i.e. ag,.1 = 0 with
p=0,1,2,... and so on or a, = 0 V odd p. Here we see that this method of finding the
heat kernel coefficients by using the recursion relations is a bit cumbersome and makes
it difficult to handle for higher order heat kernel coefficients. In order to deal with this
problem Gilkey introduced the new approach in 1975, which is based on a background
manifold to find the unknown number coefficients of preformed heat kernel coefficient

expressions (by using dimensional analysis), as we shall see below in a moment.

3.2.2 Gilkey Method: Based on Background Manifolds

In order to take the advantage of this method first we review few prerequisites below

and later on we move on to the detailed explanation of this powerful approach.
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On the product manifold .4 =.41 x .45 the heat kernel coefficients maybe written as [8],

ap(x; L)= )Y ap(x1; L1)ag(xg; La). (3.59)
p+q=k

where L is the Laplacian given by L=L1®1+1® Lo.

Now, let us pay attention to the dimensional analysis in (3.34), which will directly
help us to write the heat kernel coefficients. Let us assign the dimension —1 to the
coordinate, dim(x,) = —1, then the dimension of the derivative is +1, dim(d,) = 1. Nat-
urally the covariant derivative will also have the same dimension i.e. dim(V,) = 1.
We choose the dimension of f to be dim(f) = 0 and keep the dimension of the metric
also dim(g,y) = 0. Now, we note that the exponential appearing in (3.34) must be di-
mensionless. In order to satisfy this condition we take dim(#') = —dim(L) = —2 for the
second order operator. Let us consider the eq. (3.29) and note that since dim(x,) = -1,
we have dim(d®x) = —d. By considering (3.29) and (3.34) we find that dim(d%x) = —-d
cancels out with the dim(#'~%?) = d leaving the dim(z'?’2) = —p. This will be compen-
sated by the dimension of the heat kernel coefficients a,. Consequently, the overall
term remains dimensionless. Therefore, any integrands appearing in the equations of
the heat kernel coefficients must have the dimension p. It is quite easy to see that
dim(E) = dim(Qy) = dim(Ryps) = dim(Ry) = dim(R) = 2. This says that all the in-
variants that appear as the integrands of the heat kernel coefficients will have even
dimensions. It implies that all the heat kernel coefficients with odd p should get vanished
in the case of base manifolds having no boundaries. Thus, in general it gives us ag,+1 =0
for p=0,1,2,... soon or a, =0V odd p. Later on we shall see that, in the case of base
manifolds with boundaries not only the coefficients with odd p survive but the coefficients

with even p also get modified.

Now, one can write some initial heat kernel coefficients by using the dimensional analysis

40



3.2. HEAT KERNEL COEFFICIENTS ON MANIFOLDS WITHOUT BOUNDARIES

Invariant/Scalar | Coeff. | Manifold(s)/Supporting equation
| | | |
| f) [_co | Ty |
| E | 1 | K(f,Lo-E;t)=e'PK(f,Lo; t) |
| R [ ez | S: |
] E.. \ cs3 \ Gauge fields and potentials ‘

ER Cyq

for o same as c1
’ R, \ ce \ Conformal variations ‘
B | o] i x |

R2 Ccs

S S dsS

R pra Ca 9 an 3

Q2 10 same as cs

| iy

Table 3.1: Table of invariants (or scalars) and corresponding background manifold(s) and
supporting equation for ag, a2 and aq4.

as follows [4,

as(f,

81,
— -d/2 d
ao(f, D)= (4m) fﬂd x VETr(cof), (3.60)
(471.)—d/2 d
as(f, D)= fﬂd x /& Tr(f (c1E + c2R)), (3.61)
4m)” d/2
D) = 360 f d%% /g Tr(f (c3E uy+ c4ER + c5E? + coR.+
+erR2+ cgR2, + coR2, 0 + 1002, )], (3.62)

where the coefficients (47)~%?2 are part of the definition, and and =z 360 are quite arbitrary

and have been written only for the matter of convenience. Moreover, ¢ to c19 are the

unknown numerical constants to be determined by using the different manifolds and

supporting equations as it is described in the table 3.1. We begin by finding the value

of ¢g. In order to do this we consider (3.34), (3.40) and (3.60), which take the following

forms for f =1, p=0,d =4 and the unit radii 5 =1,

K(AT4; t/)l
1 K(AT4; t')

ao (AT4)

p=0

= 712‘10 (Az,),

1 (3.63)

= 167222

€0

= 1622
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CHAPTER 3. THE SPECTRAL ACTION APPROACH

It is clear from (3.63) that we have,
co=1. (3.64)

Similarly, one can derive the remaining coefficients. However, it requires to consider
different backgrounds or supporting equations as mentioned above. We shall consider
the unit spheres S9 and S3 to find the next set of coefficients. We know that the Riemann
tensor, Ricci tensor and Ricci scalar on d-sphere (Sy) (having the radius r) are given by

d(d 1) , respectively.

the equations Ry = —%2 (8up8vo —8uo8vp)s Ruv = dr;zlgw and R =

By using these relations one can easily find the following relations for the unit sphere

(e.r=1)S;:R?=d?d-1)?, wa =d(d-1)? and waw =2d(d —1). We note that on

S2 and S3 we have E =0 and Q, = 0. Therefore, only the terms containing curvature

contribute. Moreover, the volume of S; can easily be found, which is given by the ex-
d+1

pression zr’"?+1) So, we get Vol Sy =4n and Vol S3 =272 for the unit spheres Sy and

S3 respectively.

Now, we evaluate (3.61) and (3.62) over the unit spheres So and S3, which produce

the results (with f=1) as enumerated below,

lec
az(As,)= 22(2 D, d%x g—g (3.65)
2
11
as(As,) = E%(cﬂ%z 12 +¢52(2—1)% +¢92(2)(2 - 1) fs d?x\/g =
2
= 1( +1 + ) (3.66)
= 90 cv 208 Co .
and
11
as(As,) = 360 ——(c78%(8—1)% +¢cg3(3 - 1)? +¢92(3)(3- 1) f d?x\/g =
(4m)?
1
= g%(367+08+09) (3.67)

We also note that for the unit spheres S and S3 the eq. (3.34) turns out to be as follows,
a =
K(Asg,; ') = Z T ap(As,), (3.68)
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3.2. HEAT KERNEL COEFFICIENTS ON MANIFOLDS WITHOUT BOUNDARIES

and
K(bsy )= Y ¢ a, (Bs,). (3.69)
Now, we rewrite the kernel for S and heat coefficient a9 by using (3.68) and (3.65) as,
K (Asy; )] oy =a2(As,) =% (3.70)
Therefore, by comparing the coefficients of ¢° in (3.41) and (3.70) we get,
cg=1. (3.71)
Once again we use (3.68) and (3.69), and re-write it for a4 as follows,
K (As,; t’)|p:4 =t'as(As,), (3.72)
and
K (Asy; )],y = aa (Bs,). (3.73)

Now, as we did before we rewrite (3.72) and (3.73) by using (3.66) and (3.67), such that

the resulting equations take the following forms,

1 1
K (As,; t’)|p:4:t,%(07+568+(39 , (3.74)
and
1vm 1
K (Asy; t)] oy =1 o 30 Ber+es o). (3.75)

By comparing the coefficients of the terms ¢ and t3 given in (3.74) and (3.75) with the

coefficients of corresponding terms in (3.41) and (3.42) we get,

1 1 1
%(C7+§Cg+09) :E:>207+Cg+209= 12, (3.76)
and
1
?%(3074_084_69): ? = 3c7+cg+cg=15. (3.77)
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CHAPTER 3. THE SPECTRAL ACTION APPROACH

Now, we take & =4 in the eq. (3.59) and rewrite it as (with R = R1 + R9),

as(x; As,) = az(x1; A1s,) az (x2; Ags,) =

4 = E%‘[S2 d2.7C\/_(C7(R1 +2R1 R2 +R2)+ CSR +09RIJVPU) =

(41;;) (Cz) Js, d?x1d*x2 gR1-Rs.
By comparing the terms containing only the square of the scalar curvature we get,
2
ﬁﬁ ng dzx\/g(207R1 ‘Ro) = (ﬁ) (%)zj‘sz d2x1d2x2 gR1 ‘Ro=>
2
= In 36020722 (2-1)*(4m) = (_n) (%2)222 (2-1)2(4m)?.

These calculations yield,
c7=5. (3.78)
Therefore, equations (3.76) and (3.77) give us,
cg=-2, (3.79)
and
cg =2. (3.80)

Now, we consider the case when E is a constant and proportional to the unit matrix. We

expand K (f, Lo—E; t') = 'EK (f, Lo; ¢') in powers of ¢’ as,

00 + E' d+
K(faLO_E; t,):Z t 2 ap(faL0)+Et ap(f7L0)+ 9 t ap(faL0)+
p=0

We expand the above series and consider only the desired terms for our purpose such

that we have,
K(f,Lo-E;t) =...+E t"%ao(f, L)+E £ % as(f, Lo)+...+ % "% ao(f, Lo)+..
By using (3.60) and (3.61) we rewrite the above equation as,
K(f,Lo-E;t) = ...+t'2;df d% gTr(Ecof)+
(47tt’)§

+t’4— f d% gTr(f (c1E? + c2ER)) +
(4nt)2
t’4

2(4 . fdd VETr (E%cof) +. (3.81)
T 2
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Now, we consider the eq. (3.34) and expand it. In the resulting expression we take into
account only the terms containing undifferentiated E as follows,

. 1.
(4rt') % 360

11
K(f,L;t) = ...+t'2—d—f d% /g Tr(fci1E)+t™*
(4nt)z 6 Ju
xf d%% g Tr(f (... +c4ER +csE*+..)) +... (3.82)

M

By comparing (3.81) and (3.82) one can easily get,

= ¢4 =60, (3.83)

Now, in the case of the part of heat expansion which depends on gauge fields and

potentials, and does not involve any curvature terms, the kernel takes the form as [8],

K(f,L;t) = dé% f(x) |1+ 1E +1?

