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Resumo

Em 1963, e Lewis provaram que se a forma diagonal % (x) = a2 + - - - + ayz% com
coeficientes em @, o corpo dos nimeros p-ddicos, satisfizer N > d?, entéao existe solugao
nao trivial para .#(x) = 0. Muito estudo tem sido realizado a fim de generalizar esse
resultado para extensoes finitas de Q,. Aqui, estudamos o caso .#(z) € K|z| com K
sendo a extensao quadratica nao ramificada de Qy e provamos dois resultados: Se d nao
é poténcia de 2, entdo N > d? garante a existéncia de solugao nao trivial para .7 (x) = 0.
Além disso, se d = 6, N = 29 garante existéncia de solu¢ao nao trivial para % (z) = 0.

Palavras-chave: Formas diagonais ;Extensoes nao ramificadas; Conjectura de Artin;

Corpos locais; Corpos p-adicos.



Abstract

In 1963, Davenport and Lewis proved that if the diagonal form % (z) = ajx{ +--- +
anrd with coefficients in Q,, the field of p-adic numbers, satisfies N > d?, then there
exists non-trivial solution for .#(x) = 0. Since then, there has been a lot of study in order
to generalize this result to finite extensions of Q,. Here, we study the case .#(x) € K|x]
where K is the quadratic unramified extension of Q; and we prove two results: if d is not
a power of 2 , then N > d? guarantees non-trivial solution for .% (x) = 0. Furthermore, if
d =6, N = 29 guarantees non-trivial solution for .#(x) = 0.

Keywords: Diagonal forms; Unramified extensions; Artin’s conjecture; Local fields;

p-adic fields.
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Introduction

In 1951, in his doctoral thesis [8], Serge Lang defined the C; property of fields: A
field F satisfies the C; property if any homogeneous form f € Flxy,--- ,xy] of degree
d in N > d' variables admits non-trivial zero. In 1952, Lang [9] showed that F,((X)),
the field of meromorphic series over a finite field, satisfies the C5 property. The austrian
mathematician Emil Artin conjectured that if F'is a local field, then it satisfies the Cs
property. However, in 1966, Guy Terjanian presented a homogeneous form with coeffici-
ents in Qy, the field of 2-adic numbers, with degree 4 in 18 variables (> 4% + 1) having no
non-trivial zero in Qy (see [14]). On the other side, one year before Terjanian’s result, Ax
and Kochen [2] proved that given a finite extension F'/Q, of degree n, and d € N, there
exists a natural number p(d, n) such that F' satisfies the Cy property provided p > p(d,n).

Although Terjanian’s counterexample invalidates Artin’s conjecture, an interesting
fact occurs: until now the conjecture remains opened if we include the hypothesis that
the form is diagonal. In fact, great results have been achieved on this direction. In 1963,

Davenport and Lewis [6] proved:
Theorem. Let p be a prime number and let
f=azf+- - +anay

where a; € Qp, i = 1,--- | N. If N > d?, then f admits non-trivial zero. Moreover, for

d = p — 1, there exists forms in d* variables with no non-trivial zero.

So, Davenport and Lewis proved Artin’s conjecture for diagonal forms over @,. Since

then, a lot of research has been made in order to generalize this result to finite extensions
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of Q.

Let K be a finite extension of Q,. Let I'(K,d) denote the smallest positive integer
such that if a diagonal form of degree d and coefficients in K has N > I'(K, d) variables,
then it admits non-trivial zero. With this notation, the result of Davenport and Lewis
can be expressed as ['(Q,,d) < d*+ 1, and if d = p — 1 we have ['(Q,,d) = d* + 1.

In 1964, Birch [3] proved that if K is a finite extension of QQ, with inertial degree f

and d = p” - m with (m,p) = 1, then
['(K,d) < (21 + 3)%(6%d)

where 0 = (d,p/ — 1).

In 1987, Alemu [1] proved that if K is a finite extension of Q, of degree n and p > 3,
we have

I'(K,d) < max {3nd* — nd + 1,2d*> — d*}
and if p =2
[(K,d) < 4nd* — nd + 1.

In 2006, Skinner [12] proved that if K is a finite extension of Q, and d = p™ - m with

(m,p) =1, then
F(K, d) S d(pSTm2)2T+1 4 1

This result has the advantage of not depending on the degree of the extension.

In 2008, Brink, Godinho and Rodrigues [4] proved that if K is a finite extension of Q,

with degree n and d = p™ - m with (m,p) = 1, then
N(K,d) <d" +1

and

I'(K,d) < 4nd® + 1.

Here, the first estimate for I'( K, d) does not depend on the degree n and is an improvement
on Skinner’s result. The second estimate is, to the best of the author’s knowledge, the

optimal result depending on the degree n of the extension.
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In 2017, Miranda Moore proved [10] that if K is a finite extension of Q, and d = p™-m

with (m,p) = 1, then for p > 3 we have

I(K,d) <d(md+ 1)
and for p = 2

[(K,d) <d(md+1)""2

This is an improvement on the result of Brink, Godinho and Rodrigues.
Also in 2017, Luis Sordo proved [13] that if K is a finite unramified extension of Q,
where p > 3, then
N(K,d) <d®+1.

This is another important step on the direction of Artin’s conjecture.
On this thesis, we study diagonal forms over the quadratic unramified extension of

Q>. We prove two results:

Theorem 1. Let K = Qu(\/5) be the only unramified quadratic extension of Qa. Let
d € N not power of 2. Then I'(d, K) < d* + 1.

This is a first step on the case not treated by Sordo.

Theorem 2. Let K = Qu(+/5) be the only unramified quadratic extension of Q. Then
I'6, K) <29.

The problem treated in Theorem 2 was proposed by Knapp. In a recent work of his

[7], he proved:

Theorem. Let Qy(v/%£2), Qa(v/E£10), Qo(v/=5) e Qo(v/—1) be the ramified extensions of
Q..

o for K = Qa(v£2),Qa(v/£10) we have I'(6, K) = 9.
e for the other cases I'(6, K) < 9.

So, only the case where K is the unramified quadratic extension of Qy remained

untreated.
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In the first chapter of this thesis we give a brief approach on Local fields. We give
examples and properties of such fields. We define the concepts of ramified and unramified
extensions of local fields and we prove that given a local field F' and a natural number n,
there is only one unramified extension of F' having degree n.

In the sencond chapter we give some preliminary results that are the guidelines of our
strategies on the proofs of theorems 1 and 2.

Chapter 3 contains a series of combinatorial Lemmas that will be used on the proofs
of theorems 1 and 2.

Chapter 4 is entirely devoted to the proof of theorem 1. Finally, in chapter 5 we prove
theorem 2 and present a lower bound for I'(Qy(+/5), 6) that was obtained by Knapp.



Chapter 1

Local Fields

1.1 Definition and basics

Let K be a field and | - | a non-trivial non-archimedean absolute value on K. Let
Ok ={a € K ; |a] <1}. It is easy to see that Ok is an integral domain. We call it the
ring of integers of K. Let O = {a € K ; |a] = 1}. We show that O is the group of
units of Ok. Indeed, If a € O is invertible, let b € Ok with |ab] = 1. If a € Oj; then
|b| > 1, which is a contradiction. Remains to be shown that every element of O is a
unit. If a € O and b € K is such that |ab| = 1, then |b| =1 and b € Ok proving that a
is a unit and we are done. Let px = {a € K ; |a| < 1}. pg is an ideal of Ok. In fact,
it is the unique maximal ideal of Ok. Indeed, every element a ¢ pg is invertible. Let

k = Ok /px. This field is called the residue field of K.

Example 1.1. Take K = Q the set of rational numbers, and |-| = |-|, the p-adic absolute

value given by

la/bl, = p~wr(@)=2p(0))

where a/b € Q with (a,b) = 1 and v,(a) is the p-adic valuation of the integer a, defined by
a=p»».m, (m,p) =1. Clearly, |- |, is a non-trivial non-archimedian absolute value on
Q. In this case the ring of integers is Og = {a/b € Q ; |a/bl, <1} ={a/b e Q; p1tb}.
The mazimal ideal is pg = {a/b € Q ; pla} = pZ and it is easy to see that the residue
field kq is isomorphic to Z/pZ =T, the finite field with p elements.
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In the example above, we have the maximal ideal pgp being principal. We now characte-
rize the cases for which this happens. Let V(K) = {|a|; a € K*}. This is a multiplicative

subgroup of the positive real numbers. We call it the group of values of K.

Proposition 1.2. The mazimal ideal pi is principal if, and only if, the group of values
V(K) is a discrete subgroup of (R, -), that is, if there exists 6 > 0 such that 1 —0 < |a| <
1+6=|a| =1

Proof. First we assume px = (7). If a € kissuch that |a| < 1, then we have |a| < || < 1.
On the other hand, if |a| > 1, we have |a™!| < 1 and |a|™! < |7| which gives us |a| >
|7|7! > 1. So, if we take § = min {1 — x|, |7| ' =1} wehave 1 —§ < |a| < 1+0 = |a| = 1.

Now we assume the absolute value being discrete. We want to find m € py satisfying
pr = (m). It is sufficient to find 7 € px for which || > |a| for every a € pk. Indeed, we
would have for any given a € pg, |a/7m| < 1 and so a/m = b € Ok and then px = (7) =
ore

Let A = {]a|; a € px}. Theset A is a limited subset of R, so there exists its supremum
S. From the definition of S, for any natural number n, there exists |a,| € A satisfying
la,| > S — 1/n. Take ny € N sufficiently large so we have § > 1/(Sng — 1). So, for any

n, m > ng we have

|| S 1 1 ||

— 1< — 1= < <d= — <1490

|| - S—-1/m Sm—17 Sny—1 |G|
and

|| S—1/n 1 1 ||

> = > > = >1-6

|G| - S Sn = Sng—1 ||
and we conclude that |a,| = |a,,| (remember that we are assuming the absolute value
being discrete) for every n,m > ng. So S > |an,| = |a,| > S — 1/n for every n > ng, we

conclude that |a,,| = S. So, for 7 = a,, we have || > |a| for every a € px and we are

done.

Definition 1.3 (Local field). A field K complete with respect to a non-trivial, non-

archimedian, discrete absolute value, with finite residue field is called a local field.

Let K D K be the completion of K, i.e. K has an absolute value which extends the

absolute value of K, K is complete with respect to this absolute value, and K is dense
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in K. It is known that every field K with a non-trivial absolute value admits a unique
completion, see [5] for more details. Let U : Ox — O/pz given by a — a+ pg. Since
Ok = KO and px = pir() K, it is easy to see that W is injective. We assert that it
is also surjective. Let a € Ox. Take a € K such that |a —a| < 1 (K is dense in K) so
a — o € pir. We have

laf < max{]a— al,]al} < 1
so a € Ok and we have ¥(a) = a + pr. We have just proved
Proposition 1.4. If K is the completion of K, then ki = kx.

Example 1.5. (Local Field) Recall that Q,, the field of p-adic numbers, is obtained from
Q by means of Cauchy sequences. Moreover, if a € Q,, is the limit of the Cauchy sequence
(Tn)nen of elements of Q, then |al, = lim |x,|,. And since there exists N € N such that
|Z0lp = |Tmlp for all n,m > N, we conclude that the group of values of Q, coincides with
the group of values of Q. Hence, it is discrete (the maximal ideal of Ogq is principal). By
Proposition 1.4 we have the residue field kg, = F,. This shows us that Q, is a local field.

1.2 Generator of a local field

Let K be a local field. Let 7 € K be such that px = (), we call = a generator of

K. The term uniformizer is also commonly used to designate .
Proposition 1.6. Let a € K*. There existsn € Z and b € O such that a = 7" - b.

Proof. Let a € K* and n € Z such that
7| < |a| < [x|""".

We have |a/7"| € [1, |x|~!). By proposition 1.2 we have |a/7"| = 1. So, we have |a/7"| =

1, and there must exist an element b € O such that a = 7" - b.

Corollary 1.7. 7 is the only prime (up to associates) in Of.
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Proof. Proposition 1.6 implies that if a,b € Ok and 7|ab, then either 7|a of w|b. So 7 is
a prime in Og. The uniqueness follows from the fact that px is the only maximal ideal

of OK
O

The above corollary and Proposition 1.6 give us a fundamental theorem of arithmetic
for Og: every integer of K can be written as a product of primes of Ok in a unique
manner, up to associates. But we can say more, we will show that every element of O

can be written uniquely as a power series in 7. We clear this up in the next proposition.

Proposition 1.8. Let K be a local field with generator m and let Z be a set of represen-
tatives of the residue field kyx = Ok /(). Every element a € Ok can be written uniquely

as

E anm"

n>0

where a; € XZ for every i > 0. Moreover, every series »  a,m" converges to an element o
J

Ok.

Proof. Let a € Og. There exists a unique ag € Z such that a — ag € px. Hence, there
exists by € Ok such that a = ag+ 7 - by. Similarly, there exists a unique a; € & such that
b1 — ay € pg. So there is an element b, € Ok such that b; = ay + 7 - by. Consequently

a = ag + a7 + bym?. Following this process we get for every N € N

2 N N+1
a=ay+am+aym® + - +aym + byt

where a; € #, i =1,--- ,N and by,1 € Og. Since

N) N+1| — ’ﬂ_‘N+1

la — (ap + a1 + agm® + - - + anm)| = |byy17m

and ||V *1 goes to zero as N tends to infinity, we conclude that the series converges to a.