. (3.84)

1 o 1 1
§E +EEW+EQW)

(4nt)? JTa
As we did before we compare (3.84) with (3.62) and take into account the eq. (3.34) such
that it yield,

c3 =60 and c10 = 30. (3.85)

We note that the eq. (3.84) also gives the values of ¢g (3.64), ¢1 and c5 (3.83). Still we
are left with one unknown numerical constant, i.e. cg, for which the calculations are bit
non-trivial and involve the conformal variations. We shall not discuss the derivation of

the same here, but it has been studies in [8]. It takes the value as follows,
cg=12. (3.86)

Therefore, finally we re-write (3.60), (3.61) and (3.62) with the known numerical constants

and f =1 as,

ao(f, L) = (47)~“2Tr(1) f d%x /g, (3.87)
M
—-d/2
(12(10,1,):(4”:3 fddx\/ETr(6E+R), (3.88)
M
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’ Invariant \ Coeff. \ \ Invariant \ Coeff. \ \ Invariant \ Coeff. ‘
| Rijijwen | -18/7" | | RijpuRikpRjiup | -80/9-71 |  EP | 16 |
| RijijpRur | 177 | | QuaQie | V45 | | EQ;Q; | 130 |
| RijirgRujury | -2/ | | QijyjQup | 1180 | | QiEQ; | 1/60 |
| RijirgRujue | —47 | | Qi | 160 | | QuQuE | 1/30 |
| RijpuwgRijruy | 97" | | QijQijar | 160 | | RijijEp, | -1/36 |
| RijijRpurun | 2870 | | QiQipQpi | -180 | | RijEyr | —1/90 |
’ R;jirRyjuri ‘ —8/7! ‘ ‘ R, Qi jQp ‘ -1/60 ‘ ‘ R;jijrE ‘ —1/30‘
| RijnRujug | 2470 | | RiyjunQuQum | 190 | | E;Qy; | -1/60 |
| RijuRijkige | 1270 | | RiyjiOQuQu | -V72 | | QiuE; | 1/60 |
| RijijRririBpgpq | -35/9-7| | RyjirQuyu; | 0 | | E*Ryu; | -1/12 |
’Rl]lijlkp qlap ‘ 14/3-7! ‘ ‘ Rijijn Qi ‘ 0 ‘ ‘ ER;jjrk ‘ -1/30 ‘
| RijijRripgBhipg [ 1431 | | RipaQije [ 0 | [ERijijRup | 1/72 |
| RijitRjutuRrpip | 208/9-7! | | E.ij | 1/60 | [ ERyjirRyji | —1/180 |
| RijirRupipRjurt | —64/3-7! | | EE | 112 | | ERjjpRiju | 1/180 |
| RijirRjuipRruip | 16/3-7! | | EE | 112 | | - -]
RupRipRry |49 7| | BBy | Y12 || - | - |

Table 3.2: Table of invariants and corresponding numerical coefficients for ag.

and
(47[)—0[/2 d 0
as(f,L) = o f d%x \/g Tr(60E,, + 60ER + 180E? + 12R,, +
+5R?~2R2, + 2R2,,, + 3002, ). (3.89)

We note that the Gilkey method provides a very powerful way to deal with heat kernel co-
efficients. However, the only drawback with this approach is that number of independent
invariants increase for the higher order heat kernel coefficients, and it requires more
number of background manifolds to tackle with the same. By using this approach one
can find the heat kernel coefficient ag as well, which has been already done by Gilkey in
[3, 4]. We do not repeat the same here, but we just quote the table 3.2 [4] of 46 invariants
and corresponding numerical coefficients appearing in the expression of ag. One can find

these numerical coefficients for ag in the same way as we did for a4.

Now in order to explain the simplification of the terms given in the table 3.2 we take into
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3.3. HEAT KERNEL COEFFICIENTS ON MANIFOLDS WITH BOUNDARIES

account few terms that resemble each other and can easily be eradicated by combining
with the similar term. Let us start with Q;;.,.Q;; and Q;;Q; .z, we see that these two
terms can be combined to yield one single term of such type, which reduces 46 terms
by one. Similarly, one can go further and consider other terms such as EE;; and E ;; E;
EQ;;Q;;, Q;;EQ;; and Q;;Q;;E; E.;Q;;.; and Q;;;E.; etc., which after combining to a
single term in a respective group reduce 45 terms up to 40 terms. We note that the terms
E.;Q;;.; and Q;;,;E.; having the same numerical constants get canceled out. Moreover,
the terms which have the null i.e. 0 numerical constant do not contribute further, and
consequently leave the total number of invariants 37 only. Finally these invariants can be
used to construct the action for the heat kernel coefficient ag. We shall see the complete

form of such an action in the next chapter.

3.3 Heat Kernel Coefficients on Manifolds With
Boundaries

As we mentioned in the previous section here we study the case of base manifolds with
boundaries. Our main goal in this section is only to introduce a notion of heat kernel
coefficients in the case of base manifolds having boundaries and see that by doing such,
the coefficients a, with odd p do not get vanished. That is contrary to the case considered
in the previous section. For this purpose we briefly summarize the idea and quote few

useful results. A detailed explanation on this topic can be found in [8].

We consider the usual form of scalar Laplacian on the interval A" =[0,/] along with the
Dirichlet or Neumann boundary conditions on the boundaries of some manifold so called

half-space .4 =R%~! x R, . In this case the generalized form of heat kernel is given by [8],

(x-p)? _ (x—y")?

Kpn(x,ylt) = (4mt) 92 |e™ 2t Fe 4 |, (3.90)

where y' = (y1,...,y?1 —y%), and (3.90) satisfies the heat kernel equation (3.30) for x

and y inside the interval 4. Furthermore, it also satisfies the same heat equation for
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CHAPTER 3. THE SPECTRAL ACTION APPROACH

both of the boundary conditions namely Dirichlet and Neumann if either x or y is on the
boundary. We note that when x and y both are near to the boundary one may write (3.90)

in the form of (3.44) and apply DeWitt method to find out the recursion relations.

Now we write the generalized forms of the Dirichlet and Neumann boundary condi-

tions that we quoted in the sect. 3.2 (f|,=0; = 0 (Dirichlet) or 0,f|x=0; = 0 (Neumann)),

flo.uw =0, (3.91)

and

(Va+ Dflo.w =0, (3.92)

where _# represents a matrix valued function on the boundary of a manifold under
consideration, i.e. 0.4 . In this case the heat kernel coefficients consist of two parts
namely bulk (the case of sect. 3.2) and boundary. By making the contribution coming
from boundary part zero one can easily recover the results for the case considered in
the sect. 3.2. Now, let us pay attention to the boundary 0.4 and introduce the notion of
extrinsic curvature, which basically characterizes the way how the boundary is embedded

in the manifold .# and it is given by,
Huv = ~WupWvaMp;os (3.93)

where w, = 6,y — 1,1y is the projector on the space tangent to the boundary and 7, is
the normal vector defined by the condition n,dx, = 0 or n,dy,=0 on the boundary, with
an assumption that it is normalized i.e. .7, = 1. We note that the extrinsic curvature
defined in (3.93) is symmetric with respect to ¢ and v and orthogonal to the normal

vector i.e. H;,ny, = 0.

Now, by doing the dimensional analysis of the invariants as we did in the sect. 3.2.2, we
see that dim(H,) = 1 and dim(X%) = 1. Since the invariants are with odd dimensions, it
implies that the heat kernel coefficients a, with odd p do not get vanished. Consequently

with this fact we write the structure of heat kernel coefficients as follows [8].
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For Dirichlet boundary condition:

ao(f, L) = (47)~%? f d% /g Trf, (3.94)
M

a1 (f, L) = (4m) @2 f d91x Vio Tr s (f), (3.95)

/A

—-d/2
as(f,L) = % f d%x V& Tr(f (6E +R)) +
M

aw d¥ e VwTr(pef Huyu+pafa)l. (3.96)

For Neumann boundary condition:

ao(f, L) = (4m)~%2 f d%x /g Trf, (3.97)
M

a1(f, L) = (4n)" @172 f

d? % vw Trq1(f), (3.98)
ou

as(f,L) =

-d/2
(4”25 U d%x /g Tr(f (6E +R)) +
M

+ Mdd—lx VuTr(gef Hyu+qsfa+qsf £)|. (3.99)

From the above results we clearly see that, by introducing the boundary conditions on
manifold not only the heat kernel coefficients a, with odd p survive but the same with
even p also get modified. Note that for the case under consideration in this section,
the boundary term a; appearing in (3.95) and (3.98) is quite useful to study Gibbons-
Hawking effect in classical and quantum gravity [58-60].

In this dissertation we consider the heat kernel coefficients on base manifolds with-

out boundaries for further studies. Therefore, we work with the results derived in sect.

3.2 only.
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CHAPTER

(GRAVITATIONAL ACTIONS

In this chapter we discuss the gravitational action for the heat kernel coefficients ag, as,
a4 and ag. We study the action resulting from the heat kernel coefficient ag in detail.
In particular, we considerably simplify the original form of the action for ag and reduce
the number of terms in the action by significant amount. We construct the action for ag
in two bases, namely Riemann and Weyl, which are useful to study the Ricci flat and
conformally flat solutions respectively, as we shall see in the next chapter. Here we write

all the formulae in terms of Feynman’s notation (see the appendix A).

We commence with the deduction of the heat kernel coefficients for the case of pure
gravity, for which we derived the generalized forms in the sect. 3.2.2. We enumerate
below the heat kernel coefficients, which are boiled down to the case of pure gravity and
studied over the base manifolds without boundaries in dimension d = 4. Let us start

with the heat kernel coefficient ag (3.87), which is the cosmological constant given by,

ag = (4m)2Tr(1) f d*x g, (4.1)

where we left Tr(1), which equals to 4 in d = 4. Now, by taking into account the case of
pure gravity, i.e. (A.4) in (3.88) and (3.89), we have the standard form of the EH action
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CHAPTER 4. GRAVITATIONAL ACTIONS

and higher derivative action [1, 2] (containing four derivatives of the metric) as,
Tr(1
az = —(4n)_2%fd4x V&R, (4.2)

o Tr(T)

= (471)
a4 (4m) 360

f d*x /g (5R? ~8RZ, ~TRZ, ;). 4.3)

The action for the heat kernel coefficient a4 (4.3) can be rewritten by using (B.4) and
(B.5), which takes the form as follows [2],

o Tr(1)
360

We note that (2.7) coincides with (4.4), provided that a5 = —18c.f. and ag = 11c.f. (see

ay = () f d*x \/g(~18C, 6 +11GB). (4.4)

(2.7)) with c.f. being the common factor given in the above expression. One can easily
deduce (4.4) from (4.3) by changing the basis and finding out corresponding coefficients
(see e.g. (4.10)), where the coefficient for the term R? will get vanished. This action (4.4)

is quite useful to deal with conformally flat metric as we shall in the sect. 5.3 in detail.

The equation given below represents the next heat kernel coefficient, namely ag, which
has been studied in [3, 4] (recall the table 3.2 and simplification of the terms discussed
at the end of sect. 3.2.2). We shall use the following action to construct the Riemann and

Weyl dominated actions, which are the essential parts of this project,

B 1
as(x) = (4m) d/ZTr{ﬁ (—18Rjijikru + 17TR;jijk Rutursk — 2Rijika Rujuky—
—4R;jipaRyjuik + IR jruaRijruy + 28R i jRpuku11 — 8RR jin Ry juk. +

+24R; iRy jurki + 12R  jriRi jkiuu) —35R;jijRririRpgpq+

+ 1 (
9-7

+42R;jijRrirpRqiqp —42R;jijRpipgRripg + 208R ik R juiuRipip —

—192R; ;i RyupipRjurt +48R;jir R juipRruip —44R;jpuRijipRruip —

—80R;jkuRitkpR jiup) + %O (8 Qijik + 21, Qinsi +

+12€2Q;j:kr — 1202455 Qg — 6R 1€ j Q1 + 4R 5in Q21 Qp1 —

—5R; i i Qi Q) + % (6E.;;;; +60EE.;; + 30E ;E ; + 60E>+

+30EQ;;Q;j— 10R; ;i ;E 4 — 4R, jitE jr. — 12R; ;i i E . — 30R, j; ,E* -

—12R;jijikE +5RjijRpipiE — 2R jinRijinE + 2R, jpiRijr E)} . (4.5)
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4.1 Riemann Basis

Let us now simplify the eq. (4.5) to construct it in Riemann basis. We consider the
terms under the trace and calculate the same as it is explained in an appendix D. After

substituting those results in (4.5) we get,

_ 1
aglx) = (4m) d/zTr{ m ( ]-8Rz]z] BRI T 17RZJL_] kRulul R 2lelk lRuJuk A
—4R;jiraRyjuisk +OR jruRijru; + 28R i jRkuku1 — 8RijinRujukl +

+24RijikRujul;kl + ]-ZRijklRijkl;uu) ( 35Rl_]l]Rklklqupq+

1
9. 7'
+42R; i jRpippRqigp — 42R;jijRripgRripg + 208R;jix R juiuRepip —

—192R;;irRypipR juri + 48R ;jirR juipRruip —44R;jpuRijipReuip —

1 1 1
1 1 1
~gag iebTijab = Gao RuvabRvpbeR opac + 1ot Rivpo Ruvab Rpoab +
*ago i RupaRvpad = 576RRW‘16 g0 iitii +ggBtBiii + 750 Rii -
~—R3+—RR? ,—-—RR;i——R ;R - —R2+
384 384 Hvab T gq T 30 TR T 90
+—R3- —RR,;;-—R*+—R2R-—R? R} 4.6
192 1207 " 288 7200 MY 790 Hvpo (4.6)

The above equation (4.6) can be simplified further. We start with the possible contractions
of the indices. After doing the contractions, just for the purpose of convenience we rename
the indices as follows: i -y, j - v,k —p,l o, u—-a,p—B,g—y,a—=6,b =1, c—T1.
The next step is to do the simplification of the resulting equation and collect identical

terms, so that the simplified form of the eq. (4.6) turns out to be the following,

1 1 1 1
B —d/2 2 2 2
asl) = (m) Tr(ﬂ){4o32R;P " 50l veio + Tago e v~ Toog uvpmo

1 1 1 1 \
63ORVPRVp;UU * mR"PRVU;pU N %R”VPURIJVPUWOC - MR
_13 4 101

h 2835RVPRVURPU - ERvaaaRvapo + MR,uvpaR,uvoﬁRpaaﬁ +

109 1

45360RﬂVPULRMUPﬁRVUaﬁ + 3024RHVR,UP5/1RV[)5)L ]_680R’W“WV +
1
360

1 7
RR,u— —RyyR.\y+-—RR) + ——RR’ } (4.7)

+—
1440 2160 17280 ~ HVP7
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Furthermore, we multiply both the sides of (4.7) by /g and integrate with respect to
x in an arbitrary dimension d and use the integration by parts i.e. [ ddx\/EAB =

—f dx v&A.. B, such that the resulting equation reduces as follows,

_ 1 1
f d%x\/gag(x) = f d%x\/g(4m) d/2Tr(1]){—mRDR+%RVPDRVP+ Toog Bevea Bpvpa~
1 1 1 |
~g30 e R+ g RveRvais = en Ruveo R uvpo = 75320 R =
13 4 101
2835RVpRVO'RpO' 945RvaaURvapo + mRyvpaRyvaﬁRpaaﬁ +
109 1 1
+M‘RI~WPU¢RHUPﬁRVUQﬁ + MR,UVRIJP(SARVPls/l + mRDR -
1 1 7
-—R,,R\,+——RR? +——RR? } 4.8
360 PP T 9160 v T 17280 kvee @8

Here we note that the term WISOR;WW (given in eq. (4.7)) gets vanished under the
integral, because it is a total derivative. Now consider the term 2Tl‘ORVpRW;pU, by using
the equation (B.6) one can simplify it as,

1 1
f ddx\/_24ORvaW;pg = f ddx\/g(%RDR + %RVpRﬁURPMﬁ 240RpﬁRvavﬁ

In the process of simplifying the above term we used the eq. (B.11) and integrated by
parts. Next we consider the term —ﬁRmeo and integrate by parts then once again
here also we apply eq. (B.11) on the resulting equation, which takes the following form

after simplification,

f d%x\/8RyoR.\p = f d%x\/gROR.

360 1720

After plugging the above two results in the equation (4.8) and simplifying it we get the

action with 11 terms,

_ 1 1 1
fddx@ae(x) = fddx\/_(4n) d/zTr(ﬂ){mRDR+ 5040RvaRvp_TGORuvpaDRuvpa_
1 19 7
3 2 2
+ -—R R, Rys+ ———RR
10368 2160 MY 45360 PPTYPTVP T 17980 Hveo T
1 1
15120Rvaﬁ0Rpovﬁ + 3024vaRpp5)lep6A +
101 109
+mRyvpaRyvaﬁRanﬁ + mevpaRyUpﬁRvaaﬁ } . (4.9)
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Now, in the next steps we shall focus on to eradicate the term _TleoR wpadR yype. In

order to do this we consider the first three terms of the above action and call it S,
S=a1 RUR +as RvaRvp +as R/,WpaDRuvpaa

where a1, as and ag are the known numerical constants given in the action (4.9). Now,

we change the basis of S in such a way that the result takes the form as,

where b1, bg and b3 are the numerical constants to be determined. The terms C ;0o 1C v pa

and GB; are given by the following expressions,

4 2
C#VPO'DC#'V‘DU = R,uvp(TDR,quO' — mRprR#p + mRDR, (4.11)

and

Now, by performing some trivial calculations we find the unknown co-efficients and

substitute S (4.10) back to the action (4.9), which lead us to,

d-6 d-2
d? = fdd 4m)~ 92T 1]{— __4-2 . g0
f FVEa) xVem T oo @ -1 1344(d —3) ~Hvea—Cuvpa
o GB1— R+ —_RRZ R ,sR,Rys+
20160(d—3) " 17 10368"" 2160 ' 15360  PAIVPTVE
7 2

1
* 17280RR:¢“’PU N 15120RVPRﬁURPUVﬁ + 3024R,UVRup5/1Rvp6/l +

101 109 }

+—9O720RuvpaRuvoﬁRpaa,6 + —45360RI~WP06lepﬁRvaaﬁ (4.13)

In order to find an expression for the term GB; under the integral, we start with the
definition of the same (4.12). First we use the differential Bianchi identity to replace
an appropriate term by differentiated Riemann tensors, then we exploit the relation
(B.6) to make it useful for our purpose. After simplifying the outcomes, we perform the

integration by parts under the spacetime integral and once again simplify the results,

which yield the following expression for the term that we are interested in,

fddx\/EGBl = fddx\/g(_‘lRayRﬁvR,uvaﬁ_4RaprﬁRa,6+4Ruva,6Ryﬁ/,wRavya+

+RyvaﬁRaﬁy0Ryvya + ZRaaR,uvaﬁvaaﬁ) > (4.14)
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where in between the simplification one may need to use the cyclicity of the Riemann
tensor. By substituting the integral of GB1 (4.14) in the action (4.13) and simplifying it

we get the following action with 10 terms,

fddx\/gaﬁ(x):
d-6 d-2
= | d%/gdm) T 1]{— — ————Cvpa0C uvpa—
f x\/§( ) r(1) 6720(d — 1) 1344(d — 3) uvpa uvpa
I p3, 1 g2 T ppo 24421 L o oo
10368 2160 BV 17280 uvpo 9072(d — 3) apttuptyvap
L2d-51 oo TdA24
15120(d _ 3) ap ﬁV Hvaﬁ 30240(d _ 3) ao uvaﬁ [JVU’ﬁ
20d - 33 193d - 444
* 9072(d — 3)RuvpaprﬁRvaaﬁ + mRyvaﬁRyvyaRaﬁyg } (4.15)

Now, we re-write the eq. (4.15) in dimension d =4 and use the identities given in the
eq. (B.13) to get rid of some terms so that the above action reduces to the following
form, which has only 8 terms. Basically we replace the terms R ;o R u5ppRvoap and
RyoR yvapRvop in the above action by using the identities in d = 4. Therefore, finally af-

ter simplifying the outcomes we get an elegant form of the action (4.15) in d = 4 as follows,
Riemann dominated action:

1 1 1 1
f dixy/gagx) = — d4x\/§{—RDR R, ORyy + ——RuaRvsR uvap—

4m? 1120 336 126
43 1 13 1
—— R R.sR.5— R3+ R?2 —— _RR? -
15120 HTHHPTAP T 1700 2016 KV 5040 HvPO
1
_mRﬂvpaRyvgﬁRpao’ﬁ} . (4.16)

It is quite easy to see that the terms given in the action (4.16), which are quadratic and
cubic in either Ricci scalar or curvature will get vanished for the Ricci flat background.
Therefore, one needs to vary only the last two terms, which makes easier to deal with
the EOM for such cases. This is the main benefit to write two forms of the action, namely
Riemann and Weyl dominated. We shall see the same thing with Weyl dominated action

for the conformally flat background in the next section.
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4.2 Weyl Basis

In this section we derive the Weyl dominated form of the action. This form of the action

is very useful to study conformally flat backgrounds.