Now we prove the second part of the proposition. Consider a series »_ a,7™ where
a; € F for every i > 0. Since the general term of the series is a,7" and |a,7"| =
|| goes to zero as n tends to infinity, we conclude that the series converges to some

a € K (remember that this is true only for non-archimedean absolute values). We will
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show that a € Og. Observe that for every n € N we have |ag + a1 + -+ + a,7"| <
max{|ag|, |a17|, - -, |a,m"|} < 1. Since the series converges to a, there exists N € N such

that |a — (ag + - -+ + axy©™)| < 1. Then
la| < max{|a — (ag + -+ axy7)|, ag + - -- +an7™|} < 1

and we conclude that a € Og.
O

Proposition 1.6 can be used to extend this result to all elements of K: Fvery element
a € K can be written in a unique manner as a series Yy, a,m", where a; € XZ for all

n>no(a)

i > ng(a) and ng(a) € Z.

1.3 Ramification

Let F' be a local field with a non-archimedean absolute value | - | and E a finite
extension of F' of degree n. The following theorem ([5] chapter 7, theorem 1.1) shows us
that we can extend the absolute value of F' to E in such a way that E is complete with

respect to this new absolute value.

Theorem. Let F' be complete with respect to the absolute value |-|p and E be an extension
of F' of degree [E : F| = n. Then there is precisely one extension |- |g of |- |r to E. It is
given by

la|lg = {/|Ng/p(a)lp, YaeFE

where Ng/p : E — F is the norm from E to F'. Further, E is complete with respect to
|- |e-

The Norm from F to F is a natural way to go down from elements of E' to F. It can

be defined in several ways:

1- F is a finite-dimensional F-vector space. Take o € F and consider the F-linear
map ¢ : £ — E given by ¢(8) = a8, VB € E. Ng/p(a) can be defined as the

determinant of the matrix of .
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2 - Take o € E and consider the sub-extension F'(«). Set r = [E : F(a)] and let

fl@)=2"+a, 12" "+ +az + ag € Flz]

be the minimal polynomial of a over F. Then we can define Ng/p(a) = (=1)"" - ag.

3 - Suppose E/F is normal. Then we can define Ng/r(a) to be the product of all o(a),

where o runs through all elements of the Galois group of the extension E/F.

From these definitions it is easy to see that if a € F, then Ng/p(a) = a". So it
becomes clear that |a|p = |a|r for all elements a € F. Also, it is immediate that the
norm is multiplicative. It is also clear that the absolute value | - |g is discrete and non-
archimedean. This implies that E is a local field with the absolute value | - |g.

Let Op and Og be the ring of integers of F' and E, pr = (7p) and pp = (7g) their
maximal ideals, and kr and kg their residue fields. Since the absolute value | - |g is an

extension of | - | we have Vp < V.

Definition 1.9 (Ramification index). We set [Vg : Vp| = e(E/F) and call it the ramifi-

cation index of the extension E/F.

Remember that Vg = (|7g|) and Vi = (|7p|). So, there exists m € Z such that
|7p| = |mE|™. Since 7} generates Vi we conclude that m = [Vg : V| = e(E/F).
Observe that Op = F(1Og and pp = F(\pg. The map ¥ : Op — Og/pg given by

U(a) = a + pg has kernel pp, so there is a natural inclusion kp — kg.

Definition 1.10 (Degree of the residue class). Set [kg : kr| = f(E/F). We call it the
degree of the residue class of E/F.

Whenever it is clear by the context which extension we are dealing with, we will simply
denote e = ¢(F/F) and f = f(E/F). The ramification index e and the degree of the

residue class f relate in an interesting way:

Theorem 1.11. Let E/F be a finite extension of degree n of the local field F. Then

n=ef.



1 Ramification 11

Proof. Let g a generator of £ and o, - -+ , oy € O such that modulo pg they constitute

a kp-basis for kg. We are going to show that the set
B:{aﬂrij; 1<i<f,0<j<e—1}

is an F-basis for F.

First we show that B is a linear independent set. Suppose not, that is, assume there
exist a;; € F, 1 <1 < f,0<j <e—1, with at least one of them not being trivial,
satisfying

Zaijami; =0 (1.1)
We divide both sides of this equation by the coefficient with larger absolute value. So we
can assume all a;; € Op and we can choose indices I, J such that |a;;| = 1 and if j < J
then |a;;| < |mp| (equivalently |a;;| < 1) for all 1 <i < f; we just take the smallest j for
which there exists ¢ with |a;;| = 1.

Fix J and look at the summation ) a;;;. Since modulo pg the a’s are independent,
this sum can not be zero modulo pg (|Zau| = 1). Hence, we have ) a;yc; € Oj, that is,
Y aial = 1. Z

It follows that

o ifj=J

|;au0&ﬂﬁ‘§! = |mgl’| ;auaif = |mg|’
o if j < J

|;az‘j%‘7ﬂé| = |mel| ;auaﬂ < max{|a;;l, |a;|} < max{|a;;|} < [7p| = |7pl°
o if j>J

| aijeiry| = [meP| 2 aisail < |nplmax{layl, |eil} < [7p < |mpl’*!

3 3

Set b; = Z aijaﬂré. Then, equation 1.1 give us ij = 0. Then,
1 J

mel” = (b = )bl < max{|by|, j # J} < |mpl""
Py

which is a contradiction. We conclude that the set B is linearly independent.



1 Ramification 12

Now we prove that B generates £. Take z € E/, we want to find ¢;; € F, e =1,---, f
and j =0,--- ,e—1, such that z = > cijoziﬂ]é. Without loss of generality we may assume
r € Og, if not, just multiply by an appropriate power or m7r. We will use a bar to
indicate that we are working modulo pg. Since {ay,...,ay} is a kp-basis for kg, there
exist ¢y, ¢ =1,---, f in kp, such that

T=) Gl
i

Then, there exist co; € Op,1 < i < f and x7 € O such that

T — E Coi Oy — X1 TR.

1<i<f

Repeating the same argument for x; we obtain c¢;; € Op,1 < i < f and x5 € Og such

that

§ § 2
T — CoiQ; — C1;0;,TE = 1T .

1<i<f 1<i<f

We apply this procedure e times and obtain

T — Z Z C(O)aﬂré = :L‘(l)ﬂ'% = 2Wrp

1<i<f 0<j<e—1
where c ) ¢ O and 2z € Op.
Weset CO = Y 2 c( )omrjé. We repeat this procedure with z(!) instead of z,

1<i< f 0<j<e~1
and so on. Then, for each natural number N we get

r—C9 —CWpp— ... — C(N)T(g — N+

where each C® € Op and z(V*1) € Op. By Proposition 1.8 we conclude that

v=>Y W (1.2)

1>0
We are almost there. Now, for each 1 <17 < f and 0 < j <e — 1, consider the sub-series

Z ¢ omrEﬂF = oyl - S cﬂ .. By Proposition 1.8, we now that Z ¢ 7rF represents an
>0 >0 >0

element ¢;; € Op. But then equation 1.2 give us x = >, > cijozmjé and we are
1<i<f 0<j<e—1
done.



1 Ramification 13

O

Definition 1.12. We say that the extension E/F of degree n > 2 is ramified if e > 1
(equivalently f < n). Otherwise we say it is unramified. When e = n we say that the

extension is totally ramaified.

Note that an extension is ramified or unramified according to the ramification of the
prime 7r of Op. In an unramified extension, the prime 7 of Op continues being prime
in Og. The same does not happen in ramified extensions.

Given a local field F', for each n € N there exists a unique unramified extension F/F
of degree n. Moreover, F is the decomposition field over F' of the polynomial 9 —x where

q = (#kp)™. In order to prove this statement we are going to need a series of lemmas.

Lemma 1.13 (Hensel I). Let F' be a field complete with respect to a non-archimedean

absolute value and let f(x) € Oplz]. If there exists a € Op such that

(@) < [f'(a)?

where f'(x) is the formal derivative of f(x), then there ezists « € Op such that f(a) = 0.

Moreover, a is the unique solution to f(x) =0 that satisfies

/()|
[f (@)

la —a| <
Proof. See [5], Lemma 3.1.

O

Lemma 1.14. Let F be a field complete with respect to a non-archimedean absolute value
| - |F and with residue field kr with g = p™ elements, p = char(kgr). Then F contains all
(q — 1)th roots of unity.

Proof. Let @ € kr and choose a € O such that @ = a+pr. Set f(z) =271 —1 € Op[z].
We have
fla)=a""t-1= (@7 —1=0mod pp
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and we conclude that |f(a)| < 1. If |f'(a)| = 1 we are done. Indeed, in this case we can
apply Lemma 1.13 and obtain a € Op such that f(a) = 0 with @ = @ mod pr. And since

a is arbitrary we conclude that F' contains all (¢ — 1)th roots of unity. But

(@) = (g = Dllal** =g —1].
Suppose |¢ — 1] < 1. Since char(kr) = p we have |p| < 1. Then

L=[=1]=[(¢g=1) = p" <max{[p™] (g = D]} <1
which is a contradiction. Then, we have |f'(a)| = 1 as we wanted.

O

Proposition 1.15. Let E/F be a finite extension of the local field F. Let & € kg. There
erists « € Og such that o = @ mod pg and [F(«) : F| = [kr(@) : kr]. Moreover, if
apg € O, ap =amod pg and [F(ap) : F| = [kp(@) : kp|, then F(ag) = F(«).

Proof. Let ¢(x) € kr[x] be the minimal polynomial of @ over kp. Since every finite field
is perfect, we conclude that ¢(z) has no repeated roots. Set i(x) € F[z] a lift of ¢(x),
that is, ¢(x) and ¥ (x) have the same degree and ¥ (x) = ¢(x) mod pg. Let ay € Op be
such that @ = ap+pp. Since ¥(ag) = ¢(a) = 0 mod pr and ' (ap) = ¢’ () # 0 mod pg
we have |¢(ap)] < 1 and |[¢'(ap)| = 1. Setting K = F(ap) and applying Lemma 1.13 we
conclude that there exists @ € K = F(ag) such that ¢(a) = 0 and |a — ap| < 1. Since

¥ (x) is irreducible (its roots are in distinct classes modulo pg), we have
[F(a) : F] = degree of v = degree of ¢ = [kp(@) : kp].

This concludes the first part of the theorem. Now, if oy € Op is such that ay = @ mod pg

and [F(ag) : F| = [kp(@) : kp], then since Lemma 1.13 implies a € F(ag) we must have
[F(a) : F] < [F(a) : F] = [kp(a) : kp] = [F(@) : F]

and F(a) = F(a).
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The equality [F(«) : F| = [kp(@) : kg| in proposition 1.15 makes one think that the
extension F'(«)/F is unramified. This would be the case if kp(@) = kp(,). Fortunately

this is actually true. Indeed, since @ € kp(o) we have kp(@) C kp(q), then
[kr(@) : kp] < [kre : kr] < [F(a) : F] = [kr(@) : kF]
and we are done. We have just proved:

Corollary 1.16. There is a bijection between the fields ' C K C E which are unramified
extensions of F' and the fields kp C k C kg. The bijection is given by K — ki .

Finally we are able to prove:

Theorem 1.17. Let F' be a local field. For each n € N there exists a unique unrami-
fied extension E/F of degree n. Moreover, E is the decomposition field over F of the

polynomial x9 — x where g = (#kp)".

Proof. Let F be the algebraic closure of F' and kp the algebraic closure of kr. We show
that kz = kp. Indeed, let ¢(x) € kp[x] irreducible and ¢ (z) € F[z] a lift of ¢(z) to F[z].
Since I contains all roots of ¥(z), its residue class field contains all roots of ¢(x) and we
are done. Now, take an extension of kr of degree n (which is unique up to isomorphism).
By Corollary 1.16 there exists a unique (up to isomorphism) unramified extension E/F
of degree n. Lemma 1.14 shows us that E is precisely the decomposition field over F' of

the polynomial 29 — z.
O

Example 1.18. Let F = Q,. We are going to show that F(\/5) is the only quadratic
unramified extension of F.

First, we have to show that 5 is not a square in Zy. We assert more: [ € 7 1is
a square if, and only if, 3 = 1 mod 23. Suppose that f € Z5 satisfies 5 = 1 mod 25.
Consider the polynomial f(x) = x* — B € Zs|x]. We have f(1) =1— 3 =0 mod 2% which
implies |f(1)] < 273. Further, f'(1) =1 and so we have |f'(1)| = 271. Hence, by Lemma
1.13 we conclude that there exists o € Zo such that o = 3 and 3 is a square. Conversely,

let o € Z5 such that o® = 3. We write « as a series in 2, and work modulo 2°.

Oé:1+2041+22062
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where ay, a9 € {0,1}. Then
B=a®=(1+20 +2%)* =1mod 2°.