We rewrite the action (4.15) in terms of Weyl tensor. In order to do this we use the
definition of Weyl tensor (B.3) and replace Riemann tensor with Weyl tensor. This will

result into the following equation,

fddx\/gae(x):
d—6 d—2
= [ d%ygam) 42T 11{— L BN = TR
f *VEUn O oo -1 1344(d —3) VP e
1 1 7 4 9
——~ _R3{_—_RR? —R(C2 R — R2)—
10368~ 2160 #v T T7280  \“Hvee T g ot T (@ 2yd - 1)
2d +21
2472 p R.R
9072(d —3) artrupllap ™
9d —51 1 1
2879 R Re|Cuas— ——A4R - 9 R
+15120(d—3) ap ﬁv( uvap d—2 [u[agv]ﬁ]+(d_2)(d_1) Slua8v1p )+

7d +24 1 1
+ Rys|C - ——A4R TR — R
30240(01—8)‘“’( pvap = g g e E VIR T (T oy — 1) S HaE VP )X

1 1
Cuwop—5—4R +— 2 R|+
20d — 33 1 1
t———— | Cypa — 4R gl + —————2 R
9072(d—3>( ppa T g g eV T g o) d — 1) B ke8I )x

1 1
x (Cu«mﬁ ~ g ot T 1 281w8 a]ﬁR) x
1

d-2)d-1) "

1
x (Cvaaﬁ - E‘LR[v[aga]ﬁ] + 2g[vaga]ﬁR

N 193d — 444 (C 1 AR ) 1 N R)
_90a a7 b 3
181440(d—-3) | "W~ g2 [ula8 V1Al @-2d-D 8lua8v1p

1
x (vaya - E4R[y[ygv]a] + g[,uygv]aR) x

1
d-2d-D"

1 1
x (Caﬁya - m‘lR[a[ygﬁ]a] + ng[aygﬁ]gR) } . (4.17)

As it is explained below we split the eq. (4.17) into three parts and simplify it upto certain
extent. We also use the fact that Weyl tensor is totally trace-free i.e Cqgqy = 0. Then we

add the outcomes altogether and once again simplify it in such a way that it results into
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the final expression for the Weyl dominated action with 10 terms.

First of all we denote the terms given in first six lines of the eq. (4.17) by A, the

terms with the coefficient + 93%(:13_33) by Ag and the remaining terms that appear with

% by A3. Then we simplify it and use Cypqy = 0 (trace-less Weyl

the coefficient +

tensor), which give us the following results,

d-6 d-2 1
Ai = —— RIOR-——— CuoaCypqg — ——
1 6720(d — 1) 1344(d g) HYPETTHVPE 10368 2160

7 2 2 2 3) _ 2d +21
17280 (RC“”’” a2 R @ a1 9072(d —3) erTupllap *
2d —51 1 )
+— - _
15120(d ~3) (d=2)d-1)
2d -1 9 7d +24
(d-2)d- 1)RR“V) " 30240(d—3) (R a0 CpvapCuvop+
L2d-b 2(d +1) 5 2
= —RusRucRyo+ ——— _
(d 2)2 actvpalipyo + (d_2)2(d_1) v (d—2)2(d—1)

1
R3+ —RR2

2
(RayRﬁvavaﬁ + mRa,uRvava +

T tavBupCrvap+

RS), (4.18)

20d — 33 6
A2 = gora@—sg) | “meeCurrnCroert g
3 3(d—-4)
_(d —2)(d — 1)Rcaavﬁcvaaﬁ + (d 2)2
2(3d - 8) 2d?2-7d+4 _5 -3d%>+6d+6
—  Rs, R, R
=2 et oS @ -1 (d=2%d-1)

Rua Cuovﬁ Cvoaﬁ -

RvaRoﬁCvaaﬁ +

RR};|, (4.19)

and

193d — 444 12
As = ————|C C C
3 181440(d — 3) | HvepP=mvyo=abye = 79
24 6
+—R 3R ,,C +——  RC? -
(d _ 2)2 pprac™ pafo (d . 2)(d _ 1) apyo

8(d —4) 24 9 4d
——R,,R,,R,———RR R
d—2)p Hetrrter T T os @ 1) T (d—2)B(d - 1)2

———5RuaCupyoCapyo+

31, (4.20)
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Now, we combine (4.18), (4.19) and (4.20), and simplify the resulting expression in such
way that it yields the following action with 10 terms,

fddx\/gag(x):
d-6 d-2

dx g dn) V2T 1]{— 272 _(.0C
f Ve D Er0t@ - 1) 1344(d —g) Mee—hveat

.\ —35d° +280d* — 1121d3 +2912d? - 3260d + 1968 PR3,
362880(d — 2)3(d — 1)2
14d* -57d3 +37d% - 288 ~5d3 —21d? +95d + 120

RR?, + RauRusRap +
30240(d -2)3(d - 1) H 22680(d — 2)3 apftppirap
49d2 147d +470 +2d2+33d+112R -
120960(d 2)(d-1) '“VPU 15120(d —2)2 = pv& pvap
7d®-176d +510 20d — 33
RagCpvapCuvop+ gomo o CrvpaCroppCuoap +
T30240(d —3)(d —2) o0 mabCuvob T goToid — gy wveauoppCvoaf
193d — 444
mc‘”“ﬁc“w"c“ma} (4.21)

Now, as we did in the previous section we rewrite the eq. (4.21) in dimension d =4 by
using the identities given in the eq. (B.13). We utilize these identities in d = 4 for the
terms CypaCuoppCroap and RaoClyvapCuvop in (4.21), replace it by appropriate terms
and simplify the results. So, we get the action with only 8 terms as given below.

Weyl dominated action:

1
fd4x\/§a6(x) = f \/_{ 10080 @CWWDCWWF
1 13 1
——R3 —RR2 —— Ry, R, R4+ ——RC?
68040 3024 15120 akvuprap T 7rog S uvpe T
23 19
5040R,uaRvﬁCuvaﬁ+43200yvaﬁcpvyocaﬁyo} (4.22)

As we discussed in the sect. 5.1 about the reduction of the terms of Riemann dominated
action in the case of Ricci flat solution, here also we see that for the locally conformally
flat background some terms containing C" (Weyl) with degree n = 2 get vanished leaving
the final equation with even less terms to vary. This makes it facile to get the EOM
for such cases. We also note that the eq. (4.22) helps a lot and reduces the efforts by
making it trivial to check that for the conformally flat background S3 xS the heat kernel
coefficient ag will get vanished. This remarkable result has been already studied in [1]

by the direct calculation of ag for this background.
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CHAPTER

EQUATIONS OF MOTION

We consider the gravitational actions studied in previous chapter and vary the same.
More specifically, by using the variational principle we derive the EOM for the action
defined by the heat kernel coefficients ag, a2, a4 and ag. Here also we study the EOM
for ag in a great detail. We derive the EOM for ag in Riemannian and Weyl (only for
the conformally flat background) bases. We reduce the Riemann dominated EOM to the
particular case of Ricci flat solution. We conlude this chapter by applying these two forms

of EOM (Riemann and Weyl) to some black hole and cosmological solutions.

We explicitly derive the EOM by varying the Riemann (4.16) and Weyl (4.22) domi-
nated forms of the action in sect. 5.1 and 5.2 respectively. Before we proceed to the main
problem, we enumerate the EOM coming from the heat kernel coefficients ag (3.60),
as (3.61) and a4 (3.62). The following set of EOM can easily be derived by using the

techniques explained in detail in the next section (here we denote the variations of a, by

(p)
ED),

1
An’E) = S&uv, (5.1)

1 1
4m’E) = 5 (RW ~ §gWR) : (5.2)
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4n*E) -——RRyy-——V,V\R- ——g,wOR + ——g, R*+
S 1442 T 19002 T H T T 240728 T Br6a2 81
+3607‘[2RauVﬁRaﬁ + 4072 DR“V N 36072 gf“’Raﬁ + 720”2Ruﬁponﬁpa -
7

2
36072 kaltva T Gago 8 Rapo 63
Note that the EOM (5.1), (5.2) and (5.3) are completely symmetric with respect to u and
v. We would like to point out that the EOM deduced from the action (4.4) is the same
as (5.3). Although we do not provide the explicit result here, but in principle one can

easily derive it by exploiting either (2.3) or (2.4), which makes the action (4.4) easy to

2

vary in d = 4 by leaving only one term C Wpos

and that can be done by using (C.10) and
variational method explained in sect. 5.1 to produce the desired EOM. In order to see
that (4.4) coincides with (5.3), it may require to replace all the Weyl tensors with the
Riemann tensors by using the relations (B.3) and (B.4) in the resulting EOM coming

from the action (4.4). Furthermore, we also observe that the EOM coming from the action

(4.4) contains 9 terms and upon comparison with the eq. (5.3) gives the tensor identity.

More importantly we see that conformally flat solutions do not get affected by a4. In
other words EOM coming from a4 does not contribute in the full EOM resulting from
full action (including ag, ag and ag) for such solutions. It is quite easy to explain this
with the help of the action of the form of (4.4). Note that the second term in this action
gets vanished after doing the variation, because as we discussed before the variation of

GB is the total derivative in d =4 (2.3). Moreover, this is true also due to generalized

2

GB theorem (2.4). The remaining term Cj,,,,;

is trivially zero for the solutions under

consideration as explained in sect. 4.2. We shall see example of such a solution in sect. 5.3.

Throughout this chapter the symmetrization with respect to the indices y and v is
assumed (particularly for the final EOM) unless we specify it explicitly. In other words
we do not use the symmetrization brackets "()" for the final answers of EOM, but we
shall indicate wherever the equation is completely symmetric with respect to u and v,

and does not require any symmetrizations, as we did above.
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5.1 Riemann Basis

In this section we vary the Riemann dominated action (4.16) studied in the previous
chapter. The motivation behind the study of this action and corresponding EOM is that
it make easier to analyze Ricci flat solutions. We shall consider this point in detail when

we scrutinize the EOM for some solutions.

Now, as we have mentioned in an appendix A that while doing the variations one has
be cautious about summed over indices and it becomes quite necessary to use Einstein
summation convention instead of Feynman’s notation. Therefore, in order to illustrate
this idea we give a brief explanation with an example of the derivation of EOM for one of

the terms of the Riemann dominated action for ag (4.16).

In principle one can consider any of the terms of the action, but just to present the
central idea of the method we take into account for example, the third term of the action
ag (4.16), rewrite it in Einstein summation convention and vary it by using (C.1), (C.8)

and (C.4). The resulting equation takes the form as,

A f d*xé (\/ER““RﬁVR#mﬁ) -

f d*x (5\/§R”“RVﬁRﬂmﬁ +8OR*R"PR 1y + VERMSRYPR 1yap+

+VERM R SR uvap) =
= % f d*x\/ghR"“R"PR yy0p +
+fd4x\/§(—2h(WR“)Y +VIVHR®, — %v“v“h - %Dh““)RVﬁRWﬁ +
+ f d*x\/gR"* (—Zh(”’Rﬁ)y +VIVRP, — %V”Vﬁh - %thﬁ)R wvap +
+ f d*x/gRM R (R i hpty — 2V1uViphvial) (5.4)
where h,, = 6gyy (C.1), and for the simplicity we neglected the numerical constants,

which we shall recover in the final result. Now, the eq. (5.4) can safely be rewritten in

terms of the Feynman’s notation. Next we collect the identical terms and perform the
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integration by parts (by using Stoke’s theorem) on the outcomes in order to make 24

and A free from any derivatives, which basically lead us to the following expression,

1

A = 3 f d*x\/ghR aR R jvap — 4 f d*x\/ghvyRuaR gy R yvap +
19 f d*x\/GhayVuVy (RypRuvap) - f d*x\/GhV 5V, (RuaR wvap) -
_f d4x\/§hVﬁD (RuaRuvap) +f d4x‘/§hﬁ7RvaﬁRuvay -

- f d*x/ghusVaVy (RuaRvp) + f d*x/ghvgVaVy(RuaRvp)- (5.5)

The next step is to do the simplification of the eq. (5.5) and use the relation (B.6) to
commute the covariant derivatives for some terms such that the resulting terms look
more simple than how it was. Then one can use Bianchi identities (B.9) and (B.11)

wherever it is possible in the outcomes and once again simplify it to yield,

A = f d*x\/g08 v [2RayR upRvyap + 2R upay Vv VaRyp — 2V R apVy R ap+
+2V,R 5V sR ua + 2V o Ry VR upay — 2RapVVyRap + 2R 45V, VSR o —
—2RypRopvnRaynp — 8uvRapynVpVyRya = 28wV pRyaVyRap + 28w VyRapVyRap —
_%guvRaﬁvaVﬁR —8uvRapRayRyp— %guvRaVRﬁnR apyn+&uvRaplIRap —
~RuavyORay — 2V, RapVyR uavs — RapOR yavs — RuaVaVvR — Ry RypRyp —

1 1
~VpRuaVaRyp~ VuRVyR + - RynOR + VoRVaR yy + RapVaV Ry (5.6)

Then by using the action principle we equate A to zero so that the bracketed terms in

(5.6) can be used to get the final answer. Next we change the dummy indices and rewrite

35(VERRPRapys)
V88uy )

Now, it is easy to see that the bracketed terms in (5.6) give the final EOM Ej3,, (see

the variation of the third term with respect to the metric g, as ng =

below) that we are interested in. We note that we write the final answer for all EOM
in terms of Feynman’s notation, because in between while doing the variation we have
lowered all the indices such that the final equation turns out to be with all indices down-
stairs. This process of deriving EOM can be applied to any of the terms of gravitational
actions (including ag, ag and a4) in general. We enumerate the results below for the

contributions coming from all the 8 terms given in the action (4.16) to the final EOM .
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Here in order to avoid any confusions with the indices of EOM we change the dummy in-
dices of the terms given in the action (4.16), which involve p and v. Moreover, initially in
the final answer of EOM we write the indices p and v upstairs just to emphasize that the
variations have been done with respect to the covariant metric gy, and later on we lower
the same to follow our convention. As we mentioned before, here the symmetrizations

with respect to the indices y and v are assumed.
1 1 &(y/gROR)

EF =
1 4721120 /868y
1 1
=By = 172 1120 [~2R R aa + 2R qapy — 28 R aapp + RyuRv—
1
_§gluvR;2a , (5.7)
g - L 1 O(VERYORy)
2 472 336 VEOE v
_ 1 1 6(V88"°VyRYV;5Rap)
472336 VEOguv
1 1 5 9
= EZ/,W = mﬁ _égﬂvRaﬁ;y _R;aauv - 3Rva;uR;a _RuaR;av - 2Ra,6;,uRﬁv;a_
—6R R 5y + RappRapy + 2RapRapuv + 4R pavyul pyia — 4RvyapRpyap +
1 1
+2Ra,uvﬁRaﬁ;yy + éguvR;cmﬁﬁ + §gpvR;2a + 2g,uvRaﬁR;a,B - 2g,uvR0apﬁRapRﬁ0 +
+28wRayRapRyp— guvRapRapyy + 48 uvRya;pRpy;a + 28 wRapopRpprac +
+Ryviaapp + 2RyuvpRypRpp — AR puopRppRvo + 2RvaRyupRap), (5.8)
g o L 10 (VER*'RPR 4py5)
3 472 126 VEOS v
1 1
=>Es3uy = 472 126 [2R ayRupRvyap + 2R upayRypav = 2RapuRapy+

+2Rap;vRya;p+ 2Ry paRppay,y = 2RapRapuy + 2RapRpa;py —
—2RypRapvyRaynp — uvRapynBRyanp — 28 iwRya:pRap;y +28wR czrﬁ;y -

- %g wRapRiap— 8uvRapRayRyp— %g uwhRayRnRapyn + uvRapRap;yy —
~RuavyRay,pp — 2R apyRuavpy — RapRuavpyy — BuaRiva = RyyRypRyp —

1 1
~Rya;pRvpa — ZR;,UR;V + §RuvR;aa +RoRyva +RapRpviap | 5 (5.9)
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1 43 5(vgR*RY4RF,)
4 472 15120 VEOg v

1 43 3
=Eyv = 515790 | 3Reualapy — GRuakiva + 3R upRanRavpn—
3 3 3 9 3
_§R;aRa/~t;v —3RapRpva + §guVRaﬁR;aﬁ + gg/wR;a + EgﬂvRaY;ﬁRYﬁ;a -
3
_EgHVRUCYRUﬁRﬁ“Yﬂ + guvRayRyﬁRaﬁ + 3RvaNY;““ + 3Ruﬁ;f}/Rﬁy;'y , (56.10)
g o L1 5(v/2R?)
5 472 1120 /868 v
1 1 1
=Esn = 57190 [—égWR3 +3R*Ryy — 6R,, R,y — 6RR y + 68, R+
+62,wRR qa), (5.11)
B 1 13 6(\/8RR*Rp)
6 4722016  \/gogu
1 13 |1 5 0
=Eew = 55016 |28 B ap 28R apy ~ 28R apRapiyy—
1
—gWR;Za —8uRapRap— §guvRR;aa _RuvRiﬁ +2RapuRapy +
+2RaﬁRaﬁ,uv +R,“R,V + ZR“aR;va + ZR;(IR(IIJ;V +RR,[,H/ -
_2RRaﬁRaﬂvﬁ _RﬂvR;aa - 2R;aRﬂv’a - RR'uv;aa] 5 (5.12)
gv oo L1 & (VERRP°Rpys)
T 4725040 VEOS v
1 1 [ 1 ) )
= E7IW = m M _§gﬂ"RRaﬁpo + 2gﬂVRaﬁpU;y + ZgMVR“ﬂPURaﬁPU§YY+
+Ry R iﬁpo —2RapposuRappoy = 2RappoRapposuy + 2RR puppo Rvppo +
+8RoRv;a — 8RRy + 4R ayvoR.ga — 2RR; 1y —4RR o Ry +
+4RRUaRqua + 4RRuv;aa] ’ (5.13)
and
g - 1 19 (VERap" Ry *PR ")
8§ 47215120 VEO& v
1 1 1
= Egy = 472 15120 _ég wlynpaRynopRpacp +3RuaopRvaynRopyn—

—12R ;i5:6Rvo;p + 12R o5 Ry pio + 24R pao pRvo;pa — 6R paop;pRvpopia =
—6R )R yyopRvpop +6RuypaRvpopRayop + 12R yaypRyvpopRR apw] . (5.14)
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We see that (5.7) and (5.11) are completely symmetric with respect to u and v. One can

easily verify all the EOM given above by checking the divergence of each EOM separately,

which should turn out to be zero due to the gauge symmetry of the theory. In the process

of checking divergence it may require to use cyclicity for the Riemann tensor. Now, after

collecting all the above 8 parts of EOM and simplifying the outcomes one can get the

final EOM as given below, which has 61 terms.