So, 5 is not a square in Zo and Qg(\/g) 15 indeed a quadratic extension.
One way to verify that it is unramified is to show that 2 is a generator of Qg(\/g),

that is, the prime 2 does not ramify. Remember (Theorem 1.3) that the absolute value in
Q4 (\/5) is given by
lal = V/IN(a)l2, Va € Qy(V5)

where N : Qo(v/5) — Qy is the norm from Qy(v/5) to Q. One way to compute this
norm is by means of the automorphisms of the Galois group of the extension. In this case
there are only two of them, namely: o : Qo(V/5) — Qo(V/5) the identity automorphism
and oy : Qg(\/_) — Qg(\/g) given by 02(a+b\/§) = a—bV/5, a,b € Qy. Hence the norm
of an element a + b\/5 of Qa2(V/5) is given by

N(a+bV5) = oy(a+ bV5)os(a + bV5) = a® — 5b%.
Then, given a + b\/5 € Qy(\/5) we have

la + bV5| = /a2 — 502,

where | - |9 is the 2-adic absolute value.
If we verify that |a + b\/gl 1s always a power of 2 with integer exponent, then we are

done. Indeed, This would give us Vg, /5 = (|2]) and we would have e = [V, 5 : Qo] =1

and 2 as a generator of Qao(v/5).
We analyse a®> — 5b* mod 22. We know that a*,b*> = 0,1 mod 23.

o Ifbotha® b* = 1 mod 22, then a®>—b?5 = —4 mod 8 which implies that vo(a?—5b%) =
2 and so

la+ V5| = /]a® — 502, = V22 =27,

e If both a®,b*> = 0 mod 8, then a,b = 0 mod 2 and vy(a® —5b?) = min{i(a?), va(b*)}.
Suppose without loss of generality that min{ve(a?), vo(b?)} = 1e(a?) = 2ve(a). Then

la + bV5| = \/]a? — 5b2|; = V2~ 2nle) = 972l
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e Finally, if only a®> = 0 mod 8 (without loss of generality). Then vy(a® — 5b%) = 0
and we have

la + bV/5] = 2°.

This concludes the proof that Qg(\/g) 18 an unramified quadratic extension of Q.

Theorem 1.17 guarantees it is the only one.

Let K = Qy(v/5). We have just seen that K is the only unramified extension of Q.
Hence 2 is a generator of K. It follows by Proposition 1.8 that every a € O can be

written uniquely as

a:Zai-T

i>1

where a; € Z a set of representatives of Ok /(2) = k. It is easy to see that the residue

field kg is isomorphic to F4. In the next example we explicit a set of representatives for

k.

S

_ 1 3+v6
Example 1.19. Z = {0,1, 50 38

} 15 a set of representatives for k.
It is sufficient to show that 1 and %g are elements of Oy that represent distinct
classes modulo (2). Indeed, we would have 1 + %5 = %‘F’ being the third non-trivial

representative of ki

That 1 € O is immediate. To show that %5 € O% we evaluate ‘H‘/g). We have

2
_ |N<1+\/5)
2
= —1 we have

L =vF=1

1+5
9

2

and since N (1+\/5> =

.1
2 1

14++5
9

and we have %5 € 0%.

Now we only have to verify that 1 and %5 are in distinct classes modulo (2). But

1— 15 = 1545 gy

=

and we have 1 # %5 modulo (2).

1-+5

5 ——5

1
4 4

_‘1

= VIN(-1)], = V20 =1

2



Chapter

Preliminary results

Our goals in this thesis are Theorems 1 and 2. Theorem 1 says that if we have a
diagonal form F(z) = ayx{ + -+ + ayry € Qa(v/5)[x] with d not a power of 2, then
N > d? guarantees the existence of non-trivial zero for .% (). In theorem 2 we set d = 6
and prove that N > 28 guarantees non-trivial zero for .% (z). In this chapter we give the
main strategies that we will adopt in order to prove theorems 1 and 2. First we present
the process of normalization, introduced by Davenport and Lewis in [6]. This process
consists in defining an equivalence relation on the set of diagonal forms so we can restrict
our attention to class representatives. Moreover, it gives us some control on the variables
of some special representatives. Then we enunciate another form of Hensel’s lemma. This
lemma allows us to work modulo a specific power of the generator 7 = 2 of Qa(v/5).
Finally, we present the concept of contraction of variables, which is a method to solve the

congruences in the hypothesis of Hensel’s lemma.

2.1 Normalization

Let F be a local field with generator . Consider A the set of additive forms of degree
d in N variables and with coefficients in F'. We say that two elements #(z),¥(x) € F
are equivalent, denoting it by .#(z) «~ ¥(z), if we can turn .% into a multiple of ¢ by

means of substitutions x; = [;z}, where [; € Op.

Proposition 2.1. The relation .F «~ 9 is an equivalence relation on the set A.
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Proof. That it is reflexive is immediate. Suppose .% «~ 4. Then, there exists o € F and

l1, - ,ly € Op such that
a(ble SEREE bNxﬁl\,) =a¥(xy, - ,ay) = F(lixy, - Iyzy) = all‘lia:‘li 4+ alelvxﬁl\,

which implies

1
g(‘rl) e al‘N) = a ’ (alltlimtli +oet aNl]dVl‘?V)

Consequently,
1
g(lflxl, s ,l;;ll'N) = a . (Glli{lfd(ﬂ? + o+ ClNl?lVl]:;d.l’?V) = —}\(l'l, s ,.Z'N)

and we have ¢4 «~ . which implies that the relation is commutative.

Now, let .#,94,.# € A such that .# «~ ¢ and g «~ h. There exists aj,as € F and

Iy, ,ln, ’1, ,l?VEOF such that
Oélg(ilm T >$N) = 9(5151517 T aleN)
and
(21, an) = g(lixy, -, Iven).
Hence,
alagh(xl,--- ,$N) = ﬁ(llllll‘l, tet alngva)

and we have .% « 4 which implies that the relation is transitive.
O

It is immediate to see that to find non-trivial zero for a polynomial .# € A is equivalent
to find non-trivial zero for any ¢4 € A with % «~ ¢. Hence, we can choose in each
equivalence class, any representative we want and restrict our attention to it. The next

lemma will help us on the task of choosing a “good representative”. This is Lemma 2 of

[6]-

Lemma 2.2. Let mi,mg,--- ,mq_1 be real numbers and put mjiq = m; for all j. Let

mo—+---+mg_1=S.
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Then, there exists r such that

ts
My + Mgy + o Mgy 2 ’l

fort=1,---.d.
Proof. We can assume s = 0. If not, just set m; = m; — 3.

Assume there is not such r, that is, assume that for every given a € N there exists an
integer b > a such that m, +mgy11 + -+ 4+ my < 0. Let ay,b; be two such integers. Take
as = by + 1 and find the corresponding b,. Continuing this way, we’ll get a; = a,, mod d
for some n € N(pigeonhole principle). Then,

an—1

al

but this is a contradiction since

an—1

Zmi:an;alszo

ai

and this concludes the proof.

O

Theorem 2.3. Let F be a local field with generator w. Let A be the set additive forms
of degree d in N wvariables and coefficients in F. Let ¢ € A. Then, there exists F —~ 4
such that

F =70 p7z0) L 22@ 4 4 pd-l gld-D)

where F 9 is an additive form of degree d in m; variables (the variables in distinct forms

F ) being distinct) with all coefficients being Z 0( mod ) and where mg, - - - ,mq_, satisfy

N
m0++m]—12%7j:077d (2]‘>

We say that % is a normalized form.

Proof. Let a € F be the coefficient of the variable z; of the form ¢. By Proposition
1.6, we know that o = 7™ - 8 for some integer n and some unit 5. Write n = ¢-d +r

with ¢ € Z and 0 < r < d. Then a = (7")(7?)?%. Set z; = (79)z; and we get that the
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coefficient of the new variable is fn". Proceeding this way with the other variables we
find an equivalent form .7 for which the power of m of any given coefficient is 7* with

0<i¢<d-—1. Then we can write

% — %(0) + 71_(%p(l) + WQ%(Q) N 7_{_oi—le%(d—l)
()

where () is an additive form of degree d in m;”’ variables (the variables in distinct

d—1

forms ) being distinct) with all coefficients being # 0( mod 7). We have 3 mf%y) = N.
i=0

Then, Lemma 2.2 says that we can choose [ € {0,1,---,d — 1} such that

; ; N
m§%)+m§f)+"'+m§ﬁl12%7 j=0,---,d.

If we set o} = ma; for the variables of 52 and then divide /# by 7 we effect a cyclic per-
mutation of #), #M ... =1 Repeat this process [ times and the new equivalent
form .# will satisfy (2.1).

2.2 Hensel’s Lemma and contraction of variables

Definition 2.4. Let F be a local field with generator w. Let F(z) = a1xd+- -+ ayz% €
F[z] an additive form. We say that a solution T to % = 0 is non-singular if there exists
i € {1,---,N} such that a;z; Z 0 mod 7. Similarly, if T is a solution to F = 0(modm?)
such that there exists i € {1,---, N} with a;7; Z 0 mod 7, then we say that T is a non-

singular solution modulo 7/ .

Next we give another version of Hensel’s lemma. It is Lemma 1 of [4]. In fact, in [4]
the authors work with systems of diagonal forms and present a version of Hensel’s lemma

that can be applied to these systems. Here we enunciate a simplified version.

Lemma 2.5 (Hensel’s Lemma II). Let F' be an extension of Q, of degree n. Let e be its

ramification index. Set d = p™ - m with (m,p) = 1 and define

;

1 for T =0,

Y=qel(r+1) forp>2 7>0,

e(t+2) forp=2, 7>0.
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Let Z(z) = a12d + -+ + aya% € Flz]. If # = 0 mod 77 admits a non-singular solution

modulo ™, then f admits non-trivial zero in F.

Let F' be an extension of Q, with generator 7. When we have
F=F0 1770 4 27@ ... 4l g ¢ Pl (2.2)

with .# @ an additive form of degree d in m; variables with all coefficients being # 0( mod
™), we are going to say that a variable of Z() is at level i. That is, the variable x; of
ZF (x) is at level 4 if 7* divides the coefficient of z; but 7! does not. When « € F' is the
coefficient of a variable at level i, we say the « is at level 1.

Consider a form as in (2.2). Let xy,--- , x; be variables of this form at levels less than

7. If we can find by, --- ,b; € Op such that
alb‘f+---—|—atbf:7rl-c

with ¢ Z 0 mod 7, then, setting x; = b;T we obtain a new variable T of level [ > j and
coefficient 7! - ¢. This process is called a contraction of variables to a new variable at level
l.

So, if we can use a variable at level zero in a series of contractions and get a new
variable T at level v, Lemma 2.5 says that there exists a non-trivial solution for .# = 0.
Indeed, we just have to assign the value 1 to variables that were used on the series of
contractions and 0 to the ones that were not used. The solution will be non-singular for
we have used a variable at level 0.

Variables at level zero, or variables at higher levels that were obtained by contractions
containing variables at level zero, will be called primary. More precisely, (i)-primary if it
is primary and is at level i. The other variables will be called (i)-secondary. We denote by
p; the number of primary variables at level ¢ and by s; the number o secondary variables
at level 7. That being said, using the aforementioned version of Hensel’s lemma, it is

sufficient to construct a (y)-primary variable in order to guarantee non-trivial zero for .%.
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Combinatorial lemmas

In this section we state a number of preliminary lemmata that will be used in the
proofs of theorems 1 and 2. Here we will set K = Qg(\/g) the only unramified extension
of Qy (see example 1.18). We have 2 being the generator of K. Remember (Proposition
1.8 ) that every a € Ok can be written as

a=> a2 (3.1)

i>0
where a; € Z, and Z is a set of representatives for kx = Ok /(2). In Example 1.19 we
saw that Z = {0, 1, %5, %} is a set of representatives for kx. But we know that kg
is isomorphic to Fy and sometimes we will simply write Z = {0, 1, a, 1 + a} and use the
additive structure of 4. Observe that the integer a written as in (3.1) is at level [ if, and

only if, [ is the first index satisfying a; # 0. When a is at level [ we can write
a=2ag+a;-2+---Fa, -2"+--) (3.2)

where a; € Z for all i and ag # 0. Then we will call ag the zeroterm of a. Similarly we

will call a; and ay the oneterm and the twoterm of a.

Lemma 3.1. a) Suppose we have four variables at level I. Then we can contract two of
them to a variable T at level at least | + 1.

b) If we have three variables at level I, then we can contract three (maybe two) of them to
a variable T' at level at least [ + 1.

c) If we have three variables at level | with the same zeroterm, then we can contract exactly

two variables to a new vartable at level exactly | + 1.
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Proof. The first two statements follow directly from [11]. We prove the last statement.
Without loss of generality, we suppose [ = 0 and that the zeroterm is ag = 1. Since we
are interested in contract variables to level 1, we can work modulo 22. Consider three

coefficients (modulo 22)
a; = 1+2b1, a9 :1+2b2, as = ].+2b3

where by, by and b3 are elements of Z.
If a1 + as = 0 mod 22, we have (14 by 4 be) =0 mod 2. It is easy to see (remember that
(Ok,+) = (Cy x Cy, +)) that this occurs just in the four following cases.

o Ifby =1,bo0 =0 (by =0,by = 1). In this case, we look for bs. If b3 = 0, then as + a3
has level exactly 1. If bs = 1, then ay + a3 has level exactly 1. And if b3 & {0, 1} we
have b; + b3 and by + b3 both with level exactly 1.

o Ifby =a¢{0,1},e=a+1(by =a € {0,1},by =a+1). If b3 = a, then by + b3
has level exactly 1. If by = a + 1, then by + b3 has level exactly 1. And if b3 € {0, 1}
, b1 + b3 and by 4 b3 both have level exactly 1.

O

Observation. If we have two (I)-primary variables and one (I)-secondary, part (b) of
Lemma 3.1 says that we can contract some of these variables to obtain a (j)-primary with
j > 1+ 1. Indeed, at least one of the (/)-primary must be used in this contraction.

If the reader is interested only on Theorem 1, he can skip the remaining of this chapter.
In theorem 2 we work with diagonal forms of degree 6. So we have a lot more tools at
hand. Indeed, we can use the structure of the sixth powers of Ox. The next lemma
characterizes these sixth powers modulo 23. But why modulo 23?7 If we want to find
non-trivial zero for a diagonal f of degree 6, then it is sufficient (Hensel’s Lemma II) to
create a (7y)-primary, and in this case v = 3. Hence, we can restrict our attention to

modulo 23, which we will do from now on; for example, if a € O, we will simply write
a:a0+a1~2+az'4

with ag, a,as € Z.
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Lemma 3.2. The only non-zero 6th power in O /(2%) is 1. However, there are two

non-zero 6th powers in Ok /(23). These are 1 and 1 + 1-4.

Proof. This can be proven by direct calculation. First we deal with the sixth powers of

the nonzero representatives. Clearly 1¢ = 1 mod 8. For (%5

C (3445
2 B 2

! 1+5 3+V5
)
=1+2°mod8

> we have

H
_l’_
S

-
S

-
S

U5\
3+2 5) = 1 mod 8. Now consider a

and proceeding in the same way we conclude that (
general z € Or. Write . = a + 2 - b+ 2? - ¢(mod8) with a,b,c,d € Z and a # 0. Then
2% = a® + 4a*b(a + b)(mod8). If either b or (a +b) = 0 mod 2 we get 2° = a° and we
are done. If not, a simple calculation shows us that 4a*b(a + b) = 1(mod2) and we have

2% = a% 4 4(mod8) and the result follows immediately.
0J

From now on, ¢ will denote an element of O for which (° =1+ 1-4(mod8). Let
be a variable with coefficient a 4 2b + 4c. If we set T' = (x, then we get a new variable T’
with coefficient a+2b+4(c+a). If we simply set T' = x, the coefficient of the new variable
would still be a+2b+4c. For each a € Z — {0} we define J, to be a number which can be
either 0 or a. In these terms, if we have a variable x with coefficient a + 2b + 4¢, we can
make a change of variables and get a new variable T" with coefficient a+2b+4(c+9,). The
point of this is that we can talk about all the possible ways to contract all at once without
needing to make special cases for whether we set 7' = x or T' = (z in the contraction.

The benefits of this approach will become clear in the lemmas that follow.

Lemma 3.3. Suppose we have 3 variables at level 0 which all have different zeroterms.

If we contract these variables to a new variable T at level 2, then we can also contract
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them to a variable at level 3. If we contract them to a variable T at level 1, then we can

contract in such a way that the oneterm of T has any value that we choose.

Proof. Suppose that the variables in question are x1, x5, r3 and that they appear in our
form as

(14 2by + 4cp)a8 + (o + 2by + 4deg) s + (1 + a + 2bs + 4es)as.

Contracting the three variables we get a new variable 7" with coefficient 2(1 + o + b; +
by +b3) +4(ci +ca+c3+01+ 00+ 011a). If 14+ a+by +by+ by = 0(mod2) (that is, if we
can contract the three variables to a new variable at level 2), then the coefficient of our

new variable would be
4(d+01+62+03+51+5a+51+a)

for some d € #Z. But we can choose the d;s in such a way that d; 4+, +d3 equals whichever

element of Z. In particular, we can choose them to satisfy
d+01+62+03+(51+5a+51+a:0

and we can get T at level at least 3. If, on the other hand, we have 1+ a+ by + by + bg #
0(mod?2), our variable 7" would be at level exactly 1, but, proceeding as above, we would

be able to choose its oneterm freely.
O

Observation. Remember that Hensel’s Lemma II says that to find nontrivial zero for
our form, it is sufficient to use a variable of level [ in contractions in order to produce
a new variable of level at least [ + 3. So, whenever we contract three variables at level
[ having distinct zeroterms, we’ll assume that the new variable has level exactly [ + 1,

moreover, we’ll be able to choose its zeroterm.

Corollary 3.4. Suppose that our form has two disjoint sets of 3 variables at level 0 such
that each set has all 3 possible zeroterms represented. If both of these sets can be contracted
to level 1, and there is one additional variable at level 1 (which can be either primary or

secondary), then we can construct a primary variable at level at least 3.
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Proof. Contract both 3-variable sets obtaining two primary variables T} and T5. If none
of these variables are at a level higher than 1, then Lemma 3.3 guarantees that we can
choose their oneterms ~; and 7, freely. Let x be the additional variable at level 1. Suppose
first that two of the three variables have same zeroterm. Without loss of generality we
assume one of these variables being 77. Then we can write the coefficient of T as 20+ 4-;.
Suppose that the other variable has coefficient 2b+ 4c¢. If we now set both variables equal
to a new variable U, then its coefficient would be 4(b+~; + ¢). Since we can choose freely
the value of v; we can set 731 = —(b + ¢) and then obtain a primary variable at level at
least 3.

Suppose on the other hand that the three variables at level zero have distinct zeroterms.

We may assume that they appear in our form as
(2by + 471) TP + (2by + 4y9) Ty + (2b3 + 4c)a®

where {b1, b, b3} = {1, a, 1+a} and we can choose 71, ¥2 to have any values we wish. Then
setting z = 17 = Ty = U produces a new variable U with coefficient 4(14 a+c+ 1 +72).
Again, since we can choose freely the values of 71 and ~,, we can make —(1+a+c+71) = 7

and obtain a primary variable at level at least 3.

0

Corollary 3.5. Suppose our form has one set of 3 variables at level 0 such that all 3
possible zeroterms are represented. If we have two variables at level 1 (wich can be either
primary or secondary) with distinct zeroterms, then we can construct a primary variable

at level at least 3.

Proof. If these three variables can not be contracted to a primary variable at level at
least 3, then Lemma 3.3 says that we can contract them to a (1)-primary having whichever
oneterm 7y we desire. We have two possibilities:

Possibility I. One of the (1)-secondary variables has the same zeroterm as the (1)-
primary. Let (28 + 22v,)x% be the (1)-primary and (28 + 227,)y® the (2)-secondary. We
make r = y = T and get a new variable T having coefficient 2%(5 + v+ 32). And since we

are free to choose any v we want, we can do it so the new variable T" has level at least 3.
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Possibility II. If Possibility I does not happen, then the three variables will have distinct
zeroterms and they can be contracted to a new variable of higher level. It is easy to see

that here we can also choose 7 so this new variable is at level at least 3.
O

Lemma 3.6. Suppose that we have 4 variables at level 0 with the same zeroterm a. Then
the following are true.

a) If all four variables have the same oneterm, then they can be contracted to a variable
T at level at least 2. Moreover, if T is at level exactly 2, then we can choose the zeroterm
of T to be either possibility which is different from a.

b) If all four possible oneterms exist among the four variables, then we can contract some
of these variables to a primary variable at level at least 3.

c) If exactly three different oneterms appear in the variables, then we can contract two of
these variables to a variable at level at least 2, while the other two variables contract to
a variable at level 1. Moreover, if the new variable at level at least 2 is in fact at level
exactly 2, then we can choose its zeroterm to be anything other than a.

d) If exactly two different oneterms appear in the variables, with one of the oneterms
appearing three times, then we can use these variables to create one primary variable at
level exactly 1 and one primary variable which is at level at least 1. However, we cannot
control the level of this second variable. If both variables are at level 1, then they have
different zeroterms. Finally, for each variable, we can choose between two options for the
coefficient of 4 in the variable’s coefficient. However, we cannot control what options are
possible.

e)If exactly two different oneterms appear in the variables, and each appears twice, then
we can contract these four variables to a primary variable at level at least 2. If this new
variable is forced to be at level exactly 2, then we can choose the zeroterm of this variable

to be either possibility other than a.

Proof. To prove part (a), suppose that the variables are x1,x,x3, x4 and that they

appear in the form as

(a4 20+ 4c1)x8 + (a + 20+ 4cp)xl + (a + 2b + 4des) s + (a + 2b + dey) s,



29

We can contract these four variables to a new variable T with coefficient 4(a + ¢; + ¢ +
c3+ ¢y +9,). If we can choose §, so the coefficient is 0 (mod2), then we get a variable at
level at least 3. If not, We have two possible oneterms ((a+c¢; +co+c3+c4+0,). If either
of these oneterms is divisible by two, we have actually constructed a primary variable at
level at least 3. If not, we note that the terms in parenthesis are different mod2 and if
one is congruent to a mod2, then the other must be zero mod2. So we can choose the
coefficient of T" to have either zeroterm which is not a.

To prove part (b), suppose that the variables appear in the form as
(a+2a+4c))x8 + (a + 4c) xS + (a + 203 + des)xh + (a + 2by + dey)

Where b3 and b, are the two possible oneterms which are different from a and 0. We can
contract these two variables to a new variable T" with coefficient 4(¢; + ¢ +6,). If we can
choose ¢, so the term in parenthesis is divisible by 2, then we are done. Otherwise, note
that we can choose the zeroterm to be either possibility other than a (similar to what we
have done in part (a)).

Next, if we contract x3 and x4 we obtain a variable U with coefficient 2(a + b3 + bs) +
4(e3+cy+0,). However, we have a+b3+by = 1 +a+ (1 + «) = 0(mod 2), and so we can
rewrite this coefficient as 4(8 + ¢3 + ¢4 + d4). Again, if we can choose d, so the term in
parenthesis is zero (mod2), then we get a primary variable at level at least 3. Otherwise,
we can choose the zeroterm to be any possibility other than a. In particular, if we can
not make either 7" or U a primary variable at level at least 3, then we can choose it’s
zeroterms being equal, and then contract these two variables setting 7' = U = X we get
a primary variable X at level at least 3.

To prove part (c), suppose that the variables appear in the form as
(a4 20+ 4c1)a8 + (a + 2b + 4c)al 4 (a + 2bs + 4es)al + (a + 2by + 4ey)as

where b3 # by and bz, by # b. If we contract some pairs of variables x;, z; setting z; =

x; =T, then we get the following possibilities for the coefficient of T
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Variables contracted Coefficient of T'
X1, T 2a +4(b+ c1 + )
T1,23 2(a+b+bs) +4(c1 + ¢c3)
T1, T4 2(a+b+by) +4(c1 + c4)
T3, Ty 2(a+ bs + by) + 4(c3 + c4)

The conditions on b, b3 and by imply that the numbers b + b3, b + by and bs + by are
all different and nonzero (mod2). Then, exactly one of these ways to contract will yield
a variable at level at least 2. Since x; and x5 have the same oneterm, it is not possible to
make two contractions which both go to level at least 2. Hence one of these contractions
will end up at level exactly 1. For the contraction to level at least 2, the same reasoning
shows that either we can contract the variables to level at least 3, or we can choose the
zeroterm of the new variable to be either possibility other than a.

To prove part (d), suppose that the variables appear in the form as
(a+ 2by + 4c)al + (a + 2by + dep) xS + (a + 2by + des) xS + (a + 2by + 4ey) s,

If we set xy = x9 = T, then the coefficient of 7" will be 2(a+ by +b2) +4(c1 +¢2). Similarly,
if we set x3 = x4 = U, the coefficient of U will be 2a + 4(by + ¢ + ¢3). The variable U is
at level exactly 1, while T will be at level 2 if by 4+ by = a(mod?2) and at level exactly one
otherwise. If T is at level exactly 1, then since by # by, we know that a+b;+by % a mod 2,
and so the variables T" and U have different zeroterms. That we have two options for the
coeflicient of 4 in these coefficients is proved as in previous parts of the lemma.

To prove part (e), suppose that the variables appear in the form as
(a4 2b; +4cy)al + (a+ 2y + dep)xs + (a + 2b3 + dez)xs + (a + 203 + dey) s,

We contract the four variables to a new variable T' with coefficient 4(a + by + b3 + ¢1 +
cy + ¢35+ ¢4 + d,). We have two possibilities for the coefficient of T'. If either of these
possibilities is a, then the other will be a primary variable at level at least 3. Hence,
if both of these contractions leads to variables at level exactly 2, then the two possible

zeroterms must be the two possibilities other than a.
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Corollary 3.7. If we have five variables at level zero having the same zeroterm a, then
we can contract four of them (or maybe two) to a primary variable at level at least 2. If it
15 at level exactly two, then we can choose its zeroterm to be either possibility other than

a.

Proof. We just have to analyse the possible distributions of the oneterms of these five
variables. If all four possible oneterms are represented we are done by Part (b) of Lemma
3.6. So we can assume only three types of oneterms appearing. Let them be a,b, and c.

The next table gives us all possible distributions (up to permutations) of the oneterms.

alb|c
5/01(0
41110
31111
31210
21211

In the first two cases Part (a) of Lemma 3.6 gives us what we want. In the third case we
use part (¢) of Lemma 3.6. Finally, if the last two cases occur, then we use part (e) of

Lemma 3.6.
O

Lemma 3.8. Suppose that we have three variables at level 0 with the same zeroterm a.
Then the following are true.

a) If these variables have three different oneterms, then we can contract two of them to
a variable T at level exactly 1 and we have a choice of two zeroterms for T. If it is not
possible to contract to a variable at level at least 2, then we may arrange for T to have
any zeroterm we like. If it is possible to contract to level 2, then either we can contract to
level at least 3, or else we can arrange for T to have either possible zeroterm other than
a.

b) If these variables have exactly two different oneterms, then we can contract two of them
to a varitable T at level at least 1. If it is not possible to contract to a variable at level at

least 2, then we have a choice of two zeroterms for T, one of which is a.
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c) If these variables all have the same oneterm, then we can contract two of them to a
variable T at level 1 with zeroterm a. In this case, it is not possible to contract either to

a variable at level 2 or to a variable at level 1 with any other zeroterm.