Eluv +E2pv +E3uv +E4uv +E5yv +E6uv +E7uv +E8,uv

13 13

151208 RapRarRey = 50 e RuRiy - 504R”“RVﬁR“ﬁ "

43§2g wRepR ~ ToggRuafvalt + 113201'%’”}22 saa0f R

161505’ wRapRysRayps + 50140RﬂVRiﬁy5 - ﬁg wRR] apyds ~

30; 3022031 BapnBapysRyona + 5giORRuaVﬁR apt SILLRuﬁayR valpy =
_EISRNﬁVYR ayRap + %RM’WR apRaypo + 25120RRW/3YR vapy +
+F140RM“/3YRV“5TIR[3?’5U - %RM“RV,B“YRIW - FEORWY&RVWSR af—

25120RuaﬁYRVﬁ5nR ayén — 12160Rua/37Rv6ﬁnR adyn — 3;20RR/~W aa ™

1040380R“”R aa ¥ 2041360g B Riaa - 5(1)4710R’” aftia+ 402120 g +
+HIGRuV;aﬁRaﬁ 50140 guwvRapRap+ 5§ioR”“ pplva + 3;6RuV;aaﬁﬁ -
_Flf;oguvR;aaﬁﬁ - %Rua;VﬁRaﬁ - IloRua;ﬁRVﬁ;a + %Rua;ﬁRw;ﬁ -
_Tlfj()RuaVﬁR af 516:9 plapRapyy - %RuaVﬁR afiyy ~ Elf;RuaVﬁ;wRaﬁ +
+K160g uwlay;pRapy — ﬁg uvl? iﬁ;y - 6_13Ruavl3;YRaﬁ;Y + %RwaﬁRm;ﬁY -
—ﬁRuaﬁy;(stm;a 5(1) soa8mEaypslapys + 25120g uwlRapysRapysm +

25120g.UVRaﬁy6 n 1(1;8Raﬁ pRva;p+ 4;0RW vR:q + 814Rl~laﬁY;VR06ﬁ;Y +
+8_14R apsyulvapy + gl(gRaﬁ;WRaﬁ - ﬁR apysiuvlapys + %Rua;ﬁRaﬁ;v -

o Ryas e~ o RapyouRapyon o RuapyRapy ~ oo RuaRiva -
_iRua;ﬁvRaﬁ - %R#aﬁYRaﬁ;w + TZORR;M - ﬁR;aauv- (5.15)
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The above EOM (5.15) is very useful to study the black hole solutions due to its dominance
in Riemann tensor. In particular, as we discussed at the beginning of this section, this
form of the EOM reduces a lot of calculations for the Ricci flat solutions for example,
Schwarzchild black hole solution, which is not the exact solution for the EOM (5.15)

coming from ag (4.16). We shall discuss more about this in a moment.

5.2 Weyl Basis

In this section we vary the action (4.22) under the locally conformally flat background
such that the terms containing C" (Weyl) with the degree n = 2 will get vanished due
to the conformal symmetry. We note that most of the terms in this action (4.22), which
survive under the condition of the background being locally conformally flat, resemble
the terms given in the action (4.16) for which we calculated the EOM in the previous
section. The only term which is remained to be varied is the seventh term of the Weyl
dominated action. We calculate the EOM for the same by following the usual procedure
discussed in sect. 5.1 (see also the points regarding indices discussed right above the list
of EOM for all the 8 terms, which are equally valid here) as follows,

1 23 6(VERRPCopys)

EY =
7 472 5040 VEOE v
472 5040 Y g ap
13

1 1
—ngRi sR+3RuaRvaR - R R + Zg,WR3 = 5BRuvea+

1 1
+EguvRR;aa - ﬂg,uvR;za +Ryv;aﬁRaﬁ +R,uaRva;ﬁﬁ -

1
“RuaypRap—RuapRvpia + Rua;pRvap — gg#VRaﬁRaﬁ;w +

1 1 1
+§guvRa7;ﬁRal3;Y - gg.UVRi,B;Y —RappRya;p+ §Rua;vR;a +

1 1 1 1 1
+§Raﬁ;uvRaﬁ + gRaﬁ;#Raﬁ;y — ERWR;V - §R/,taRva + ERR;IJ’V .(5.16)

Here we note that in order to get the final answer given in (5.16), we replaced all the
Riemann tensors with Weyl tensors in the final equation resulting from the variation of

the term and used the condition (locally conformally flat background) on the outcomes
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such that all the Weyl tensors became zero and led us to the above result. Now, by
combining the eq. (5.16) with the results of EOM for the terms, which survive under the
condition considered above, i.e. (5.7), (5.9), (5.10) and (5.11) we finally get the following
EOM with 32 terms for the Weyl dominated action.

E® = Eyw+Esy+Esuw+Espy +Enu
29 71 1
2,(6)  _ 2
= 4n Epv - 4320g/ﬂR0€l3RaYRﬁY 10080R.LWRaﬁ 48RﬂaRVﬁRaﬁ_
5 0 9 163 , 397 5
R2.R+— R, RyqR - —— R, RZ+ """ _
TBgS K tapt T g trattvalt T aao 0 vt T 9721605
79 1 11 1
—— " RR,yge— ——RyR.gu+ RR..o - ——Ruy:aRea
30240 Hvaa T gy tavitea T geoagSuvitiaa T g ftuvia
1 RZ + 28 R asRap+ —o—gRapRoap +
T 1814405 e T 5og0  HaPab T 3008 Kt abtap
1 1 1
+ 140RIJ‘XRV“ Bp + 5040g R;aaﬁﬁ - EOR/JO,’;VﬁROCﬁ -
23 1 11
_MRua;ﬁRVﬁ;a + IOR/JOC;.BRWX %0 4OguvRaﬁRaﬁ rr+
1 11 0 23
* g0 8 BapyRayp — =5 m8mBapy — zoioBapuBvap +
89 11 13
— > RuuvRoq+ ——RupuvRas— ———R ya-5Rapy +
30240 rev e T pogg bk tab T poag pap T apy
11 13 43
+ Rs.uR — RugvRia— ———R,R., -
5040 “PHTABY T 10080 KAV 181440 H
11 13 1
—— R,4Rvg+—R.,,R———R. 5.17
3780 H¥UYY T 19960 MY 5040 *HHV (5.17)

We note that in the derivation of the eq. (5.17) the condition of background being locally
conformally flat must be taken into account. Therefore, one should be cautious while
adding contributions coming from the remaining terms (excluding the term considered
in (5.16)) to the final EOM (5.17), where all the Riemann tensors must be replaced by
Weyl tensor. As such all the Weyl tensors will get vanished and yield the final answer
given in (5.17). We shall assess the EOM for the conformally flat FLRW metric by using
the eq. (5.17) in the next section.
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CHAPTER 5. EQUATIONS OF MOTION

5.3 Analysis of the Equations of Motion

Here we study the Ricci flat EOM as a special case of (5.1) (and including EOM for a,
ag and a4). Furthermore, we also analyze the EOM for the full action for two ansatzs,

namely the Schwarzschild, and conformally flat FLRW of the form of,
g=a*(t)(~dt® +dr? +r2dY?), (5.18)

where dY2 = d6? +sin®0d¢?. Let us consider the Ricci flat form of the eq. (5.15), which
can easily be obtained by setting Ricci tensor and scalar to zero in (5.15) and by using

some manipulations and applying (B.13) as,

1

—1260Ruaﬁ7R vﬁﬁnR adyn™

1 _
47T2Eyv = A4f0§guv+A 2f6{_ guvRaﬁnARaﬁyﬁRy(SnA_

1 ) :
~gagRuamoRuomia+ 5525 VAVs (@10 = 0udim) Rigyy

where A and fa, (for g = 0) are the relative coefficients coming from the spectral action

1
30240

}, (5.19)

(3.27) (With L=- (%)2 = —%). We note that the EOM (5.19) is completely symmetric
with respect to u and v, as such it does not require the symmetrization with respect to
the same. Moreover, it is the full form of EOM coming from the heat kernel coefficients a
and ag. The contributions coming from the heat kernel coefficient ay (or corresponding
EOM) are trivially zero (because R, =R = 0). Furthermore, the EOM for a4 (5.3) gets
simplified and gives only two terms for the Ricci flat case, these remaining two terms
upon plugging the Schwarzschild ansatz produce zero. These points explain the complete
form of the Ricci flat EOM (5.19). It can be applied to the Schwarzschild metric and
checked whether it is an exact solution for the EOM for ag. For this purpose one may
neglect the first term (set fo = 0) in (5.19) and plug the metric in the same, which yields
the equation given below. Now, as we discussed in sect. 5.1 and above, by plugging the
standard form of Schwarzschild metric in Ricci flat EOM (5.19) one can easily get (here

we adopt the mixed indices to present the results in simplest way),

_ -2 0 M*(-298M+135r)
E't= AN ?fe™——g0m >
{Er, = A2fM04M0n (5.20)

0 _ _ A-2p M2(-442M+189r)
E’9 = E% =AN’fe"——c5—"
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Figure 5.1: Graphs for the components of the EOM evaluated for Schwarzschild ansatz.

We use the components of EOM given in (5.20) and plot the graphs for three functions
formulated with the reduced variable, namely = = ;, which take the forms as shown
in the Fig: 5.1. We also take into account zeros for the components considered in the
above analysis, which are given by = = 2.2, 1.55 and 2.34 for E?,, E", and EY% = E‘f’(l,,
respectively. We observe that energy density E¢; and azimuthal pressure E%g = E"’(p are
positive for significantly high radii. However, the radial pressure E”, turns out to be
negative for large radii as it changes its sign at = = 1.55 (see Fig: 5.1). This is contrary to
the ideal case, where all stress-energy sources should be positive. There lies the limita-
tion of an effective source interpretation. In other words the effective source description
cannot be applied inside the horizon (Schwarzschild radius), which is at = = 2, where
around this point the substantial changes occur as we explained above. This assessment
and non-zero components of the EOM (5.20) imply that Schwarzschild metric is not the

solution and it gets modified by higher derivative corrections.

Now, in a quite similar way as we did above, by using the conformally flat FLRW

metric (5.18) either in (5.15) or (5.17) we find,

1 1 a/2 a(3)2 a//3 137(1'6 a(4)a//

El, = ZAYo-=A’fo—+A2 + + - +

t gN o= N g /6 | 560a® T 634 T 100842 2807
11a(3)a/3 a(4)a/2 a(5)a/ 5a/4a// 25a’2a”2 a(3)a’a”

8410 3509 280a8 14all  168al0 21a?

(5.21)
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and
1 la” 1 a” 19a®2  o®
E.=E)=E® = ZA'Yfo+ANfo|-c—+——|+A2 [— + +
rTR0T e g Mot M|~ 5t 54 f6 |~ T008a® © 840a7

17a® 1374 73a®a” 107a®a® 127aPa’?