Proof. We denote our three variables by z1,xs,23. To prove part (a) we suppose the

variables appear in the form as
(a4 201 + 2¢1)2% + (a4 20y + 2¢5)75 + (a + 2b3 + 2¢3) x5

with the b}s pairwise distinct. We analyse the following possibilities of contractions:

Variables contracted Coefficient of T'
T1, To 2(a+ by + by) +4(c1 + 2 + da)
x1, T3 2(a+ by + bs) +4(c1 + 3+ da)
X1, Ty 2(a+ by + bs) +4(ca + 3+ da)

Note that at most one of the contractions above gives us a variable at level at least 2. The
other two possibilities yields variables at level exactly 1 and by the assumptions on the
by it is easy to see that we can choose either zeroterm other than a. In the case where
none of these contractions give us a variable at level at least 2, we can choose whichever
zeroterm we want. Now, suppose one of these contractions results in a variable at level at
least 2. Without loss of generality assume this contraction involving x; and x5. Then we
have a + by + by = 0(mod2) and the coefficient of T" is 4(5 4 ¢1 + ¢ + 9,) for some € Z.
So we can either obtain a variable at level at least 3, or a variable at level exactly 2 for
which we can choose the zeroterm to be either possibility other than a.

To prove part (b) we suppose the variables appear in the form as
(a+2by 4+ 2¢1)2% + (a + 2by + 2¢3) x5 + (a + 2b3 + 2¢3)x

with the b; # b3. We analyse the following possibilities of contractions:

Variables contracted Coeflicient of T

Ty =ax9="T 2a + 4(by + ¢1 + ¢2)

$1:$3:T 2(a+bl+b3)+4(01+63)
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In the first contraction, the variable T" has level exactly 1 and zeroterm a. If the second
contraction also gives a variable at level 1, then, since by # by we must have (without
loss of generality) by = a. Indeed, if a,by,bs are pairwise distinct, their sum must be
= 0 mod 2. So, the zeroterm of T would be b3 # a and we have two options, one of them
being a.

Finally we analyse part (¢). We suppose the variables appear in the form as
(a+ 2by + 2¢1)20 + (a + 2by + 2¢9)2§ + (@ + 2b1 + 2c3)2§

and all possible ways of contracting two of these variables give us a variable T with

coefficient 2a + 4(b; + ¢) for some c. This variable is at level 1 and have zeroterm a.
O

Corollary 3.9. Suppose we have three variables at level 0 with the same zeroterm a. If
at least two of the oneterms of these variables are equal, then we can contract two of them
to a variable T at level exactly 1 and having zeroterm a. If not, then we can contract two
of them to a variable T at level exactly 1 and we have a choice of two zeroterms for T but
we can not assume that one of them s a. But if we can not create one with zeroterm a,

then we can obtain a new variable at level at least 2.

Proof. If at least two of the variables have the same oneterm, then by parts (b) and (c)
of Lemma 3.8 we can create a new variable at level exactly 1 and having zeroterm a. If
all oneterms are distinct, then by part (a) of Lemma 3.8, either we can create a variable

at level at least 2, or we can obtain a variable at level 1 having zeroterm a.
OJ

Corollary 3.9 says that if we have three variables at level j all with the same zeroterm
a, so if we are not able to contract two of them to a variable at level exactly j + 1 having

zero term a, then we can contract two of them to a variable at level at least 7 + 2.
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Additive forms of degree d

In this chapter we prove theorem 1. We restate it here.

Theorem 1. Let K = Qu(\/5) be the only unramified quadratic extension of Qa. Let
d € N not power of 2. Then I'(d, K) < d* + 1.

Proof. Let .# be a diagonal form of degree d in N variables and with coefficients in K.
We want to prove that .# admits non-trivial zero whenever N > d?. We saw in Chapter 2
that we can choose freely in the class of . with respect to the equivalence relation “«”
any representative we want. Here we will choose a representative that is normalized. So

we assume that % satisfies all the properties presented in Theorem 2.3. In particular, if

we set d = 2! -m, m > 3 odd, and assume N > d? + 1, we can write
F=F0 1 2F0 4 227® 4 ... 4 9d-1gd-1)

where .7 ) is an additive form of degree d in m; variables (the variables in distinct forms

Z@ being distinct) with all coefficients being # 0(mod2), and we have
mo+-4+m;> G+ -d+1=0G+1)-2"-m+1>(G+1)-2"-3+1 (4.1)

for j =1,---,d— 1. In particular, mg > 2" -3 + 1.
We will assume first that [ > 5 and prove the theorem in this case. Later we will solve
the rest of the cases. We have seen that it is sufficient to construct an (I + 2)-primary

variable. We divide the proof in cases according to the value of my.



35

e Case my>2'-8—1.

Remember that by Lemma 3.1 (parts (a) and (b)) we have that, given four variables
at level 7, we can contract two of them to a new variable at a level higher than
J. And given three variables at level j, we can contract three of them (or maybe
two) to a new variable at a level higher than j. We will assume that when we make
these contractions the new variable will be at level exactly j + 1. If we can produce
a primary variable at level [ + 2 proceeding this way, then it would be easier to
produce a primary variable at level [ + 2 if the jumps on the levels were higher. So,

we have
2l.8 -1-3

1=2"1.8-1
5 +

p1 =

and applying reasoning recursively we get pyi1 = 270+ .8 — 1 = 3. So we can

contract these three variables to an (I + 2)-primary and we are done.

Observation From now on, unless stated otherwise, we will always assume that,
when contracting primary variables at level j, the new variable will be at level
exactly 7 4+ 1. Furthermore, whenever we want to make reference to parts (a) and
(b) of Lemma 3.1 we will simple cite Lemma 3.1. If we want to reference part (c)

we will make it clear.

e Case 2.6 —1<my <2 8—2.

By Lemma 3.1 we have p; > 21'2—_4 +1=2"1.6—1. Recursively we obtain p; > 5
which implies p;.1 > 2. If myy; > 1 we are done (just apply Lemma 3.1). If not, we

must have

m0+~~-+ml+12(l+2 d+1

)
mo+ - +m > (1+2)d+1
my+ -+ my > (I+2)d+ 1 —mg

)

v

(14+2)d+1—-2"-8+2

v

l‘7+3,since123.
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We want to produce an (I + 1)-secondary and then proceed as in case m;y; > 1. We

assume the worst case: all secondary variables are at level 1. So we have

s >20.74+3>2.7—5.

By part (¢) of Lemma 3.1 we have

-5
822812 =2t 75

Continuing this way we obtain s;.1 > 2 and we are done.

Observation Usually when contracting secondary variables, we need to have abso-
lute certainty of the levels of the new variables. For this reason, when contracting

secondary variables we will always use Part (¢) of Lemma 3.1.

Case 2/ -5 —1<my<2'-6—2.

Proceeding as before, we use Lemma 3.1 and obtain p; > 4. If m; > 1 we can use
the four (I)-primary variables and one (I)-secondary to obtain p;1 > 2 and then

proceed as we did in the last case. If not, we must have

mo+---+my > (1+1)d+1

)
mo+---+m > ({+1)d+1
my 4 +m > [+ 1D)d+1—my
)

>(U+1)d+1-2"6+2

v

L.6+3, sincel> 3.

We want to produce a (I)-secondary variable so we can use the same idea used in
case m; > 1. We assume the worst case: all secondary variables are at level 1. So
we have

s9>20-643>2.6-—5.

By Lemma 3.1 we have

Continuing this way we obtain s; > 7 and we are done.
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e Case 2'- () —1<my<2-5-2.

Applying Lemma 3.1 recursively we get p;_1 > 8. If m;_; > 19 we are done. Indeed,
in this case we can use Lemma 3.1 and obtain s;_1, s;, 541 > 1 and eight (I — 1)-
primary and one (I — 1)-secondary give us p; > 4. Proceeding this way we get
Pry2 > 1. Now, if my_; < 18 then my + -+ + my_y > 2! - 74+ 21 and then we can

contract these variables to get s;_1 > 19.

e Case 2'-4+1<my<2'-(9) -2

In this case we have m; > 2/=1 .3 + 3. We'll use this secondary variables to help
create more primary variables. Observe that s; > 27! .3 — 5 and this implies
s;—1 > 1. Moreover, in the process of obtaining the (I — 1)-secondary at least one

(7)-secondary was left without being contracted for each j € {1,2,--- |1 — 2}.

Now, we have p; > % = 2!=1. 4. With the 2!=! - 4 primary variables at level 1
and one (1)-secondary we obtain p, > 2!72-4. Continuing like this we obtain p; > 4.
If m; > 7 we are done. If not, then mq +---+my_s > 2'-10 — 5 and we can contract

these variables to get s; > 7.

° CaseQZ-(%)+1§m0§2l-4.

In this case we have m; > 2/ -2+ 1. We use these variables to construct one (j)-
seconadary for j = 1,---,1 — 3. We contract the 2/=2 - 28 + 1 variables at level zero
to n = 2/=%. 28 new variables at higher levels. We’ll denote by n; the number of the

new variables that are at level i, so we have
2l_4-28:n:n1+---+n1+1.

Of course, we are not considering the case where n;, o > 1 since if this happens we
have nothing to do.
Now we’ll prove two auxiliary facts.
Fact I. If > n; > 271 - 4, then we can obtain a (I + 2)-primary variable.
i>2

Suppose Y n; > 27%. 4. We assume the worst case: no = 2!7%-4 and n; = 2!-4.24.
i>2
So we have p; > 27424, s; > 1 and p, > 2°=* - 4. Then, we apply Lemma 3.1 and
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get

27424 +1 -1
2

=270.8+2/7%.24

p222l_4'4+

=92/75.32

Again we use the (2)-primary variables and one (2)-secondary to obtain ps > 2/76.32.
Continuing this way we obtain p;_o > 16. Now, if m; o > 43, then we can contract
variables and get s;_o, $;_1, 51, S;41 > 1. With sixteen (I —2)-primary and one (I —2)-
secondary we get p;_; > 8. Continuing this way we obtain p;,o > 1. Then, we can

assume m;_s < 42. But in this case we have

mo+my+- s tme > (1120341 =
my4 - dms > (1—1)2"-34+1 -2 442
>2.12-2'.4—41 sincel >5

=2.8—-41

and even assuming that all of these variables have level 1 we can contract them to
obtain s;_5 > 43 and in this process at least one (j)-secondary is left behind so we

can proceed exactly as we did above.
Fact II. If > n; > 2171 .2, then we can obtain a (I + 2)-primary variable.
i>3

Fact II can be proved in the same way as fact [ has been proved.

By Fact I, we only have to consider the cases where

0<> my<2™ 4,

i>2
We'll divide the demonstration in two parts.

Part I. 274.2 < S p, < 20714

i>2
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We will assume the worst case: n; = 274-24 and ny = 274 - 2.

Here we use a change of variables to get an equivalent form .#! and then we will try
to find non-trivial zero for .#!. The change of variables is obtained in the following
way: Let .Z be our form with all the new variables obtained by the aforementioned

contractions. We use Lemma 2.3 with the change of variables

gl _ — g
F=—F (2w, 2Ty, Timgt1, " TN

DN | —

to get the equivalent form .Z#!'. We will denote by ml(-l) the number of variables of

Flatlevel i,i=0,1,---,d— 1. It is easy to see that .F! satisfies

1
my 2> my + Ny
:m0+m1_(m0_n1)

24 4.2
221~6+1—(2’-4—2l-—) (4.2)

16
:25-(g)+1

m(l)—l—m% >my+ny+me+no

:m0+m1+m2—(m0—n1—n2)

26 4.3
225.9+1—(21-4—2l-—) 4
16

l L

=2-6+1+2 (—)

8

and
1 1 . l l 5

m0+~~-+mj2(3+1)2'3+1+2'(g) (4.4)

for j =2,---,20.3 1.

Again we use the variables at level zero to produce n' = 2/=* . 28 new variables at
higher levels. We denote by n} the number of these variables that have level i. By

Fact I, we only have to consider the case > n} < 2!7%.4. So we assume nj > 2!-4.24
i>2
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and then consider the equivalent form .%? (obtained by the same change of variables

that we did above, now applied to .#!) that satisfy
mg > my + ny

= mj + mj — (mg —njy)
o4 (4.5)

5
22l-6+1+2l-(—)—(2l-4—21-16

8
>2 . 441

and
mg+--+m;>(j+1)2-3+1
and since we have already treated the case mg > 2! -4 + 1, we can find non-trivial

zero for .#2 and consequently, for .Z.

Observation From now on, we will keep using the same change of variables used
above. So keep in mind that whenever we say that we will get an equivalent form,

it will be by means of this change of variables.

Part II. > n; <2712

i>2
In this case we can assume nq; > 2=*.26. We construct the equivalent form .#!

that satisfy

m(l)Zml—l—nl

=mo+my — (mg —nyq)

2 4.6
>2l‘6+1—(2’~4—21-—6) (4.6)

5
_21-3+1+2l-<§)

16

and

5
mé+'--+m}Z(j+1)21‘3+1+2l-(g).

Again we use the variables at level zero to obtain n' = 2!=3 . 28 new variables at

higher levels. By Fact I we only have to consider the case Y n} < 271 So we
i>2
assume ni > 2/7*. 24 and then consider the equivalent form .#? satisfying
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2 1, 1
my > my +ng

= mg +my = (mg —ny)

> 64142 (=) —(20-4-2". 2
961t (8) ( 16)

>l 441
and
mg+--+m >+ 12341

and by the above cases we know that it is possible to find non trivial zero for .%2.

20-3+1<mp <28 (2).

Observe that in this case we have m; > 2!-1.54+ 1. We can contract these variables
and get s; > 5 for j =1,2,--- 1l —1. We use the variables at level zero to construct
n = 2!7%. 24 new variables at higher levels. We denote by n; the number of these

new variables that are at level 1.

Affirmation. If Y n; > 27 .8 then we can obtain a (I + 2)-primary variable.
i>2

We assume the worst case: n; = 27*-16 and ny, = 2°* . 8. Then, using one

(1)-secondary variable and Lemma 3.1 we get

TL1—|—1—1
2

=2/7*.8+27°.16

D2 = Mo +

=2/75.32

Then, with one (2)-secondary and the (2)-primary variables, using Lemma 3.1 we
get pg > 2!76.32. Continuing this way we obtain p; > 4. It’s easy to see that if
my > 7 then we are done. If not we would have my + --- +my_y > 2'-11 — 5 and

we would be able to construct seven ([)-secondary.

So we have the affirmation proved and remains to be analysed the case > n; <
i>2
2!=4.8. In this case we have n; > 2!7*.16 4+ 1. We consider the equivalent form .#!
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satisfying
me > my +m
=mo+my — (my —ny)
221-6+1—(2l-(;>—2’—1) (48)
= 2! (;) +2
and

my+--+mp > (j+1)2-3+1

and by the above cases we know that it is possible to find non trivial zero for .Z1.
Now we just have to analyse the cases d = 2' - m with [ = 1,2, 3, 4.

e Cased=3-2¢

By the proof we just gave for [ > 5, we just have to analyse the cases 2* -3 +1 <
mo < 2% - 4 since for the remaining cases we only used the hypothesis [ > 3. We

divide in subcases.

— Case 63 < my < 64.

We have m; > 33 and, by Lemma 3.1, we can get sy, s9, 53 > 1. We contract
the variables at level zero to n = 31 new variables at higher levels. We denote

by n; the number of these new variables at level 7 so
31:n1+n2+'--+n5.

We affirm that if ny 4 - - - +n5; > 16 then we can create a (6)-primary. Indeed,
assuming the worst case ny = 16, then with these (2)-primary and one (2)-
secondary we obtain ps > 8 and repeating the argument, py > 4. If my > 7 we
are done, since we can use Lemma 3.1 to obtain s4, s5 > 1 and then create a
(6)-primary. But if my < 6 we get a bigger m; and then we can create seven

(4)-secondary.

So we can assume nq; > 15. Suppose n; = 15, then we can contract these

variables to seven variables at higher levels. We get ng 4+ -+ 4+ns > 15+ 7 =
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22 > 16 and we are done. If ny = 16 we use these variables and one (1)-
secondary to get seven new variables and we are again in the situation just
described. This same argument shows us that we only have to analyse the

cases ny = 31.
So we consider the equivalent form .#! satisfying
me > my 4+

=mo+my — (mg —ny)

>2.2" +32

— 4.9
and my +mi >7-24 mi+---+ml > (i+1)3-214 2%
and it is sufficient to find non trivial solution for .#!. By proof of the case

[ > 5 we can assume m} = 64. And repeating the argument we just used, we

obtain an equivalent form .#?2 for which
mg > my + 31
= mg +m; — (mgy — 31) (4.10)
>5-2'+31
and mZ+---+m? > (3i+1)2*+31. And for the form .#? we can find nontrivial
solution.
Case 61 < mg <62
Again we use the (1)-secondary variables to obtain sy, s9, s3 > 1. We contract

the variables at level zero to n = 30 primary variables at higher levels. The

same argument used in the last case shows that we can assume n; > 29.
So we create the equivalent form .#! for which
me > my + 29
=My +mq — (m0—29)
(4.11)
>6-2"+1+29—(4-2"—2)
=4.21

and for the form .Z! we can find nontrivial solution.
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— Case 57 < mg < 60.

We use the (1)-secondary variables to obtain s, sq,s3 > 1. We contract the
variables at level zero to n = 28 primary variables at higher levels. The same

argument used in the first case shows that we can assume n; > 25.

So we create the equivalent form .#! for which

m52m1+25
=mo +my — (my — 25)
>6-2"+1+25— (4.2 —4) (4.12)
=2.2"4+2.2 -2

=4.2* -2

and for the form .Z! we can find nontrivial solution.

— Case 49 < my < 56.

We use the (1)-secondary variables to obtain sy, s2,s3 > 1. We contract the
variables at level zero to n = 24 primary variables at higher levels. The same

argument used in the first case shows that we can assume n; > 17.

So we create the equivalent form .#! for which

m(l)zm1+17
=mg+my — (mg — 17)
>6-2" +14+17—(4-2* = 8) (4.13)
=2.2"4+2.21—¢

=4-2" -6
and for the form .Z! we can find nontrivial solution.

e Case d = 3 - 2% Our goal now is to obtain (5)-primary variables. By the proof we
gave for [ > 5, we just have to analyse the cases 2% -3 +1 < my < 23-4. We divide

in subcases.

— Case 31 < mg < 32.
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Here we have m; > 17 so we can guarantee s;,ss > 1. We use the variables at
level zero to create n = 15 new variables at higher levels. As usual we denote

by n; the number of these new variables that are at level ¢. Then
n=mn;+---+ ny.

We assert that if ny + -+ - + ng > 8, then we can create a (5)-primary. Indeed,
assuming the worst case ny = 8, we use one (2)-secondary and the (2)-primary
variables to get p3 > 4. Assume ms > 7. This allows us to obtain s3,s4 > 1.
Then with four (3)-primary and one (3)-secondary we get py > 2. These two
(4)-primary together with one (4)-secondary give us a (5)-primary. So, we can

assume mg < 6. In this case we have

mo+---+mg>12-2341
=my+my>12-2241-32-6

=8-2°-5

and we can use these variables to obtain s3 > 7 and proceed as before.

So we can assume that n; > 8. If ny = 8, then we use one (1)-secondary and
the (1)-primary to get four new variables at level at least 2. Then we stay with
Nno+---+mny >7+4=11> 8 and we are done. Following this reasoning we

conclude that the only delicate case is ny = 15.

For solve this case we consider the equivalent form .Z#! that satisfies

mg > my + 15
>6-22+1+15—32

=4.923

and my+---+m! > (i+1)3-22+ 2 fori=1,...,d— 1.
It is sufficient to find non trivial solution to .#!. By our results for [ > 5
we can assume mj = 4 - 23 and use the exact same approach we used above.

That is, use the variables at level zero to create n = 15 new variables at higher
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levels. Again we can assume n; = 15 and consider a second equivalent form

F? satisfying

mg > my + 15
1 1 1
=mgy +m; — (my — 15)
oo (4.15)
>7-2°+ 15— 32
=39
and for this form we can obtain nontrivial solution.
29 < my < 30. We use the (1)-secondary variables to obtain sj,s9 > 1. We
contract the variables at level zero to n = 14 primary variables at higher levels.
Using the same reasoning as above we can assume n; > 13. So we create the

equivalent form .#! satisfying

m(l) >my+ 13
:m0+m1—(m0—13)
(4.16)
>6-224+1+13-30
=32
and we can find non trivial solution for this form.

25 < mg < 28.

We use the (1)-secondary variables to obtain si,ss > 1. We contract the
variables at level zero to n = 12 primary variables at higher levels. Using the
same reasoning as above we can assume n; > 9. So we create the equivalent
form ! satisfying
my > my + 9
=mo+my — (mg —9)
(4.17)
>6-22+1+9—28
=30

and we can find non trivial solution for this form.
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o d=3-22

Now we have to create a (4)-primary. As usual, we divide in cases according to my.

— mgy > 8-22 — 1. This case is just Lemma 3 part I applied recursively.

— 23 < mgy < 30.
We use part I of Lemma 3.1 recursively to obtain p3 > 2. If we have m3 > 1 we
are done since we can contract the (3)-primary variables with one (3)-secondary

to get a (4)-primary. So, assume mgz = 0. This implies that

mo+ - +mg>12-22 41
= my+my>12-224+1—-30

=19

and with these variables we can create a (3)-secondary.

— 21 < mg < 22. Now we have m; > 3. We use the variables at level zero to
get p1 > 10. These variables with one (1)-secondary give us ps > 5 which
implies p3 > 2. If mg > 1 we are done since we can contract it with the two
(3)-primary to one (4)-primary. Assuming ms = 0 we get my + my > 27 and

we can create a (3)-secondary.

We have m; > 5. we’ll analyse two cases.

First we suppose that at least three of the (1)-secondary variables have the
same zeroterm. Then we apply part III of Lemma 3.1 and stay with s1, 9 > 1.
Applying Part I of Lemma 3.1 to the variables at level zero we get p; > 8.
With these (1)-primary and one (1)-secondary we get po > 4. And with these
four (2)-primary and one (2)-secondary we get p3 > 2. If m3 > 1 we are done.

If not, we have my + ms > 29 and we can create a (3)-secondary.

Now we analyse the case where at most two of the five (1)-secondary have the
same zeroterm. In this case, we necessarily have two pairs of (1)-secondary with

distinct zeroterms. Each of these pairs, together with one (1)-primary give us
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a (2)-primary. With the six remaining (1)-primary and one (1)-secondary we
get three more (2)-primary. So, we have py > 5. Applying part I of Lemma
3.1 to these variables we obtain p3 > 2. If mz > 1 we are done. If not, we do

as we did above and create a (3)-secondary.

15 < mgy < 16.

Since my > 9, part IIT of Lemma 3.1 give us s1,s9 > 1. We apply part I of
Lemma 3.1 to the variables at level zero and obtain n = 7 new variabels at
higher levels. As usual we denote by n; the number of these variables that are
at level ¢ so we have

n=7=mny+ns+ ns.

We assert that if ny+ng > 4 we can create a (4)-primary. Indeed, assuming the
worst case ng > 4, we use these four (2)-primary and one (2)-secondary to get
p3 > 2. If mg > 1 we are done. If not we have m; +my > 31 and we can create
a (3)-secondary. So we can assume n; > 4. In fact, putting some thought we
can easily see that if 4 < n; < 6, then we can contract the (1)-primary to get
ne +ng > 4. So we assume n; > 7. Then we create the equivalent form .#!
satisfying
me > my + 7
=mg+my — (mo—T7)
(4.18)
>6-22+1+7—16
=16
and m{ +---+m} > (1 +2)3- 2% — 8. Tt is sufficient to find nontrivial solution
to Z1. We only have to analyse the case m} = 16. Proceeding exactly as we
just did, we get a second equivalent form .#? satisfying
mg > my + 7
1 1 1
=mg+my — (my —7) (4.19)
> 284+7—16

=19
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and for this form we can obtain a non trivial solution.

— 13 < mp < 14. We use the (1)-secondary variables to obtain s, sy, > 1. We
contract the variables at level zero to n = 16 primary variables at higher levels.
Using the same reasoning as above we can assume n; > 6. So we create the

equivalent form .#! satisfying

mgy > my + 6
=mgy +my — (my — 6) (4.20)
>6-22+14+6-14
=17

and we can find non trivial solution for this form.

e d=3-2

In the second part of this work, we show that T'(6,Qy(y/5)) < 29. In particular,
Artin’s conjecture holds. But for completeness we give here a more elementary proof

that avoids some information of the sixth powers in Og,,5))-

Here we have to construct a (3)-primary. Again we divide in cases according to my.

— myg > 15. In This case we just apply part I of Lemma 3.1 successively.

Here we analyse two cases. First we assume ms > 1. Then we use the variables
at level zero to create five (1)-primary and use these five (1)-primary to get
p2 > 2. And with one (2)-secondary and two (2)-primary we get a (3)-primary.
Now assume my = 0. This implies that m; > 5. If we have at least three
of these (1)-secondary variables having the same zeroterm we use Part III of
Lemma 3.1 and create a (2)-secondary and proceed as before. So we assume
that at most two of these five (1)-secondary have same zeroterm. In this case we
can construct two pairs of (1)-secondary with distinct zeroterms. Like before,

we construct five (1)-primary. Each of the two pairs of (1)-secondary together
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with one (1)-primary give us a (2)-primary. With the three remaining (1)-
primary we get a third (2)-primary. Finally, with three (2)-primary, we can
get a (3)-primary.

9 <my < 10.

Here we have m; > 3. With the variables at level zero we can create four
(1)-primary. These four together with one (1)-secondary give us py > 2. If
mo > 1 we are done. If not, we must have m; > 9 and by Part III of Lemma
3.1 we can create a (2)-secondary.

7T <mg <8.

Now we have m; > 5. We use the variables at level zero to create n = 3
new variables at higher levels. As usual we denote by n; the number of these

variables that are at level 7 so we have
3= Ny + No.

Suppose ny > 2. If my > 1, then we can contract these three variables to
a (3)-primary. If my = 0 we must have m; > 11 and we can create a (2)-
secondary. So we can assume n; > 2. We again appeal to the equivalent form

F1 satisfying

m62m1+2

and
mg+my > 14
my +my + my > 20 (4.22)
mg +my +my +mj > 26
and it is sufficient to find non trivial solution for #!. We can assume 7 < m} <

8. And repeating the arguments just used, we obtain a second equivalent form

F? satisfying
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mg > 8
mg + m% > 15 (4.23)
mg + mi +ms > 21

and it is sufficient to find non trivial zero for #?. We can assume m? = 8.

Repeating the same argument we get a third equivalent form .#3 satisfying

(4.24)
my +m3 > 16

and for this form we can find non trivial solution.

e d=3.

This is the easiest case. We only have to produce a (1)-primary. But since my > 3

we use Lemma 3.1 and get it. This completes the proof of the theorem.