+ - — — + —
25202 336al2  2520q8 252410 126002
13a®a’ 617a%a” 415a%a"? 41a®a’a”

_ + - + (5.22)

840a® = 504qll 504q10 126a?

We recall the spectral expansion given in (3.27), i.e. Try(L) = Z‘;’:O foqa24(L), where (as
we saw in the sect. 3.1) y, L, fo, and ag, being an arbitrary function, positive definite op-
erator, common factors and heat kernel coefficients, respectively. We reformulate the last
expression for L = — (IK))2 = —% (note that A is some mass scale factor) and by expanding
the outcomes rewrite it as Y00, A2 fo a0, = (A foao + A2feas + Afsas + A2 feas +...).
It means that the heat kernel coefficient a( should get multiplied by A* fo, as by A2 fo
and so on. This explains different powers of the mass scale factor A and appearance of
the common factors f, in (5.19), (5.21) and (5.22). Moreover, we note that the EOM (5.3)
coming from the heat kernel coefficient a4 (4.3) does not contribute to the above EOM,
because (5.3) produces zero for the conformally flat FLRW metric (5.18). Furthermore,
recall also the other explanation based on the action (4.4), which we discussed at the
beginning of this chapter. We saw that it is even possible to see at the level of action
written in terms of Weyl and GB (4.4) that the EOM coming from a4 does not contribute
in the case of conformally flat solutions such as FLRW, because of (2.3) or (2.4) and Weyl

tensor that is trivially zero on conformally flat background. This is the reason for absence

of any of the terms with four derivatives of a scale factor a(¢) in (5.21) and (5.22).

At this point it is worthwhile to note the exact classical solutions studied in [37]. In their
work the authors managed to find the exact solutions for the EOM coming from unitary
and super-renormalizable non local theories of gravity for the general case. It was shown
that metrics such as Schwarzschild, Kerr and AdS are the exact solutions of the EOM in
Riemann basis. At the same time FLRW was also presented as an exact solution of the

EOM written in Weyl basis.
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Moreover, we would like to point out the work on infinite derivative gravity (being
a subclass of general non-local theories), which turned out to be crucial, particularly to
solve the problems of cosmological and black hole singularities. For example, the effects
of higher derivative modifications on cosmology was considered in [52] and shown that
the singularity can be averted by making the gravity weak at short distances. For this
issue, it would be also nice to refer some historical work [49] on the isotropic cosmologi-
cal systems without having singularity, also an anisotropic field of gravitation and the
isotropization of the cosmological expansion concerning particle production analyzed in
[50, 51]. Various generalization of ghost free theories of gravity were studied in [53] and
the same for theories quadratic in curvature tensors along with the EOM (specifically a
method to get it) was analyzed extensively in [54]. In further studies [55] it was proven
that ghost free quadratic theories of gravity containing infinite derivatives do not allow
the Schwarzschild (1/r) singularity to exist in the whole spacetime. The investigation
done in [56] shows that ghost and singularity free theories of gravity (with infinite
derivatives) do not have the Ricci flat solutions, because of the non-local gravitational
interactions, which basically spoil the source, if it belongs to the spacetime. In addition
to that in such theories the Riemann tensor turns out to be non trace-free contrary to
the standard case, where it is traceless and does not coincide with the Weyl tensor. Such
studies for the compact rotating object along with the ring singularity can be found in

[57].
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CHAPTER

CONCLUSION

We reviewed the spectral action approach and its applications that led us to HDG. More
precisely, we considered the case of pure gravity and studied the HDG in the context of
corrections to GR. We established a connection between the spectral action approach
and HDG, and explained it in a great detail by deriving some results explicitely. We
found that HDG emanates quite naturally in the framework of spectral action principle.
We also reviewed the heat kernel coefficients ag, a9, a4 and ag coming from asymptotic
expansion of the trace of heat operator and calculated EOM for the respective actions. We
studied the heat kernel coefficient ag with all of its classical features. More specifically,
we constructed the action for ag in two bases, Riemann and Weyl, and calculated the

EOM for the same by varying these actions.

There are two major applications of these results. One is to study the higher derivative
corrections to Schwarzschild metric, which implies corrections to the Newton’s law of
gravitation in the weak-field limit. Basically we analyzed the Schwarzschild metric (5.20)
for the EOM for ag (5.15) (Riemann dominated) or (5.19) (Ricci flat) and found peculiar
behavior (Fig: 5.1) of non-zero components of EOM (5.20). These outcomes clearly indi-

cates that Schwarzschild metric is not the solution for the theory based on ag and it gets
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modified by higher derivative corrections, so the classical law of gravitation as well. It
would be quite intriguing to look for an exact solution for such an EOM with a big family
of parameters (see e.g. [37] in general). As the second application, we applied the Weyl
dominated EOM to the FLRW metric, which was calculated for the particular case of
conformally flat background. We saw that FLRW metric (5.18) produces the same results
(5.21) and (5.22) either we evaluate it by Riemann (5.15) or Weyl (5.17) dominated EOM.

On the other hand quantum aspects of these results may provide the answer to the
question whether there is anything special about the spectral action. It particular, it
would be quite interesting to see if the coefficients coming from the spectral action
approach produce any kind of cancellations (in some cases it is possible to see even at
classical level, see e.g. [1] for the case of S3 x S1). One may try to find the beta functions
for this model under consideration in the framework of quantum field theory and check
the signs of beta functions that will explicitely depend on the coefficients coming from
the spectral action and provide a clue whether the theory will get crumbled at high
energy level or it will be renormalizable (see e.g. [7] for the case of four derivatives).
In our investigation we found that the spectrum of the system studied in our work for
ag possesses one pair of complex conjugate poles. These poles of the propagator are
basically Lee-Wick pair so, we conclude that the theory based on ag falls under the
category of Lee-Wick gravitational theory, for which some recent studies can be found
in [45-48]. We may consider this aspect of our results in our future studies. It would be

also nice to see whether the conformal background stays stable with quantum corrections.

The biggest breakthrough would be the direct quantization of the spectral action, but
it is one of the most difficult problems and there has not been much progress in this
direction. The main hurdle is to deal with the integral measure of the action and to find
the correct form of the same. Moreover, it is also not clear whether the spectral action
is directly quantizable in a way that usually works for the standard field theory. Some

attempts to quantize the spectral action can be found in [35, 36].
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APPENDIX

APPENDIX A: NOTATIONS AND CONVENTIONS

We work in a natural unit system i.e. G = ¢ =h =kp = 1. We start with the Feynman’s
notation, which has been used in most of the formulae in this literature. Basically
this notation means all the indices must be lowered, including summed over indices.
For example, in this notation the standard Ricci tensor coming from the contraction of

covariant Riemann tensor can be written as,

Rab = gcdRacbd-

where the indices ¢ and d are summed over.

The main goal to use this notation is to make the equations compact and easy to
write. Furthermore, by doing this we also follow the same notations used by Gilkey
[3, 4]. Just to give an example of the usefulness of this notation we quote some terms:
RMPOR oo = Ryuvpo R uvpo = Rﬁvpa, RMR,y =RyRyy = wa and so on. We also elucidate
couple of terms explicitly to avoid misunderstanding with this notation: VY R¥'V,R,,, =
RuvaRuvia = (R W;a)Z =R fw;a. Similarly, it is understood in the case of Riemann tensor

as well. However, one needs to be careful while doing the variation of the action, where

the summed over indices must be taken care. So, just for the purpose of doing variation
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we shall follow the Einstein summation convention i.e., one index should be upstairs and

the other one downstairs for the summed over indices.

Throughout the literature sgi. and sgjem stand for the signs of Ricci and Riemann
tensors respectively, which basically depend on the convention under consideration, and
square brackets "[]" represent the anti-symmetrization of indices. The generalization
of the formulae written in terms of sgj. and sgjem may help the reader to recollect the
results and compare with the results coming from other conventions at any stage of
calculations. As per our convention (same as [1]) sgjc = —1 and sgjem = —1. Moreover, the

standard notation of the covariant derivative ";"(instead of V) has been used in most of

the formulue to make it compact.

We define the commutation relation of gamma matrices as,
1
Yuv = 5[)”#:)@]- (A.1)
Now, we note that the gamma matrices satisfy the following Clifford algebra,
Yiuvt = {YM,YV} = _Zguvﬂ- (A.2)

where the sign convention is taken in such a way that it remains the same either in
Euclidean or Minkowski formalism. In our convention Riemann tensor, Ricci tensor and

Ricci scalar take the following forms,

RuvaVa = SRiem [Vu, vv] Vo,

9 R,uv = SRic ngRypvay (A.3)

R =8 /,WR uv-
An endomorphism E — E (for pure gravity) and tensor (2,,, which have been used in the

action ag for the case of pure gravity are given by (using (3.10) and (3.18)),

E =-%&
(A.4)

1
-Q;w = ZRyvabYab-
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APPENDIX B: USEFUL FORMULAE AND IDENTITIES

B.1 The Trace Identities of Gamma Matrices

The following set of trace identities of gamma matrices can easily be derived by using
the eq. (A.2).

Tr ('}/IJ'}’V) = —gvaI'(ﬂ) = _4g/,n/,

Tr (YvaYpYa) =Tr(1) (g,uvgpa —8up8vo +g,uagvp) =

:4(gpvgp0_g,upgva"'guagvp),

N

Tr (YuyvYoYoYayp) =-Tr(D[8uv (8po8ap—Epa8ap+8opEoa) —&up (&vo&ap— B-1
—8va8op +gv,6g(m) +8uo (gvpgaﬁ —8va8pp +gvﬁgpoc) -

—8ua (gvpgaﬁ —8vo8pp +gvﬁgpa) +8up (gvpgaa_

—8vo8pa T gvagpa)] .
We also present below the trace identities of the pair of gamma matrices, which can be

deduced by using the results given in (B.1).