Chapter

Additive forms of degree 6

In this chapter we prove Theorem 2. We restate it here.

Theorem 2. Let K = @2(\/5) be the only unramified quadratic extension of Q. Then
6, K) <29.
We give the proof of this theorem in the first section of this chapter. In the second

section we present a lower bound for I'(6, K') that was found by Knapp.

5.1 Upper bound for I'(6, Q,(1/5))

Proof of Theorem 2. Let .# be a diagonal form with coefficients in K in 29 variables

and with degree 6 . We assume .% normalized. Remember (Lemma 2.3) that this implies

my +my +mg > 15
(5.1)
mo + my1 + ma +m3 > 20
mo + M1 + Mo + M3 + My > 25
mo +my1 + mo +msz +my + ms = 29.
We want to find non-trivial zero for .%. By Hensel’s Lemma, it is sufficient to construct

a (3)-primary variable. We again divide our proof in cases, according to the value of my.

But first, we make some observations.
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1 - Again we emphasize that when contracting primary variables, we’ll assume the
worst case scenario, that is, the jump in the level being of exactly one unit (unless stated
otherwise). It is easy to see that, if we can obtain a (3)-primary under this assumption,
then we would also be able to do the same if the jumps were higher.

2 - Lemma 3.1 is again our basic tool when contracting variables. So, in order to
avoid a massive use of the same quotation, whenever we say that a set of variables can be
contracted to a new variable of higher level, and no reference is given, keep in mind that
Lemma 3.1 is being used.

So, lets have some fun.

e Case mg > 15.

This is easy. Just apply Lemma 3.1 repeatedly and get p3 > 1.

e Case 13 <mg < 14.

If my > 1, then using Lemma 3.1 repeatedly we get p, > 2. Two (2)-primary and
one (1)-secondary give us one (3)-primary. Now, if mq = 0, then we’ll have m; > 1
(see (5.1)). Applying Lemma 3.1 to the variables at level zero we obtain six (1)-
primary. These six (1)-primary and one (1)-secondary give us three (2)-primary.

We contract these three to one (3)-primary.

e Case 11 < mg < 12.

If my > 1 we proceed as we did above. Suppose mo = 0. This implies m; > 3.
If the three (1)-secondary have all the same zeroterm, then part (¢) of Lemma 3.1
says that we can create a (2)-secondary and then proceed as in case my > 1. So we
suppose that not all (1)-secondary have the same zeroterm. We'll try to create sets
containing three variables at level zero all having distinct zeroterms. The maximum
number of these sets that we can form will be denoted by I5. By Corollary 3.5 we
can assume I3 = 0. So, we’ll have only two zeroterms represented by the variables
at level zero. Let them be a and b. We assume the worst case my = 11 and analyse

the possibilities.



5.1 Upper bound for I'(6, Qy(v/5)) 54

Possibility I - 11a (meaning we have eleven elements with zeroterm a) - In this case
we use Corollary 3.9 repeatedly to create two (2)-primary having zeroterm a (see
the observation following Corollary 3.9). And then we contract these two variables

to a (3)-primary.

Possibility II - 10a, 1b - If one of the (1)-secondary have zeroterm a we proceed
as above. If not, we have the other two zero terms (b and c¢) represented. So we
use Corollary 3.9 to create a (1)-primary having zeroterm a. This (1)-primary and
the (1)-secondary having zeroterms b and ¢ can be contracted to a (2)-primary.
We remain with 8 variables at level zero having zeroterm a. We contract these
eight to four (1)-primary. These four together with the (1)-secondary that was left
behind can be contracted to two more (2)-primary. Three (2)-primary give us one

(3)-primary.
Possibility IIT - 9a,2b - Same reasoning as Possibility II.

Possibility IV - 8a,3b - We know that one of the (1)-secondary must have zeroterm
a or b. Without loss of generality we assume it is a. We use Corollary 3.9 to create
a (1)-primary having zeroterm a. This (1)-primary and the (1)-secondary with
zeroterm a can be contracted to a (2)-primary. With the remaining variables at
level zero we create four (1)-primary. These four and one (1)-secondary give us two

more (2)-primary. Three (2)-primary give us one (3)-primary.
Possibility V - 7a,4b - Same reasoning as Possibility IV.

Possibility VI - 6a,5b - Same reasoning as Possibility IV.

e Case my = 10. Here we can assume msy > 1. Indeed, suppose mo = 0. Then we
would have my > 5. If three of the (1)-secondary have the same zeroterm, then part
(¢) of Lemma 3.1 says that we can contract two of them to a (2)-secondary. So,
assume this does not happen. Then we would have all three zeroterms appearing.
We choose three (1)-secondary having all distinct zeroterms. By Lemma 3.3 either
we can contract these three to a (4)-secondary (which would solve our problem by

Hensel’s Lemma) or to a (2)-secondary. So, we assume msy > 1.
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Suppose first that I3 > 2. Then we can select three variables having the same
zeroterm and use two of them to create a (1)-primary. We can do this in such a
way that after the contraction we still have I3 > 2. Then Corollary 3.4 give us one

(3)-primary.

Now we assume I3 = 1. We would have three variables having distinct zeroterms
a,b and ¢ and the others all having zeroterms a or b (Without loss of generality).

We have the following possibilities.

Possibility I - 1a, 1b, 1¢, 7a - If the zeroterm of the (2)-secondary if different from
a we apply Corollary 3.7 and get a (2)-primary having this same zeroterm. We
then contract these two variables to a (3)-primary. So we assume the zeroterm of
the (2)-secondary being a. With seven variables at level zero having zeroterm a
we create one (2)-primary with zeroterm a (Corollary 3.9). Then we contract the

(2)-secondary and the (2)-primary to a (3)-primary.
Possibility II - 1a,1b, 1¢,6a,1b - Same thing we did in possibility I.

Possibility III - 1la,1b, 1¢,5a,2b - We can use Corollary 3.9 to create one (1)-
primary having zeroterm a and one (1)-primary having zeroterm b. Then we have
I3 = 1 and there are two variables at level 1 having distinct zeroterms. We are done

by Corollary 3.5.
Possibility IV - 1a, 1b, 1¢,4a,3b - Same thing we did in possibility III.

It remains the case I3 = 0. Now we’ll have just two types of zeroterms being
represented by the variables at level zero. We assume these types being a and b.

We’ll have the following possibilities.

Possibility I - 11a - If the zeroterm of the (2)-secondary is different from a we
are done by Corollary 3.7. Assume it is a. Then we apply Corollary 3.9 repeatedly
and get a (2)-primary with zeroterm a. We contract this (2)-primary and the (2)-

secondary to a (3)-primary.

The same reasoning used in Possibility I can be applied to all possibilities that have

at least seven variables with zeroterm a. So we skip these cases.
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Possibility II - 6a,5b - Here we can use Corollary 3.9 to create four (1)-primary,
two of them having zeroterm a and the other two having zeroterm b. Each pair
of these can be contracted to a (2)-primary. Then, two (2)-primary and one (2)-

secondary give us one (3)-primary.

e Case mg=9. We have m; > 1 and again we can assume my > 1.

If I3 > 2, then we are done by Corollary 3.4. Suppose I3 = 1. We analyse all the

possibilities separately.

Possibility I - 1a,1b,1c,6a - If the (2)-secondary has zeroterm different from a
then we apply Corollary 3.7 and we are done. If it is a, then Corollary 3.9 applied
repeatedly give us a (2)-primary with zeroterm a, and we contract it with the (2)-

secondary to a (3)-primary.

Possibility II - 1a,1b, 1¢,5a,1b - Again we can assume the (2)-secondary having
zeroterm a. If the zeroterm of the (1)-secondary is also a, then we use Corollary
3.9 to create a (2)-primary with zeroterm a and we are done. If not, then we use
Corollary 3.9 to create a (1)-primary with zeroterm a. Then, I3 = 1 and we have

two variables at level 1 with distinct zeroterms and we are done by Corollary 3.5.
Possibility III - 1a, 1b, 1¢,4a,2b - Same thing we did in Possibility II.

Possibility IV - 1a, 1b, 1¢,3a,3b - We use Corollary 3.9 to create one (1)-primary
with zeroterm a and another with zeroterm b. Then Corollary 3.5 give us a (3)-

primary.

Now we analyse the case I3 = 0. We'll have just two types of zeroterms being
represented by the variables at level zero. We assume these types being a and b. It
is easy to see, that it will always be possible to form four pairs of variables at level
zero such that the variables of each pair have the same zeroterm. Fach of these pairs
can be contracted to a (1)-primary. Four (1)-primary and one (1)-secondary give us

two (2)-primary. Two (2)-primary and one (2)-secondary give us a (3)-primary.

e Caso my = 8. Now we have m; > 2 and again we can assume msy > 1.
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If I3 = 2 then we are done by Corollary 3.4. Assume I3 = 1. By Corollary 3.5 we
can assume the two (1)-secondary variables having the same zeroterm. We analyse

the possibilities.

Possibility I - 1a, 1b, 1¢,5a - By Corollary 3.7 we can assume the (2)-secondary
having zeroterm a. If the (1)-secondary variables have zeroterm a, then we use
Corollary 3.9 to create a (2)-primary with zeroterm aand then contract it with one
(2)-secondary obtaining a (3)-primary. If not, then we use the same lemma to create
a (1)-primary having zeroterm a. So we stay with I3 = 1 and two variables at level

1 having distinct zeroterms. Then we are done by Corollary 3.5.
Possibility II - 1a, 1b, 1¢,4a, 1b - Same thing we did in Possibility 1.

Possibility III - 1a, 1b, 1¢, 3a, 2b - Here we can use Lemma 3.9 to create one (1)-
primary with zeroterm a and one (1)-primary with zeroterm b. Then we are done

by Corollary 3.5.
Now we assume I3 = 0. The possibilities are:

Possibility I - 8a - If the zeroterm of the (2)-secondary is different from a we are
done by Corollary 3.7. Assume it is a. Then we apply Corollary 3.9 repeatedly
and get a (2)-primary with zeroterm a. We contract this (2)-primary and the (2)-

secondary to a (3)-primary.

Possibility II - 7a, 1b - Same thing we did in possibility I.

possibility III - 6a,2b - We contract three pairs of variables having zeroterm a
to three three (1)-primary and the pair of variables with zeroterm b to a fourth
(1)-primary. With four (1)-primary and one (1)-secondary we get two (2)-primary.

Two (2)-primary and one (2)-secondary give us one (3)-primary.
Before we start the next case we make an observation.

Observation. Suppose we have two variables at level zero with same zeroterm a
and same oneterm. Then we can contract them to a variable 7' at level 1 having

zeroterm a and we have a choice of two possible oneterms for 7.
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Indeed, Consider the two variables with their respective coefficients
(a+2b+2%c))ax% (a+ 2b+ 2%cy)y°.

Contracting them we get a new variable 7" with cofficient 2a + 4(b + ¢; + ¢2 + da).

So we have two possibilities for the oneterm of T" according to 6, = 0 or §, = a.

Possibility IV - 5a,3b - Again we can assume the zeroterm of the (2)-secondary

being a (Corollary 3.7).

Suppose one of the (1)-secondary having zeroterm a. Then we use Corollary 3.9
to create a (2)-primary with zeroterm a and we are done. Now suppose one of
the (1)-secondary having zeroterm b. Then we use Corollary 3.9 to create one (1)-
primary with zeroterm b and contract it with the (1)-secondary with zeroterm b to
a (2)-primary. Then we use Corollary 3.9 to create two (1)-primary with zeroterm
a. We contract these two to a second (2)-primary. Two (2)-primary and one (2)-
secondary give us one (3)-primary. Remains to be analysed the case where the two
(1)-secondary variables have zeroterm c. If they also have the same oneterm, then
we would be able to contract them to a (2)-secondary having zeroterm ¢ (Corollary
3.9) and then we would be done by Corollary 3.7. So we assume they have distinct
oneterms. We use Corollary 3.9 to create two (1)-primary variables having zeroterm
a and one (1)-primary having zeroterm b. If the two (1)-primary having zeroterm
a also have the same oneterm, then we can contract them to a (2)-primary with
zeroterm a (Corollary 3.9), and we are done, since we can contract it with the (2)-
secondary to a (3)-primary. So, the critical situation is: We have two (1)-primary
having zeroterm a and distinct oneterms, one (1)-primary with zeroterm b and
two (2)-secondary with zeroterm ¢ and distinct oneterms. The coefficients of these

variables mod8 are represented bellow:
2a 4 2%y1, 2a 4 2%v,, 204 2283, 2c+ 22\, 2c+ 22X,

where \; # Ay and v; # 7».

Keep in mind that, by the observation we did above, we can choose the oneterm =,

between two options. Indeed, in the five variables with same zeroterm from which
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we selected two in order to contract them to the new (1)-secondary with zeroterm a

and ondeterm 7y, at least two of them had the same oneterm (pigeonhole principle).

We have four possible ways to contract three variables with distinct zeroterms

between the five above. The possible results are

L 22(1+a+m+8+N)
2| 2214+ a+m+06+N)
3| 2%(1+a+y+06+N\)
41 22(1+a+ym+ 8+ )

If at least three zeroterms are represented by these four possibilities, we are done.
Indeed, if one of them is zero we have a (3)-primary. If not, we choose the contraction
that give us a (2)-primary having zeroterm a and then contract the new variable
with the (2)-secondary to a (3)-primary. Note that the first three ways to contract

the variables will not be all different if, and only if,
T+ A2 = AL+ 7.
If this is the case, we just choose the second option for 7, (guaranteed by the
observation above) and proceed as before.
Possibility V - 4a,4b - Same thing we did in Possibility III.
Before we start the next case, we make a little pause in order to highlight the following
fact: We are halfway through the demonstration and we already have a partial result.

That is, we already know that:

Partial Result. If .# is an additive form of degree 6, with coefficients in O and satisfy
mg > 8
mo +my; > 10
mo +mq +mg > 15

then we can find nontrivial zero for .%.

Our strategy to attack the next case is to obtain an equivalent form satisfying these

hypothesis.
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e Case mg = 7. Here we have m; > 3 and again we can assume my > 1.

If I3 > 2 we are done by Corollary 3.4. Assume I3 = 1. By Corollary 3.5 we
can assume the (1)-secondary variables having the same zeroterm. We analyse the

possibilities.

Possibility I - 1a, 1b, 1¢,4a - If the (1)-secondary variables have zeroterm distinct
from a we use Corollary 3.9 to create a (1)-primary with zeroterm a and we are done
by Corollary 3.5. If it is a, then we use the same lemma to create a (1)-primary with
zeroterm a and contract it with one (1)-secondary to a (2)-primary. We contract
two variables at level zero with zeroterm a to a (1)-primary and still have I3 = 1,
which give us a second. Two (1)-primary and one (1)-secondary give us a second

(2)-primary. Two (2)-primary and one (2)-secondary give us one (3)-primary.

Possibility II - 1la,1b,1c¢,3a,1b - If the (1)-secondary variables have zeroterm
distinct from a we use Corollary 3.9 to create a (1)-primary with zeroterm a and we
are done by Corollary 3.5. If it is a, then we use the same lemma to create a (1)-
primary with zeroterm a and contract it with one (1)-secondary to a (2)-primary.
With two pairs of variables at level zero having the same zeroterm we obtain two (1)-
primary. These two (1)-primary and one (1)-secondary give us a second (2)-primary.

Two (2)-primary and one (2)-secondary give us one (3)-primary.

Possibility III - 1a, 1b, 1¢, 2a, 2b - We use Corollary 3.9 to create two (1)-primary

with distinct zeroterms (a and b). Then we are done by Corollary 3.5.

Remains the case I3 = 0. Remember that, since our form is normalized we have

mog =717

mo+my; > 10
mo+mq +mg > 15

mgy + m1 +mo + mg > 20

mo + mq + mg + mg + my > 25

m0+m1+m2+m3—|—m4—|—m5:29.
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With six of the seven variables at level zero we can obtain three new variables at
higher levels. It is easy to see that if at least one of these variables has level higher

than 1, then we can create a (3)-primary. So we assume all variables at level 1.

Next we use Lemma 2.3 and consider the change of variables

1

gl _ — g
T = §J(2$17 72xmoaxmo+17"' ,.1'29).

This give us an equivalent form .#!. We denote by m! the number of variables of

the form .Z! that are at level i . Then we have
my >my +3>6

mg +mi > my + 3+ mg =mg +my +mg — (mg —3) > 11

and analogously

mg +mi +mi > 16
mg +mi +mj +mi > 21
mg 4+ my +my +mj +mj > 25

mg =1 (since we only used six variables at level 0)

And it is sufficient to find nontrivial solution for .Z!. If m} > 8 we appeal to our
partial result and we are done. If m} = 7, repeating the same argument twice, we
find an equivalent form .Z3 satisfying the hypothesis of our partial result. So we
only have to analyse the case m{ = 6. We use the six variables at level zero in
contractions in order to produce two variables at higher levels. If one of them has
level higher than 2 we have nothing to do. Same thing goes if the two of them have

level 2. So we have to analyse two possibilities.

Possibilite I - Both variables at level 1.
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We proceed as before and obtain an equivalent form .%#?2 satisfying

mg =17

mg +mi > 12

mg 4+ m3 +m3 > 17

mg +mi +m3 +m3 > 21

2 _
my =1

and repeating the argument one more time we get another equivalent form .#3 that

satisfy the hypothesis of our partial result and we are done.
Possibilite IT - One variable at level 1 and one at level 2.

We proceed as before and get an equivalent form .#? satisfying

mg =6

mg +mi > 12

mg +ms +ms > 17

mg 4+ m3 4+ m3 4+ m3 > 21

2 _
my =1

and it is sufficient to find nontrivial solution for .#2. If m2 > 8 we have nothing to
do. If m% = 7 then we repeat the same argument and find an equivalent form .#3
satisfying the hypothesis of our partial result. So we suppose mj = 6. We contract
these six variables to two new variables at higher levels. Again we only have to
analyse two cases. If the two new variables are at level 1, then we repeat the same
argument and obtain an equivalent form .%? satisfying the hypothesis of our partial

result and we are done. If one is at level 1 an the other at level 2, we construct an
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equivalent form .%3 satisfying
my =17
my +mi > 13
my +m3 +miy > 17

3 _
my =1

and repeating the same argument we find an equivalent form .#* satisfying

mg =9
mg +mj > 13

4 _
my = 1

and proceeding as in cases mg > 9 we can obtain a nontrial zero for .#*. We observe
that the extra variable at level 2 that remained after so many changes of variables

is of primal importance. This justify the separate approach of the cases I3 # 0.

e Case my = 6. The strategy here is similar to what was done in Case my = 7.
Now that we have proved that the theorem is valid for normalized forms satisfying
mgo > 7 one is tempted to use a second partial result as we did above and try to
obtain an equivalent form .#! satisfying m} > 7. But there is a little problem in
that. Suppose we make one change of variables and get an equivalent form .#!
satisfying m{ > 7 and then try proceed as in case mg = 7. We would need more

changes of variables that we could perform. So, we have to be more careful here.

We use four (maybe five) of the six variables at level zero in contractions to get two
new variables at higher levels. If one of them is at a level higher than two we are
done. Same thing goes if both are at level 2. So we analyse the two possibilities

that are left.
Possibility I - Both variables at level 1.

We use Lemma 2.3 and consider the change of variables

gl _ —_ g
T = J(Q'Tla 72xm07xt+17"' ,1'29).

1
2
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This give us an equivalent form .#' satisfying

mgy +my > 11

mg +mi +mj > 16

mg + my +my +my > 21

mg +m] +mb +mi +my > 25

ms > 1

and it is sufficient to find nontrivial zero for .Z'. We already know that if m{ > 8
we can find it. If m} = 7, we repeat the same process twice and find an equivalent
form .%3 for which the hypothesis of our partial result are satisfied and we are done.
Suppose m} = 6. We use the variables at level zero to create two new variables of
higher levels. Again we only have to analyse two cases. If the two new variables
are at level one, we use the same change of variables one more time and obtain an

equivalent form .#? satisfying

mg =17

mg +mi > 12

ma +ms +m3 > 17

mé 4+ m3 4+ m3 4+ m3 > 21
m2 > 1

mi>1

and repeating the process one more time we get an equivalent form .#3 satisfying

the hypothesis of our partial result. Now, if one of the new variables is at level 1
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and the other at level 2, this process would give us an equivalent form .%? satisfying

mg =6

mg +mi > 12

mg 4+ m3 +m3 > 17

mg 4+ mi +m3 +m3 > 21

miZl

and we try to find nontrivial solution for .Z#2. If mg > 8 we are done. If m2 =7 we
just have to repeat the same argument one more time. So we assume m3 = 6. Again
we contract the variables at level zero to obtain two new variables and consider the
only two problematic cases. If both of the new variables are at level 1 we make
the same change of variables one more time to get an equivalent form satisfying the
hypothesis of our partial result. If one is at level 1 and the other at level 2, we use

the same change of variables and the new equivalent form .%3 will satisfy

my =T

mg +m3 > 13

my 4+ m} +mi > 17
my > 1

and we only have to find nontrivial zero for .#3. If m$ > 8 we have nothing to

do. If m3 = 7 we use the same change of variables and get an equivalent form .#*

satisfying
my =9
mg +mj > 13
my = 1

and proceeding as in cases mg > 9 we can find nontrivial zero for .#%,

Possibility II - One variable at level 1 and one at level 2.
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Again we appeal to Lemma 2.3 and make the same change of variables to obtain an

equivalent form .#? satisfying

mg +mi > 11
my -+ my +my > 16
mg +mi +my +my > 21
mgy 4+ mi +mi +mi +mj > 25
mi > 1
and we have to find nontrivial solution for Z!. If m{ > 8 we are done. If m{ = 7 we
repeat the same process twice and get an equivalent form satisfying the hypothesis
of our partial result. If m§ = 6 we use the variables at level zero to create two new
variables at higher levels and analyse the two problematic cases. If both of the new
variables are at level 1, then we make the same change of variables and obtain an
equivalent form .%? satisfying
mg =T
mg +mi > 12
ma +ms +m3 > 17
mg 4+ m3 4+ m3 +m3 > 21
ma > 1
and repeating the process one more time we get and equivalent form .#3 satisfying
the hypothesis of our partial result. Now, if one variable is at level 1 and the other
at level 2, the same change of variables lead us to an equivalent form .#! satisfying

2 _
my = 6

mg +m3 > 12
mg +mi +mj > 17
ma +mi +m3 +m; > 21

m2 > 1
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and we have to find nontrivial zero for #2. If mg > 8 we are done. If m3 = 7 we
repeat the process one more time to find an equivalent form satisfying the hypothesis
of our partial result. If m3 = 6 we contract the variables at level zero and obtain
two new variables of higher levels. Again we only have two problematic cases. If
both new variables are at level 1 we make the same change of variables and obtain
an equivalent form .#3 satisfying the hypothesis of our partial result. If one is at
level 1 and the other at level 2, the same change of variables lead us to an equivalent

form .Z3 satisfying

mg+m:{’213
my 4+ mi +mi > 17
m%Zl

and we have to find nontrivial solution for .Z3. If m3 > 8 we are done. If m} =7

we repeat the process and obtain an equivalent form .#* satisfying

m329

m3+m‘11213

4 _
My = 1

and proceeding as in cases mg > 9 we are done. We are almost there, remains
only the case m{ = 5. We contract the variables at level zero and get two new
variables. Again we analyse the two problematic cases. If both new variables are at
level 1, then we make the same change of variables and obtain an equivalent form
F? satisfying the hypothesis of our partial result. If one is at level 1 and other at

level two, the same change of variables lead us to an equivalent form .%? satisfying

mg =17
mg +mi > 13
ma +ms +m3 > 18

mg 4+ m3 4+ m3 4+ m3 > 22
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and repeating the same process one more time we get an equivalent form .#3 sa-

tisfying the hypothesis of our partial result.

e Case mg = 5.

We use the variables at level zero in contractions and get two new variables at higher
levels. If one of them is at a level higher than two we are done. Same thing if both

are at level 2. So we analyse the last two possibilities.

Possibility I - Both variables at level 1. We make the same change of variables

and get an equivalent form .#1! satisfying

m(1)27
mgy +m; > 12
mg +mi +mjy > 17

mg +mi +mj +mi > 22

mg +m] +my +m3 +my > 26

and we have to find nontrivial zero for Z'. If m{ > 8 we are done. If m{ = 7 then
we repeat the process one more time and get an equivalent form %2 satisfying the

hypothesis of our partial result.

Possibility II - One variable at level 1 and one at level 2. We apply the

same change of variables and get an equivalent form .#! satisfying

mgy +m; > 12
my +mi +mi > 17
mgy +mi +mj +mi > 22
mg +m] +mj +m3 +my > 26
and we look for nontrivial zero for #!'. If my > 8 we are done. If m{ = 7 we repeat

the process one more time and obtain an equivalent form satisfying the hypothesis

of our partial result. So we analyse the case m{ = 6. We contract the variables at
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level zero and get two new variables at higher levels. Again we only have to analyse
the two problematic cases. If both new variables are at level 1, the same change of
variables give us an equivalent form satisfying the hypothesis of our partial result. If
one is at level 1 and the other at level 2, the change of variables give us an equivalent
form .#? satisfying

2 _
my =17

mg—i-mfZlS
ma +m3i +m3 > 18
mg 4+ m3 4+ m3 4+ m3 > 22

and it is sufficient to find nontrivial solution for #2. If m2 > 8 we are done. If
m2 = 7 we repeat the process one more time and get an equivalent form satisfying

the hypothesis of our partial result. This completes the proof.

5.2 Lower bound for I'(6,Q(v/5))

Here we present a diagonal form in 18 variables and of degree 6 having no non-trivial zeros
in K. This example was found by Knapp. For x = (21, 29, 73) we set Z (z) = 28+ 25 + 5.

Let
G = F(x)+20.F (y) + 2°(1 + ). F (2) + 2°.F (u) + 2*aF (v) + 2°(1 + a).F (w).

We will show that ¢ does not admit non-trivial zero. Suppose we have ¢4 = 0. Then,
in particular we would have ¥ = 0(mod2). Consequently, .#(z) = 0(mod2). Since the
only sixth powers modulo 4 are 0 and 1, we would have two possibilities. Either x1, zo, x5 =
0(mod2) or exactly two of them are not 0(mod2). If the latter case occurs, then, since
¢ = 0(mod4), we would have 2(1 + a.%(y)) = 0(mod4), and so 1 + a.Z(y) = 0(mod?2).
But this is a contradiction since % (y) = 0,1(mod2). We conclude that xq,x9, 23 =
0(mod2). The same reasoning used above shows us that all the variables of ¢ must be 0
(mod2). This implies that all of them are divisible by any power of 2. We conclude that

this solution is trivial and then we have I'(6, K') > 19.
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