Tr (Yab?’cd) =-2Tr(Dgarc8 a1, (B.2)

Tr (YapYedYer) =—8Tr(Dg(cla8bled f1d]-
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B.2 Formulae for Curvature Tensors and Contracted
Bianchi Identities

In the above set of euqations (B.2) y,; is defined by the eq. (A.1). The standard form of
equation for the Weyl tensor in dimension d is given by,

4sR; 2SRi
C,uvpa = R/,WpO’ - d—_;R[u[ng]a] + mQ“pgv]gR. (B.3)

We note that the co-efficients in the above equations (B.3) and (4.11) are very similar,
provided that sgj. = 1. With the given definition of Weyl tensor (B.3) the square of the
same in dimension d takes the form as,

2 4 2 2

2 _ 2
Cuvoor = Buvpo = 73R G o@-pt - (B.4)
The Gauss-Bonnet term is given by [9],
GB := R} ,;-4R;, +R> (B.5)

Commutator of the covariant derivatives acting on generalized tensor can be written as,

m
ay..a A L. 10410
[V,uavv]T ! " B1.fn = leRiemRyv P A " B1..pn T

1=

+

12

1SRiemRﬂVﬁiUTalmamﬁl---ﬁi—lffﬁiﬂmﬁn' (B.6)

n

Furthermore, commutator of the box operator and covariant derivative acting on an

arbitrary tensor is given by,
[0,V = [VaV, Vo] = [V Vo | Vi + Vi (V0 Vo ] ). (B.7)
The box operator acting on the product of two functions takes the form as,
U(fg)=Ufg+2V,fV,g+flg. (B.8)

Now, by doing the contraction of the first and third indices of Riemann tensor in the

2nd

standard form of the Bianchi identity or differential Bianchi identity we get the

following contracted Bianchi identity,

R,uvpcr;,u = SRic (Rva;p - Rvp;a) . (B.9)
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One can also contract the second and fourth indices of Riemann tensor to get,
Ruvpow = SRic(Rupio —Ruosp) - (B.10)
We note that equations (B.9) and (B.10) are the same.

It is quite easy to check this with the contraction for the other combinations. For
example, if we write the 2"d Bijanchi identity as Ryuypo;n + Ruvorp + Ruvap,e = 0 then
one can check for the following pairs, (uo), (uld), (vp), (vA). Naturally, the results of
these combinations will coincide with the above results. Moreover, the remaining pairs

((pA), (po), (oA)) yield 0=0.

Double contraction of the 2"¢ Bianchi identity, that is the contraction of either equation

(B.9) or (B.10) will lead us to,

Ru*\/;” = _R'V' (B.l]_)

B.3 Contracted Cubic Riemann Identities

The set of identities which we shall see in a moment below can easily be derived by using

5qu3t Rab

wbede g cd Re¢, =0 studied in [13] and doing some trivial manipula-

the equation
tions. However, here we explain the derivation of the first identity explicitly that might

be helpful to the reader. The remaining identities can be derived in a quite similar way.

Let us consider R[“bcdRefabRC]def and rename the indicesasa —1,b —2,e — 3, f — 4,
¢ — 5, where the square bracket "[]" emphasizes the anti-symmetrization of all five
indices. This renaming will help us to do the permutations, which result into 120 terms.
Initially these terms can be reduced upto 30 terms by using the anit-symmetrization of

all five indices under the consideration then, one may use symmetries of the Riemann
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tensors and reduce it further up to 11 terms as follows,

4(1,2,3,4,5)-8(1,2,3,5,4)-16 (1,3,2,4,5)+ 16 (1,3,2,5,4) —
-16 (1,3,4,5,2)-16 (1,5,2,3,4) -8 (1,5,3,4,2) + 4 (3,4,1,2,5) —

-8(3,4,1,5,2)- 8 (3,5,1,2,4) + 16 (3,5,1,4,2).

The above set of permutations can be applied to the upper indices of the product of three
Riemann tensors mentioned above so that the simplification of the resulting equation

leads us to,

R[abcdRefabRC]def = 4RabcdRefabRcdef - 16RaecdecabRbdef +403RicRdeRabchceab +
+32RcqRgeRgecd +16sRicRaqReaR e + 43RicRRefcdRcdef -

—8sRicRR.qR 4. = 0. (B.12)

We note that on the left hand side of the above equation we have used the Einstein
summation convention just for the purpose of doing permutation and the final answer is
equation in the Feynman’s notations. Moreover, the right hand side of the above equation
turns out to be zero, because the identity has been derived in 5 dimensions so it has to be
zero in 4 dimensions that we are interested in. Similarly, one can derive the remaining

identities.

Whereas, the first identity requires some more calculations to make it useful for our
purpose. In order to proceed further we make the list of five invariants of the product of

three Riemann tensors as follows,

It =RapcdRaberRedefs
Iy :RabcdRabechedfa
] I3 :RabcdRacebeedf,

I4=RupcaRaecfRpedf,

Is= RabcdRaechbfde-
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Let us consider the term —16R,ccqR fecapRpder- By using the above relations one can

derive the following set of equations,

41,=16 (14 _RaecdecabRbdef) ’

I4=RupcdRaecfRpder +Is,

Is=14-15,
I,=14,
I, =21I3.

Therefore, we can write _16RaecdecabRbdef = _16RabcdRaechbedf +4RabcdRefabRcdef

and use in the preliminary result of the first identity (B.12). After doing the simplification

of the resulting expression it takes the form as it is given in the following equation. All

the four identities are enumerated below.

\ R[abceRCdadee]

C[abceCCdadee]

Cleb ,Cef (p,C

R[abcdRefabRc]def

=8RapcdRefabReder — 16RopcqRaecrRpedr+
+40sgicRdeRapdcRceab + 32RcaRdeRaecd +
+16sRicReaReaR e +4sRicRRZ,  — 8sRicRRE, =0,

= 16RqcRapceRedab —4RR2,  —32Rs Ry Rpc+ (B.13)
+32RR2, +32sRicRacRapRacap — 4R =0,
=16R4cCapecCedab —4RC2, =0,

abce

=8CapbcdCerabCeder —16CapcdCaccrCredr = 0.
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APPENDIX C: A LIST OF VARIATIONS

The following list of the variations is not complete. However, we provide with the nec-
essary results which might be useful for the derivations which have been done in this

dissertation.

g"hyy =h.
6g;w = hyv,
oghy :6gﬁ:56”1,: >
68-[“/ = _h[.ﬂ’,
4 (C.1)
Sdet g = —(detg) 1A,
Oldetguwl  =|detglh,
8\/Tdetgu,] =1y/Idetglh.

6T,y = =(Voh F+VyRH,—VFR,,). (C.2)

N =

SRuvp’ = —Ruvpah”® —25RiemViuViphn”. (C.3)
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6Ruvpo’ = R'u/v[paha']a + 2sRiemV[ﬂV[ghv]p]. (C4)
SR "7 = R 5R 1, 7P + 25 Riem Vi, V7 hoy”. (C.5)
SRIP7 = 2RMPOpH] L RIVTTRP) 4 9spier VIFVIT R IR, (C.6)
1 1
5RHV = SRicSRiem (VUV(Ithv)o' - Evuvvh - EDhH‘/) . (C7)
1 1
SRM = —2R"MPRY), + sRicSRiem (v“vﬂhvg - SVIVh - §Dh/”) : (C.8)
SR = —Ruh" +sRicSiem (VOV" hyo — OR). (C.9)
a 2SRIC
6Cyvpa = Cuv[paha] - d— 2R[pagv][ph0] + 23R1emv[pv[ohv]p]
4SR 1
CL (v Viahona = 5 ViV ik - —Dhmp]) _
2SRIC 2SRic
—Rohvie)t —————— hyig1 +
“d—9 [pulptvio] d-2)d-1) Rgurphviol
28R;
mg[upgv]g (—Raﬁha + SRicSRiem (V“Vﬁhﬁa - Dh)) .(C.10)

5VuTa1"'amﬁ1...ﬁm = vué\Talmamﬁl---ﬁm+

1Z 4 4 . . 4
+§ Z(Vph[.tal + Vﬂhalp _ valhﬂp)Tal...a’L_lpaHl...a’mﬁlmﬁn _
=1

1 n
2 Zl(vﬁihup +Vuh? g, =VPhug )T g, By 1pBiss...pn(C.11)
L:
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APPENDIX D: CALCULATING THE TRACE OF THE

ACTION

Here we present explicit calculations for the following term of eq. (4.5) and the remaining
terms can be calculated in a quite similar way. We note that the trace operator does not
affect the Riemann tensor, because the trace is taken over the different space.
1
Tr(QijaQijz) = WTT((RijabYab);k(Rijchcd);k),

1
= ]._GTr (YabchRijab;kRijcd;k) ’

1
= ETI‘(Yabch)Rijab;kRijcd;ka

1
= E(_2Tr(ﬂ)ga[cgd]b)Rijab;kRijcd;k,

2Tr(1)
= ——R;jepxRijabk,

In the above calculations we applied the trace operator on the left hand side of the
equation and used the definition of ;; given in the eq. (A.4). Moreover, we also used the
eq. (B.2), and further steps involved just a simplification of the resulting equation which

led us to the final answer given in the above calculations. Similarly, one can calculate
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the following terms, where it may require to use the eq. (B.9) in order to simplify some
terms. Possible contraction of the indices must be taken care in the following results,

where the eq. (A.3) might be useful.

Tr(1)
Tr(Qi,jQirk) = -

(Ria;bRia;b - Ria;bRib;a) .

Tr(1)
Tr (QijQij;kk) = —TRijabRijab;kk-

Tr(Qi;QpOi) = @RuvavapbcRpuac-
R;jpTr(QjQp) = _mRuvpovaabRpaab-
RijirTr(Q;Qp) = TrT(ﬂ)vaRupavapab-
RijijTr(QF;) = @RRfmb-
Tr(Eiij5) = —¥R;im-
Tr(EE ;) = %RR;U-
Tr(E E,) = Tig])R?i.
Tr(E%) = —%R?
Tr (EQ) T;;H)RR,%M.
Riji/Tr(Ep) = TT)RR;ii.
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Tr(T)

RijinTr(Byjp) = — =Rk jp-
RijijTr(Eq) = TT)R;%'-
Riji;E*Tr(D) = —T;S])RS.

RijijrrTr(E) = Tl:ﬂ)RR;ii.

R;jijRpip ETr(l) = —TT)R3.
RijirRijir ETr(l) = —@RR‘Z‘V.
R?,ETr() = TrT(ﬂ)Rwapa.
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